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1 Oo0Ood

uboooooooooobooooooboooboobobobobobobobobobobobobobooobooon
oboooooooooon

ooooobooo00 Koooooooooooooobooooooooooobooobooooooboooo
000000000o0Oo0O000C00O0O000000000O0O000000OD00 ADDOODOODOOOODOOO
coooooOoooo0ooodOoDOo00 ROODDODOOCOOUOODOOUODOOOUDOOOODOOUODOOOO
goooo0o0o0oO0o0oO0o0O00o REODO0OO0O0 cooooooOoOOOOOOO00OO KODODOODOOKODOO
ROCOOOOOOOOODOOOODODOOODOOOO

1.1 OJOdooood

00 1.1 (0000000) 0D0VOOOUOOO KOOO0oOovooooo 40000000 -0000000
ooooo
(i) 00:z,yeVOOO,z+ycV
(ii) 000D000:zeV,ace KOOO,ax eV
oovod KO
. vioooooO +000ooboobooooobobooobooboooooo
() (DoO00)Ve,yeVOOO,z4+y=y+=x
(i) (OO0O00)Ve,y,zeVOOO, (z+y)+z=z+ (y+2)
(i) 00 (00000)0eVOOO:VeeVODO z+0==x
(v) 00000000:VeeVOOOOz+ (—2)=0000 —zeVOOO
II. KOOODOO vooooooobooooobooooooooo
(i) Vo, e K,V eV OOOO - (fz)=(af) -«
(ii) Vo, b e K, 2 €V O OO0 (a+ PB)x = ax + fz
(ili) Vo € K, Vz,y e V 0000 alx+y) = ax + ay
(iv) VeeVDOUOOO lz==
O0000000VO KOOOODO (linear space) 0000000000 (vector space) 0000

oooooooo vioooooobooooooboooooobooooooODbOOoKOODOD Kooooo
oboooooboooooobooon

011 000000000000000000

012 000 eV 00000000000000000O000O0

0 1.3 00000 (i) O (iv) O

(i) 000 2,y e VODOO 24+2=y 0000 2V 0000000000
000000000000

014 VO KOOOODOOODOOOOOOO oOOO0DOODOODDOOO0 aeKODOOOODa0=000O
ooooooo

015 000 zeVODOO Ox=0000000000

xreV OO0 —2000000000000000O0000(-)z0 x000000000000DOOOO0O



016 000 xeVOOOO —xz=(-LHzO00O00O

014000 1600000 VOOOODOOOODODOODODOOODODOOODODOoOOODOoOOODOO
gooooooaoo

0 1.2(000000) 0

() v={0} 00O VOOOOOOOOO0OO0OO0O0O0D00000000000000000
(i) n00D00000000 C" (00 ©)

1 Y1 T1+ Y1 T1 axy

Ta Y2 T + Y2 T2 Qs
+ = s a =

Tn Yn Tn + Yn Tn QL

n000000000R® (00 R)OO0O0ODO
(i) 0000000000000 P(C)

(@™ + an_12" " - F a1z 4 ag) + Bbpx™ + by 4o+ bra 4 by)
= (aay, + Bbp)z™ + (aan—1 + an_l)xnfl + -+ (aag + Bby)x + (aap + Bbo)

n0000000000000 P,(C)000000000000000 P(RIOP,(R)D0O0OOD
(ivy COOOO0OO0OUDROOODOOOOOOO
(v) mxnDO0O ADODODO
Ax =0

0000000000 2eC"000000000 COOO0O0O0D000000O0O000000O0
(vi) 0000000000000 {an}, {b,} 000 c000OO

{an} +{bn} = {an + bn}, clan} = {can}

000000,0000000000000
(vii) 000000000000 (difference equation) 10 000000000000 {z,}0000000

Tptk T Ak—1Tnik—1+ -+ Q1Tpq1 + aoT, =0

(vili) k000000000000 O0O0

dky dkfly dy
P + ak—l(@m +eee al(x)a +ap(z)y =0

017 nO00000000CO0ODOO0OO0OOOODOOOOOOODOOO

1.2 0000000

gobogobooobobobobooboobooboboobooboobobboboobooboobobo

00 1.3 (000000) 00 VOOODD WOODD (mapping) 00,2 € VOOOOOO 100 f(x) € WO
00000000U00o0ooOoof: V-WwWOOOOUO eV OO0OO f(x)eWOOOOODOOO - f(x)
gooooooooooo

f: VoW - f(x)

0000000000o0oo0O f: V-WOOOO VOOOO (domain) 00000000000 ODOOO



W OODODO (codomain) J0000000000000y=f(z)(xcV)00000y000000000 f
000 VOO (image) 0000Im f 0000
Imf={yeW|y=f(z) zeV}

o0 f: V—-woOOO0OO0OO0OOD Im fCcWOOODOOODOODO Im fAWOOOOOOOOOOO

00 1.4 (0000) V,WOOOUO KOOOOOOOOOOOO f: V—-wWOOooOooooooofovao
OWOOOOOO (linear mapping) 0000

() 000 &,y e VODOOOO f(z+y) = flx)+ f(y)

(i) 000 ze€V,ace KOODOO f(ax) = af(x)
O00V=wooooOoooO (linear transformation) 0 000

000000000000 ()O0(i) 0000 (linearity) 0000000000 ax+pAy 0000 f(ax+ Sy)
020y 0000000000 of(e)+Af(y) 0000000000

018 000O0OODO0O0OOOOO0OODOOUOOD 14()0@)0O0DO00O0ODDOOODOOO
(i) 000 2,y eV OOOOOOO o,e KOOOOO f(ax+ By) = af(x) + Bf(y)
gbooobOoboooobobooog

019 VOOODODoOOWOUOOUD 0O O0OU0OUD0ODO0OOoUOooO f: VoW: a— f(x) 0000 f(0)=0
gooooooaoo

0 1.5 000000
(i) 20000 R2O0000000D0009000
f: RER?: <x1> — (—x2>
T 1
(i) mxnOO ADOO K"O0O KOUOOO Ta: K" K™: z+— Ax
ax + By — aAx + [Ay
(i) 00000000 PO0OOOOD 00000007 ,: P—P: ¢(x)— ¢z +c)

ag(z) + fip(z) = ad(x +c) + By (z + c)

(iv) Cla,b]:={¢: |a,b] >R} 000 [0,b] 0000000000 00000000000000

£iC0.1] > C0,1] : ¢l—>/0t(b(s)ds

0000000000020 0000000 K(t,s)OODOO

¢
f: C[0,1] — C[0,1] : (i)»—>/ K(t,s)¢(s)ds
0
ggooobooobo
(v) 100000000 POOOOOOOO

i: PoP: o
dz

(vi) 00 {z,} 000000000000000000

oy : (.131,.232,...) — (.132,@‘3,...), OR: (.Z‘l,xg,...) — (0,331,.132,...)




(vii) 00O
Tpgk + A 1Tpik—1 + -+ @1Tpy1 + a0, =0, n=1,2,...

000000 {z,}000000000010000000000 T (z1,32,...,...) = (T2,23,...,...)

00 1.6 (000000000) 0000 f: VoW: o f(z) 0000
(i) Im f=WOOOODOO OO (surjection) 000000000 (onto mapping) 0000
(i) z,2’ e VO x££ 000 f(z) # f(&') 0000000 (injection) 000010 100 (one-to-one
mapping) 0000
(iii) D0D0000D0000 000 (bijection) 000010 100 (one-to-one correspondence) 0 0 0O O

’DIZI 1.7 OO0 (mapping) 0000000 (correspondence) 0000000000 ‘

0000 f: V-W:z— f(z) 0000000000000000 (inverse mapping) f~1 00000000
fffoImf—=V: fx)—ez 0Of00000000D0
000000000 fO0000Im f=WOOOOOOO 00000000

Ly W=V: fla)re O0f0000000000

01.10 0000 fO0000000O0O0O00OOOO0OODOOO f'0O0000000ODOOOO0

00 1.8(00) vOO WUOOOOOD f000000000OOf0 VOO WOOOOOO (isomorphic
mapping) D000 VO WOOOOOOO (isomorphic correspondence) 000 0000000KOOOOOO
Vowooooooooooooooovo wooOoooOo (isomorphism) 000000V W OOOO

gooobobbbod =z00ddodobbbboooooobobobo
(i) v=Vv (OODO), i) vew = W=V (00O0) i) v=w,w=U = V=U (O00OO0)
O0000000000000000000 (equivalence relation) 00 OO

U111 ODoobOooboobooboooan

0000 f: V—-WOOODODODDODOOOOOOOOOO f:w—-VvOoooooooooofoOoftoo
ocooooovowooooooooooooooooooooooooooooooooooono fv—-w

ocoooooooOooOooooO0ooDfO0oDOOO00OOOOO0 VOWOOOOOODODODOODoDOoOooDoOoooOo
gooobooooon

00 1.9(000000000) D0D0D0O0D000O0D0O0O00O0O0DO0O0O0n (vector) 0000000 KOOOO
000 (scalar) DO OO

1.3 00b0ooogoooo

ooboooooooboobooboooooboooboooobooooboooobooobooboooooobooobogoon
obobooboobooooboboobooboobooooboboooobooon

00 1.10 (0000) VO KOOOODOOOOOD0ODOoOO0OOo0O00O xy,®9,...,2, €V O ay,ag,...,a, € K
good

Q1T + a2 + -+ ATy

00oooovoooooo «,®s,...,2, 0000001000) (linear combination) 0000




ubooobobooboobouonbOO0OO0O0ODOOOOOODOOOODOODOOOODODOOOOODOOn
oooooobooooood

00 1.11 (000000000) Koooooovooooo xy,xs,...,¢, D000
o1y +asxs + - +apx, =0
00000 (linear relation) 000000000
ap=ay=---=a, =0

O0oo0o0oo0oo0oo00ax,®,...,2, 000000000 1000 (linearly independent) 00000000
00000000000000000000 1000 (linearly dependent) 00000 OO

0 112 x,2,23 000000000000 x;,x; (4,j=1,2,30i#;)00000000000000000
obooooOoooooooo

00 1120000 f: Vo W: - f(z) 00000@0) VOOOOD @,2,,...,2, 000000000
wooooo f(z), f(®),...,f(x,) 0000000000000V O WOOOOODOOOOOOOOOOYf
0VOODWOOOOOOO000000000000000000 ()000000000@G)vVo00o0o
@1, Ts,..., 2, 000000000W 00000 f(x1), f(zs),..., fx,) 000000000

0000000 ey +avxe+ -+, = 000000000 f(0) = f(arxy + oo + -+ + agxg) =
ar1f(x1) + onf(xs)+ - +opf(zy) =0 000000000 190000V 00000 @y, @s,...,2, 0000
00000000000000 WOOOO0O0O0O0OO00000O0 f0000000000000O000 f~'00
000/ '0000000000000000000O00000O000000O000000 O

00 1.13 0000 @y,@,,...,2, 00000000000000000%,4, 0 @,@s,...,2, 0000000
00000000000000r+1000000 @,®,...,¢, @41 000000000

0oOooooo
a1y + agy + -+ ®y + g1y =0
0000 a1 2000002410 @1, 22,...,2z,00000000000000000000000 «,41 =000

O0000ay@ +as®a+ - +apx, =0 00002, xs,...,2, 0000000000000 =ag =+ =a, =0
00000000, ®,..., ¢, @y 000000 0

00 1.14 (00) KOOODOOO VOOOOOOO0O0O0O0000 vy,vs,...,0, €V O

(i) vi,vs,...,v, 000000000000

(i) YOOODOOOOOO vy,vs,...,0, 0000000000
000 [vy,vs,...,v,] 0 VOODO (basis) 0000000000 E = [vy,vs,...,v,] 00000000000
00000000000000000000000000000000 V={0}0000000000000

00 1.15(0000) KOOOOOO K*O0OOOO ey, es,...,e, O

1 0 0
0 1 0

€1 = . ) €y = . ) ey €n = . (1)
0 0 1

O00O0O0D0O0OOE=|ej,es,...,e, )] 0 K"O00000000000O OO00OO (standard basis, canonical
basis) 00O OO0




00 1.16 K=ROOOOO (1) 00 ROODOOOOR'0000000000000000000000K =C
00000 CO0O0000 C"00000000000 zeC"00000000 ;€€ (i=1,2,...,n)00
D00 =aje; +ases+---+ane, 000000000000 COOODODO0 CrO000O0000O0O O
CO00D000D0O00000D0000O000RO0O000 RPOO000O0 ROROOOOO C*O0O000O0 COOOO

0113 00000 (i) O
(i) vy, v9,...,v, 000000 yeV 000000000000
000000000000000000

0114 0000 VOOO E=|v,v,,...,v,] 0000000000000O00OO0 eV 000 EOOOO
gbooooobooooobobooooooboooo

0 115 =z;,z,...,2z, €V OOOODOOOOOOOOO VOOOOODODOOOOOOOODOOOOOOOO
ooo

00 117 (00) vOOUOOOOODOOOOO0OO0O n00000 VOUOO (dimension) 000 O0dimV 0000
OoOoov={0}0000 dmV=00000O

vooooooooooooooovoooooooooooobooooooooooooobooooooog
00V OOOOO (finite-dimensional) 000 0000000000000 O00O0OO0OOOOOO0OOOOOOOO
0000000000000V OO0OO0OO0O (infinite dimensional) 000 0000000000000 0O0OOOOO
vVoooooooooooooo

oo 1.18 (DD) oo E:[vl,vg,...,vn]DDDD VioodoeQd
V=1V + -+ a,v,

0000000, (a,as,...,0,) 000000000 v0 OO0 (coordinate) 000000000 (representation
vector) 0000

v={0}00000000000oooogo

00 1.19 (00000) KOO0OOOO vV#£{0}00U00-00r00000000000000 @1,x2,...,T,
ooooboobooooboboooooboooooobooboobD voboooooobooobooo

o0 ooooooooboogovio 0000000 On00O0ooooboOoOooD v1,y992,--.,y, €V OO0O0OO
Oo00o00000b0o0O000bob0 zeVDOOOOODOOOODOOOO

T =001y + Y2+ -+ pYn (2)

000000 y (i=1,2,...,n) O @1,2s,...,2, 00000000000000000000 Bi; € K (i =
1,2,...,n,j=1,2,...,r) 0000

yi = Binxy + Bipxa+ -+ Bipxy, i=1,2,....n

000000000000000 (2)00000000000000 2€V O &,®,,...,2, 000000000
000000000000 &),®,...,2 0000000000y;,y2,...,9, 000000 y; O @y, 20,..., 2,
0000000000000000®,4, =y, 000000000 1.13000,®,,...,&, ¢ 000000
000000000000000y (i=1,2,...,n)0 @1,@,...,#, 1000000000000000 nO0O
00000000000000 O

gobooooobooooooboooboboobo,0obooboooooboooooobbooboobooboovoogon



VoooooOooooooooooooooooooooooooU0nD )»0O00 VOO K*O0OOOODOO
0000 1.20000000 ()0 KOOUOO n0000000O0O 12100000000000000000CO
gooooboooboooboooooobooooooboboooboooboooooooooooboboobobooooDooon
gbooooobooooon

00 1.20 KOOOODDODO VO nOOOODOOODOOOOOODOOV=RKMOODODOOOVOD KOO
obooooood

000000000000 0000000000000000 1.80000(v,v,...,v,]0VODOOOOODO
oovioooooooo 0000

T =V + oy + -+ a,v,

oo0o00ooodooO00Oo . 400000oogooog f: VoK™ :1:»—>f(ac)[||:||:||]|]
f(ai):f(Oé11Jl+OéQ’l)2+"'+Oén’Un):(Oél,ag,...,Oén)TEK”

gooooooOfO0O00OOOOOOO0OOOOOOOOOOOOOOOOOOOOOOOOfOVO KPOODOO
ocooooobovoOo Kroooooooooo |

00 121 0 K"OOoOoOoOooooOoOOoO0d @y,29,...,2, O0m>n000000000000000m#n
ooooK™0O Krogoooooo

00000000000000K"00000000 (1)00000000 [eg,es,...,e,) 0000z, @, ..., Tm €
vooooOoOoOOOzy,zs,...,z, 00000000000000000000000O00 00000000
DOoooooo

T = a1e] + g€y + -+ €y

00000000000000000 o (6=1,2,...,n) 0000000000000 0O0O0O0O0O0; #£00
obooooooooogon

ci®1 + coeg +czes + -+ cpe, =0

O
010[161—|—(61(12+02)62+(01063—|-C3)€3—|-"'+(Clan+cn)enZO
0000000000 cpane; 0000 o #0000000 ¢ =00000000000¢ce=c3=---=¢,=0
ooooooooodOdx,es,es,...,e, OO00OODO0DODOOOOOO
1 Qo o Qp,
€ = —&1 — —€2— —€3 — -+ — —E€y
(5] o a1 (5]

O00O00ey, es,...,e, 00000000000 @1,e,€3,...,e, 00000000000000000 0@, e2, es,
e, )0 KnODOOOOOOOOO

T2 = S1x1 + Boey + [Bzez + -+ - + Bre,

0000000000000B=83=---=B,=0000 z;,2,0000000000000000000000
0000000000000B,#00000000000000e,0 2000000 [z, 2, e3,€4,...,€,) 00
O00000000C000K"00000000000000000000000000 r<n0 1,o,...,%,
00000000000000 [z, @s,...,2,] 0 K"000000000000 @yt O @y, @,...,2, 000
00000000000y, ®s,..., 20 0000000000 113000000000 r (r=1,2,...,n4+1) 0
000 z1,2,...,2z, 000000000000000000000000000000000 1.15000000
m>n000000000000000 z1,29,...,2, 000000000
00000000000000 K"000000000 @,®,...,z, 00m >n 00000000000
000000000000000000000000 K"000000000000000000000000
0D000r,0000000000000000000000000000000000




oo0 KO Krogoooogooooog f: KM KrOoooOooK™OO0Oooooooooo0 mOOO0O
ooo0 ep,eq,...,e, OO000O0 K*OOODOOOO112000000000000000n>mO000f0O
ooo f': K- K"O0000ODODOOO0OO0ODO0O0OOOm>n00000K™0 K*OOOOOO m=n000
oo0000oooooooooooooooooOom#o0000K™ 0 KPOOOOOOOOOOOODOOO

00 1.22 (0000000000O00O0) KOOOOOO VO .000O0OO0O0OO0OOOO0OO0OOO0OOOO0OOOOn
gooooooboooooboboooooboooooobovoobobooonObOOOODOOOOD

gobo oo 112000 vOo Krogooooooooooobo 121000000 K"0odo0ngooooogno
ooooooooooooooooobo 1200000000000 0000O0D VOOOoDODOOoOoooo
ocoobooooooooooooovomOOOOOOODOOOOODOOOOO1200D0D0VO K™OO
oooooooo0o vo kroboooboobooooobobooobob tnoogv=RKk"ovVv=KTo0000d
Kr=zV=z=K"OOOK™ 0O KrOoOoooooooo 121000000000m=n0000 O

ubooobobobbooboooboobooboobooboboobooboana

0123 KOOOOOOOoOOooOoooOooooooooobooo

0116 0O 123000000

0 1.24 (0000000) O

() K00000n000mxn00000000 menO0O0O

(i) 00000 POOO[L,a,2%..]000000000000000,0000 100000000 P,(C)0O
00000000[,2,2%...,2"000000000000(r+1)00000000000000000
00000000000 f(z)eP,(C)0000000000

f@)=apnz™ +ap_ 12"+ F oz 4 o
(ii) 00O {«,} 0000000000000 OOOOO0OOOOOOOOOOOOOOOOOOOOO
Tntk + 0k—1Tntk—1 1+ Q1Tpy1 + aozn =0

OooOOCoO0O000 k0 x,2e,...,2, 000000000 O0O0O0OOOOCOOOOOOOOCOCCOCOO
(1)DD|:||:| eZDDDD ($i71,$i)2,...,l‘i7k)—l—:6iDDDD [61,62,...,€]€]DDDDDDD

0 117 O0O0O0OO0OO0oO0OO0O0bOO0bOOoO0ooOoOob0ooOooobO0obooboobooboobOoboo10o0o0O0oboo
0on0O000000O0O0O000OOO (4,j)00000 1000000 00~,00000E; (1<4,j<n)00
gooooobooog

(i) Ps(R)0D0000 f(z)00(x—1)0000000000000000
1

(i) Ps(R)DDOODOO f(x)DIZI/ f(z)dz=00000000000
1

000000 f(z) =az® +ba* +cx +d (a,b,c,de R) DO OO000DODO

(iii) n000000000000000000000000000 A0 AT=A0000000000 (symmetric
matrix) 000000

(ivy n0000000000000000000000AT =-A00000000000 (alternate matrix,
skew-symmetric matrix) 00 0000000000000 000O000O0O0 0000000000

14 000000000

000000000o0ooDo0o0ooUoooooooooon)



0000 f: VoW: o = f(z) 00000V OO0 [vy,v0,...,v,] 000000000wy,vs,...,v, 00
fv), f(va),...,flv,) 000000000V OOOOOOOO y=av14 40w, 00000000000

fy) = flarvr + -+ anvn) = ar f(v1) + - + an f(vn)

gboooooooboooobooooobooooboooobooooooboooboobooooooboooooooon
gooogoobobooooooobooooooboooobooobobooboobooboobobobooooobboooboooDoo
goooobooooo

00 1.25 (000000) [vy,vs,...,v,] 0 KOO n 000000V OOOOOD0D0000OWOOO0OO0O
KOOOODOOOODOWOOOOO n000000 y1,9.,...,y. € WOOOOOOOODO

flvi)=v;, i=1,2,...,n

oooooooo f: v-woOooooooooooooo

000V o000 [v,vs,...,v,] 0000000000 eV O

n
r = E ;U5
i=1

0000000000 o (t=1,2,...,n) 000000000 1.14000000000f: V-oW: - f(x)
ooooooboooog

n
f(w)zzaif(vi)
i=1
ooo0ooooooooon i=1,2,...,n 0000 f(v;)) =y, 00000000
n n
[ IBZZOZWZ‘ = f(m)zzaiyi
i=1 i=1

00000000000x=v00000;=1000;=0(j#¢)0000000000000000000O0
zcVOOOOODO0OO o, (1=1,2,...,n) 0000000000 f(x)00000000O0O0OOOOOOO
OO0 fO000O0OCOOO0OOOOO0OOOOOODOOOOODOO |

f:VoW:zw fx) 0 n000000 VOO mOOOOOO WODDDODODOOOOOO0O0OVOODO
E=[v,vs,...,0,] 0 WOOO E =[wy,wo,...,w, 0000000000000 f(v)eW (i=1,2,...,n)
00000 WOOO E0000000C0

fw) =Y auw;, i=12...n
j=1

00000000000000D0000000f0000 EOE 00000000 a;; (j=1,2,...,m0i=
1,2,...,n) 00000000

ai; a2 - Gip

a21 a22 a2n
[f(vl)af(vQ)a'-'af(vn)] = [wla'wQ; awm] (3)

am1 Am?2 e Amn

obooooobooooooboviooobobood =0

n
xr = E ;05
i=1

gooooood

f@) = f(iam) = iaiﬂvi) =

n m n
( E aiaji> ’LU]‘

1 =1

m
Oéi( E ajiwj) =
j=1

=1 J= J
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0000000 f(e)=f(Xr, aw) O w,ws,...,w, 00000 Y7 B, 0000000 f(z)eW OO
00000 (Br,82---,6,) 02V 0000000 (a1,09,...,0,) 0000

51 ail a2 - A1n aq
B2 a1 G2 - Q2n Qo

= (4)
6m Am1 Am2 e Amn Qp

000000000000 0000 (3)U00o0U0ooooUooooooooon

00000000 O0O0O0O0O0O0O VOO mUOOOOODOWOOOOOO fO0O0VOWOOO EOE OO
goooooOoooo00OmxnUOO0 AODODODOOOOOOOOOOOOOOOOO AODODODO EOOO E'O
0000000 00000 (representation matrix) 00 OO

f+Vv-woobooooviowioboooooooooovowioboboooooooooooooood
gboooboooogao

0 1.26 (000000) (i) 20000000000000 P,0000007T,: Py—Pa: f(z)— flz+c)
000000 E=FE =(1,2,2*)00000000000000 1.5 (i) 0000P, 000000000
00 f(z) 0

f@)=ao+ a1z + aor?

oooo
(Tef)(z) = f(x+¢) = (@ + arc + azc?) + (oq + 2ap0)x + as? (=: Bo + 1z + ﬂng)

00000 4)00ooooooo

1 ¢ 2

0 1 2¢
0 0 1

0000000000000 14,2,22000000000
T.(1) =1, T.(zx)=z+c¢, T.(2%) = (z +¢)® = 22 + 2ca + 2

0000000 3)Uooooooo

[T.(1) To(2) To(2%)] = [1 2 2?] 2¢

S O =
S~ 0

00000000000000
(i) 0000000000

Tngk + A 1Tnyp—1+ -+ a1Tpy1 +aor, =0

000000 {#n}n1e. 000000 VODODO10000000000 T: {2,} = {z,1} 0000
00 15 (vii) 000DV O0O0O0D00000000000 k0 21,2,,...,2, 000000000000000
vOooooo {z,}0000 (z1,22,...,2¢) 00000000 0 VOO KFOODOOOOOOOODOO
OO0FE=]eyes...,e,)00 (1) 000000 K*OOOOD0OO0O0OO

00 ED0000D0O0O007TO000000000000000000000 (21,2s,...,2x) =e; 000
O0xps1+ai—1 =0000 2441 =—a,, 000000000000000e; (i=2,3,...,k) 0000 7T
0oooooo

(0,0,...,0,1,0,0,...,0)" — (0,0,...,0,1,0,0,...,0,—a;_1)", i=2,3,...,k
—— S——

i—1 i—2
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gooooooo

T(ei)=ei1—a;1€e, i=2,3,...,k

00000000e, 00000 (1,0,0,...,0)" = (0,0,...,0,—ao)" 000

T(el) = —ape€yg
oboooboobooboboboobooon

0 o - 0 0

0 1 0

[T(er) -+ T(en)] = [er --e] :
0 0 0 1 0
0 0 0 0 1
—@p —a1 —a2 -rr —0g-2 01

good

0 1.18 3000000000000000 P3(RIOD2000000000000000 P(R)OCOOOOOOT
g

T: P3(R) = P2(R) : f(z) = af"(x) —2f'(x — 1)

0ooooo
() TO0O000D0D000000O00000
(i) Ps(R) D000 (1L,z,22%2%)0P(R)0000 (1,2,22) 00000000000000000000

0119 KOOOOoDO V=KW =Km0O0Oo0oooooo f: VW, z— Az000000000O
xeV o000 Az=0000 A=0000000000

0120 KOOOOOOV=K"OW=K"OOOooooog f: V-W,z—Az00000VOOOO
[vi,v9,...,v,] 000000000 i€{1,2,...,n} 0000 Av;, =0000 A=0000000000

1.5 00000

uobooooboooboooooooooobooboobobooooooobooobooOoooboooboboaoon
boboobOoboooooboboooboobooooboboobo20b000000bOo0O0OO0obOOobOboOnOg

000rn000000 VOO 20000000 E = [vy,0s,...,v,]J0E =[v},v),...v,] 000000000
E'0000000000 v, (i=1,2,...,n) 000 EOOO

’ .
V; = S1,V1 + S22+ -+ Sp iVp, 1= 1,2,....n

oooooooooooooo0oooo0ooooooo 11400000000 (g,7) 000 s,; 000 nO0O
OO0 sOoooo

S11 S12 t Sin

P , S21 S22ttt So2n
[v1,05,...0,] = [V1,v2,...v,]S, S = ] . ] (5)

Snl Sn2 Tt Snn

gboooboooboobon

0121 0O (5) 000000 SO0000O0O0OO0OOOOOOOOO 1.270000
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00 1.27 0000 SO00O0SX =XS=10000000 X0OSOOOO (inverse matrix) 00O OO
S~ 00000D0000000000D0O0 (non-singular, regular) 0000000000 SO0000000O
gooooooooSOOOoOoOoOoOoOOOOOOOOOOOODOOOOOOOOODOOO

Oo00o0o0o0o0oooDoooo0 eV d

gbooaobooaod

(€51 B1

o B2
=S| . |

ap Bn

00 128 KOO»nOODOOOVO20000 [vg,ve,..

’ ’
T =V + a2+ -+ apv, = f1v] + Pavg + - -

000000000000 SO0 (b)ooooooo

L]0 [, vh,...,v,] 000000 (50000

+ Bnvl,
51 (631
o Y (6)
Bn an

O00SO0000000 12100000 () 00000000 0D0OD0OD0OD0OD0OOD0ODO0ODO0ODOOOOOO

gbooooOoboooooboo

fr
65
x = [v],v),..., 0]
Br
aon
aq
Q2
[vl,'vg,...,vn]
an

00000000nxn 0000 [vy,vs,...

0000000000000000000000000000DOV o000 [vy,vs,.
Lw, 0000000000 f: V-WOOOOOO ADDOODOOOOf: VoaW: o=

[wy, ws, ..
Z?:l ;U —r f(a:) = Z:ll 5111)1 oooo

B1
B2
= [v1,va,...,0,]S

Bn

b1

B2

:[vhvg,...,vn]S .

Bn

,0,] 000000000000 0O000DO0OO0ODO0OO0OOUOOO
gbobooboboobooboboooboobooooona

0O

Lv,0Woooo

e} Qi
00, (02 S(0)] = [wrs0m, . w0]d, | (a7
B;n o
00000000000 (3)00 (4) 00000
o0 1.29 KOOOOOO voooOo woOoooboo
[v], V5, ..., 0] = [v1,v2,...,0,]S, [w, wh, ..., w ] = [w,ws,..., w,T

oo0o0oOo0f: V—-WOOOOO AO T-'ASOODOOOODO
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gbooroooooboobogo 121000000000 1.280000000000¢0

B B1 ag o
5 B2 as o

Pl=rt| 7 | =7a| T | =1tas| °
ﬁ'l/”n ﬂm (07 Oé;l

o0 1290000000000000

01300000 f: V-VOOODOOOODO VOOOO VvOOoOooO [vy,ve,...,v,] 00000000
000 A0O0O0O0DO0OO0O0O0OO0OOD0O0D00O0O0DO0O0O0O0O0g [vy,v,...,v, )] 0000000000000 A
0stAsOO0O0O0oog

00000 1.2900000 [v,v2,...,0,] = [wi,wa,...,w,] 00 [v,v),...,v)] = [w],w),...,w,] 0000
T=S0O0O0O00 O

00 1.31 (000O00) n00000 AD AD0000D000 00000 SODOOOO
A =S1AS

O00000O00AD A000 (similar) 0D000O0D0DA~A'000000D0OO AQOODDOOO A=
S~'ASOD00000D000D0000 SO00000000 (similarity transformation) 0 0 00

00000000000000
(i) A~A (0D00), (i) A~B = B~A (000O), (i) A~B,B~C = A~C (000)
0000000000000000000000000000000000000000000

0122 O0O00O0O0OO0OO0O0OO0OOOODOOOO

1.6 ODO0OOOO

oooo vooooooooboooovioooooooooo 1boooobooooooboooooooo
gobooooooooobs3soboboboobooboooobooobooooboooboobboooooobooboOoobooooaon
ooooooboooooon

00132 0000 vOhooooooooo Scvooooviooooooooooooooovoooo
gooooOooOd0ooO0ooOdoDobO0oo0ooDOooOOooOOo sgooooDOobooooooosSo vooooood
(linear subspace) 00 OO

’DI:I 1.33 000000 AODOODOODOOODAQOODOUOOO POOOOOO

ooopooooo0 vooooooo Ssogoovooooodooooooooooooooooooooo
booobooboooooboood

00 1.34 JO0O0ODO (closed) 0O0OSO000O0O0OOO0ODOOOOOOOOUOOOODO SOOOOOOOO
DO00000Vx,ye S, x+yesS, arx € SO

coooooooooooooobooOoDOOOOODDO SsOODoOOoOOoDOOoOoOoOoO
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0135 (00000000) O

() 2000000000000000

(i) 3000000000000000000

(i) n00000D000 M,(K)OOOOODODOOO (X'T=X)0000000000 (XT=-X)0000
000000000000000000000000 n(n+1)/2000 n(n—1)/200000 1.17 0000

00 1.36 KOOOOOOoOvoOoOoOO =,---,z, 000000000

k
S = span [z, xa,. .., Tk def {Zaiwi |, € K, x; € V}

i=1

OO0z, ze,---,z, 000000 VOODDOOOOODOOOO

goosOoOooooOoOooooooooOoOoOoOoOoO0oO0ooooooooOOOV oooooooooow O
T,z ,x, 0000000000000 0O0DOVODOOOOO0OODOODOO0OOOOODOOOOOODOO
000oo00o0o0ooo0oOooo0on = (=1,2,...,k 000000 e; DO00O00O0OO0OOOWOOOOO

oopooooooooooo0oO0 sooogddey,xe,---,x, 00000000 DODOOOOOO SOOOOOO
OosScwoooo O

span [x1,®2,...,x;] 0 SOO0000000O0O000O (subspace generated by)D 00 00O @y, xa, -+, Xk
00000000000 (subspace spanned by) D000

0137 KOOOOOO VOOOOOOO S=span [zy,@,...,o,) 0000000000

() 0000 VOOOOO @y, - ,2, 0000000008S0000 dimS=Fk<dimVOO00O0O

(i) 0000000 a1, @0, ,2,0000000000000000000000 m0O (1<m<k)O0O0O
000000000000000000000000000000 mO00000®;,2e,--,2, 0000
000000000 @ (i=m+1,m+2,...,k) 0 @1,@9,- ,2, 00000000000000000
oooo

span [&y1,Xa,...,&;] = span [T1, T2, ..., Ty (7)

(i) 0000V OODOOOO0OO SO vVvOoOoOooOoooOooOoooUOooooUoooooo

0123 0O 137000000
ooodobooobooboobuooboobooow, oW, 0o vobobooooooooooo
WinWo={x eV |xeW, €Wy}

Ovioooboooooooooo

WiuWy={xeV]ezeW, 0000 e Wy}
000000000000 000oO0Ow, 0 We,O0000O (sum of subspaces)

Wi+We={xecV]z=y+z ycW, zc Wy} (8)
Ow,uw, 0000000000000 00OOd
0124 Wpodw,0oOoOoOo vooooooooooooow,nw,O vOoOoOoooooooooboooo
01.25 VOROOODODOOW,uW,0000O0OOOOO VvOOOOOoOO w,0w, 0000000

0126 Wi+W,0OW,uW,0000000000O0O00O0O0D0O0OO0OOO
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00 1.38 (00000O0) KOOOOOO vOooooooo wy,We,Ooooo

lel(Wl + WQ) = dim W7 + dim Wy — dlIIl(Wl n WQ)

goooogd

O00dim(WhiNWy) =r, dimW; =r+sO0dimWo=r4+¢t0000000dim(W,+We)=r+s+t0000
DDDDDDDDWlﬂWQ agoad [al,ag,...,ar] DDDDDDWl ogoad [al,a27...,ar7b1,b2,...7bs][|W2 0
00 [a1,as,...,am¢1,¢0,...,¢)] 000000000 119000000000

E = [alaa27'"aa'Tab17b27"'7bsvcl762a"'act]

O dim(W, +W,) 0OODODO0OD0OD0D0O0OD0O0O0O000000 1.40000000000000(G)000000OO
00000000 ()OD0OO0oOU0DEO0O0O0OU0OO0OOOOO0OOOO0OOU0OO0OOOODOOOUODOODOOOOO
0111000

r s t
Zaiai + Zﬂjbj + Z’chk =0 9)
i=1 j=1 k=1
oooooooo
T s t
> aai+ Y Biby=— wer
i=1 j=1 k=1

00000000000 W, 000000000 W,0O0O0OOOO0Oooo000ooOd WwinW,000000
0000000000000 o, af,...,a. 0000

t T T t
! /
- E VkCk = E e < E oa; + E Yecr =0
k=1 i=1 i=1 k=1

00000000[ar,as,...,amc1,¢s,...,¢)] 0 W, 00000000000000000000a, =0 (i =
1,2,...,n)0v=0(k=12...,t)0000000000 (9)0

Zaiai+2ﬁjb]’:0, ’yk:O, k:1,2,...,t
i=1 j=1

0000000000000000 [ay,as,...,a,,b1,bs,...,b,] 0 W, 000000000000000a; =0
(i=1,2,...,r)08,=0(j=1,2,...,s) 000000000EDOOODOOODOOOOOOOOO O

Oogd 1.39(DD) WO W, OOOOOo vVviooooooooooovioooooooo =0
T =x1 + T2, x €Wy, € Wy

00000000000V O W,0W,000 (dirtectsum) 0000000V =W, eW,0000

00 1.40 (000DO0O0OO0OOOO0) KOOOOOO vVooOoov=w,+W,0000OO0O0OOO00O W,0W,
oooooooooo

(i) V=W e W,

(i) V=W1+ Wy OO Wy NnWy = {0}

(iii) V=W + Wy 00 dimV = dim Wy 4 dim W5
ooooood

00000000 117000000 1.38000(H) 0 (i) 0000000000000000(G) < (i) 0000
O00OW,NW,0 00000000 2000000=04+0=2+(—2)0000 0000000000000
0000VOW,0W,0000000000000000(3G) = @G)0000000W,NnW,={0}0000
00000000zeV O

i / / /
T =T+ Ty =] + Ty, T, 2] € Wi, T2, x5 € Wa
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00000000000000000®;, —2)=a,—2, 0000000 -2y e W, 000 o, —ay € Wy
0000000« —ax,eWo, 000 oy — 2} e W, OOODOOOOOODOOOO WNW,OOOOOOOOO
WinWe={0} 000 &1 —xf =a,—z,=0000000000x) =x10x,=2, 00000x =21 +a2 O
Oz eWDa, e W, 0000000000000(G) = (1) 0000 O

gooobooogovooooboooooboooooboboooobovoboooooooboooooboo
gboboobooboooooboooobooboooo

0141 K OO n 000000 VOOOO E = [al,ag,...,an] odooood n > 20000000
Or(r=1,2..,n-1)0000 W; = span [a1,as,...,a,;]0 Wy = span [ar41,@ry2,...,a,] 00000
V=weWw,00UOO0ODO,0O0O0O000O VOOUODOOOO wp,W, 00000000 E; = (a1, as,...,a,.]0
Es=[by,bs,....b,, ] 000000V =W,&W, 000 E=E;UE, = [a1,as,...,a,,by,bs, ... by_,] O
Viooooooo

O000dimW; = rO0dimWy =n—r 0000V = span [a1,as,...,a,] =W+ W, 000000 1.40 (iii) O
OV=weW, 0OOODOOOV =W, eW, 000D0DO0OV =W +W, 0000000000000
x € Wy =span [a1,a2,...,a,]0 E;, 0000000000000 000O0O00x0 EO0E, 00000000
O0o0o00o000odd0ooooooooooboboooboobobdo0on FO00D E,0000000000000
dooo0ooO0ooUdlO0OO E, 000D E,0000000O00DO0O0O0O0OOU0OO0ODO0OD 1400000 (1) =
(i) 0000000000000 =a1a1 +azaz+ -+ ara,. = f1by + Pobo+ -+ B,-b,, 0000000

000 anar +agas+ -+ arar + (=B1)b1 + (=B2)ba + -+ (—Bn—r)bp—r =00 a1 =ao = =, = 1 =
Be=---=06,_,=0000000000000000000000 nO0D00OD0O0OODOODOODODOODOOO
O0o0oO0ooO0o0ob00oo0ooo00oooviooooooooodmV =n0000F0O0 VOOOOOOO ]

0 1.42 (000000) »n000000000 M,(R)OO0O0D0D0000 (AT=A4)00000 (AT=-A4)0
0000000000 1.24 ()00 1.35 (iii) 0000

0127 000000000 XO0OOODOOO A(AT=A)0000000 B(B'=-B)0000O0O
gbooobooooboobooboobooon

o000 f: v-woOoooDooooooo voooo wgooooooooooooooooooo

00 1.43 (000000) D000 f: V—-WOOODOOO (kernel) O
Ker f={x eV | f(x) =0}

gooobood

0128 0000 f: VoW: - f(x) 00 Im f000 130000 WOOOOODODODOOO0OOO Ker f
Ovoooooooooooooooo

0129 OO0O00OODOOOOwWUOOOUOOROO VOOOOoobDooOoooobooooobo

(i) V=ROW={xeR" | 2?4253+ - +22=c% ceR}O
(i) V=R'OW={2z€R" | Az =w}000D00ADn0000000w € R*0
(i) V=R"OW={z cR" | Az = \z}00000AD0 n0000000X€RO

o000 f: V-W: zw— f(z) D0O0D0OVOWOOODOOOOfOOOOODO ADDOOODOOODOOO
O0000OIm fO AODOODOOCOOOOOOOOOO0OCO Im AOKer fO Az=0000000000Ker A
OO000000000dimV =n,dimW =m 000

ImA={ye K" |y=Ax, x € K"} =span [a1,as,...,ay] Ker A={z € K" | Ax =0}
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000000000 Im f=Im AUOKer f=Ker ADOOOOOOODODOOOODDOOO
0130 mxnUO0O ADO0OOnxrO0O BOODOO
Im AB CIm A, Ker AB D Ker B

oooooobooooo

00 144 0000 VOOOODOO WO W=VOOOOOOODOOOOO dmW =dimV O0O0O00O

ooooooOo vooooooowpooOObD vooooooooooooo13700000bO0 dimW =dimV
oooowooob voooooooooooooooooooooooooboooo w=vooooooo
OOoo0o0oo0 w=vooO dmW =dimV 0000 o

00 145 (0000000000 0OO0OOOOO) O0OOO f: V—-WOOOOOUOOOOOOOOOOO
dim(Im f)=dimW 00000000000 f: V-WOOOOODOOOODODOOOODOO Ker f={0}0
goo

ooooooooOoooopoOoooooOo0oooooUooooO0o00 Imf=WOOOOOOOOOOOO
OO00ooooUoooooOdim(Im f) =dmW =0000 Im f =W = {0} D00000O0OOOOOO
dim(Im f)=dimW >10000000000Im fO WOOOOOOOOOOOO 1280000000000
144 000dim(Im f) =dimW O00OIm f=W OOOO

0000000000000 000000000zeKer fO000O0O f(x)=00000f(0)=000000 1.9
00000000 f0000000000Ker f={0}0000Ker f={0)0000000 f(z)= f(z') 000
x02 00000 f(x)— f(@)=f(zr—2')=000 z—2'=00000000000 ad

00 146 (000D0) KOOOODODOOOOOvOowoOoooooOo f: V—-woooo
dim(Im f) + dim(Ker f) = dim V'

gooood

00O0dimV = nOdim(Ker f) =r D00Ker f0000 [v1,vs,...,v,] 00000000000 1.1900000
00 Vi1, Vr42,...,0, 000000 VOOD [v1,0,...,v,] 00000000000F(0r41), f(Vrsa), ..., flvn)
000Im f0000000000000000dim(Im f)=n—r0000000000000000z€eV O
0000000 o (i=1,2,...,n) 0000

T = V1 + Uy + - + @y,
goooooooooooa f(vl):f(vg):--~:f(fvr):ODDDDDD

f(x) =aif(vi) +asf(va) + -+ f(vr) + Qg1 f(Vrg2) + -+ an f(vn)
= ar+1f('vr+1) + ar+2f(vr+2) + 4+ anf(vn)

DDDDIme f(vr+1)af(vr+2)a--.7f(vn)DDDDDDDDDDD Span [f(vr+1)7f(vr+2)7'"7f(vn)]DDD
000000000 13600000000 f(veg1), f(Vrs2),...,.f(v,) O0DO0D0O0D0O0OOO0OO0OOOOOO
obooobOoboooooboooobooboooonog

5r+1f(vr+1) + ﬁr+2f(vr+2) +o ﬁnf(vn) =0 (10)

googoogood

f(ﬁr-‘rlvr-‘rl + ﬁ7'+2'v7'+2 + -+ /ann) = ,87-+1f(’07-+1) + 67'+2f(v7'+2) + -+ /an(vn) =0
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0000000081041 + Brpatrpa + -+ Bovn € Ker fO0000Ker f0000 [o1,v9,...,0,] 0000
Bri1Vrg1 + BraaVrin 4 -+ + Buvn = Bivr 4 Byva 4 - + BLv,
0oo 8,8, .4 0000000000 8=-8(i=12,...,)000000000
prv1 + Bava + -+ + Brvp + Brp1Vpgr o+ Bpon =0

0000wy,v,,...,v, 0000000008, =0(i=1,2,...,n) 0000000000000000 (10)00
000000 Brp1 =Brg2=-+-=B,=00000 f(vr41), f(v42),..., flv,) 00O0DODODOO0O0O m

0147 (0000000000000) KOOOOOO voOooooooo f: Vv—-voooo foooo
goooo fooOoOOOoOOOOOoOOOO

00000 145000f000000000 dim(Im f)=dimV O0000f000000000 dim(Ker f)=0
Oooooopooooooood dim(Im f)4+dim(Ker f) =dimV 00 dim(Im f) =dimV < dim(Ker f) =00
O

1.7 ODOO0ooDOOoO

obooobooooooooboooboobooobooooooboobooooboooooboooobooooboooboaon
ooooo

00 148 dimV =n0dmW =m 00 KOOOODOO vOw Oooooooooooo f: v—-wood
0 dim(Im f)=r000000000000VOWOOO EOF OOD0O0OO0OOD0OEOE OOUD fO00

ooo
Ir Orn—r
A= '
Omfr,r Omfr,nfr
ooooo0oooO0oO0oO0oO0oO0oO0oO0o0O000000000 1,0-00000000,;;0000000
0000 :xj000000

000f00 Im fCcWOOOO [e),---,€/]000000000000000000OOOOW 000 E =
[€),---,e, ] 000000 119000000000

f(ei):e/i7 i:1a27"'7r

OO00o0o0oovOoOoooD e, 000000e,---,e, 00000000O00OD 1120000000000000
0000 146 000Ker fO0000 n—rO0000OOKer fOO000O [epy1,--,e,] 0000

f(e;) =0, i=r+1,...,n
goooood

(f(el)af(62)7~-->f(er)af(er+1)7u.af(en) = [6/176/27"',62”707""0]

VA ro / I, O'r‘,nfr
=lel,e5,...,ee.1,...,e.] o

m—r,r Om—r,n—r

good O

00 149 (00000O0O0) OOOO f:V--WOOUOOOUDO Im fO0000O0O0C0C0O dim(Im /)000O0O
00000000000 (rank) D00O0000O0dim(Im A)OOO AODOOOOOO

od 1.50 A:(al,az,...,an)Dm:(xl,xg,...,xn)T DDDDDA$=1‘101—|—J}2&2—|—+$nanDDDD
rank AD ADDOOOODOOOOODOOOOODOOOOODOOO
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OO0 151 0000000000000 000000000000000000mxn00 AO0OO rank A=
dim(Imn A) 0000000000000 0OOOOOO

(i ADDOODOOO K- K™OUOOOO fO00000O0O0O 1.490

(i) ADDOJO0O0O0O0O0O0O0O0UOO0O0OO0,0000000 100000 1.29000 1.480
(iii) dimV —dim(Ker f) 000 1.460

(v ADD0O0DO0O0OD0O0OO0O0OO0O0O0OO 1.500

(vy ADDOD0O0O00O0O0O0O0O0O0O0O0OOo2530000 271000000

(vij AD 00000000000 O0OO0O0O0OOOOOoOoOoO

OO0 152 00000 AQDQOOOOOODOODODOOO

(i) rank A=n 000 149000 1.50000 1.51 000

(i) ADDDODDOODODADODOD A-' 00000000 1.270
(iii) Ker A ={0} 000 1.460

(iv) Im A= K" 000 1.220

(v) detA#£00000000000

ool =00b00boboobooboboobooboboboboboobooboobobooboboo
obooooobooooooooon

ob 153 00000000bO0o0ooobo0oobooooobooooboooboobooboooooboboobooonoo
0000000000 000o00DO0o00o0oOo0o0oDOo0o0oDOo0UoO0D1.2800) 0000000000
gbobooooboooobobooooboboooobobooooobOoon

0 154 (00000000 1) VOOODOOOODDOODOOOODoDOOOO {x,}0000000
Tn+2 — 3Tp+1 + 22, =0

00000ey O (z,21) = (1,0), e1 O (z0,21) = (0,1) 0000000000 0[ep,e] 0000000000
000000000 (a,b) 0000 (z0,21) = (a,b) 000000 fO f=afo+bfs 0000000000
(zo,21) = (1,1) 000000 foO (zo,21)=(1,2) 000000 £ 00000[f, ] 00000000000
00 (a,b) 0000 (a,b) =a(1,1)+4(1,2) 000 a0 00000000 (zg,21) = (a,b) 000000 f0O
f=afo+Af00000000000[ey,e]]00 [fo, 40000000000 SO

1 1
[fo, f1] = [eo, e1]S, S = ( L 9 )

goooooo
000voOooOoooOooo 10000000000 T: {2y} = {2z, } 0000000000000

eg={xo=1,21 =0,20 = -2,---}

e; ={z0=0,29y =1,29=3,---}
T(eg) ={z0=0,21 = —2,20 = —6,--- } = —2e3
T(e1) ={zo=1,21 =3,22=7,---} = eo + 3e1

(53

00000000000 [eg,e] 00 [fo, 4] 00000000000 [fo,f)00000000 A0

westas= (2 (1) (Y
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00007000 [eg,e] 000000000



0000000000 A0o00oooog,TfH=4Ff,TA=2f£,00000000000000000000
000000000000 00002000000000000000000000 fo={1}10f={2"neN}
obooooboobooooobobooooobooovooooooo

{zn;n € N} ={a+ 42";n € N} a, B eER
goooood

0155 (00000000200 1.18000) VvOI30O0OUOUOOODOOOOOOO Py(R)YDOOWDO 200
0000000000000 P(R)00000000P;(R)0000 E = 28,22, 2,1, P,(R)0000 E = [22,2,1]
OooooooTa

T: P3(R) = P2(R) = f(z) = af"(x) —2f'(x — 1)

000000000000000000VO00 E=[z%2%21] 00000
T(x®) =120 -6, T(z?)=-22+4, T(z)=-2, T(1)=0

0000000000000000 EOF 0000 TOO0O0OOOO

0 0 0 0
T([23 2%, 2,1])) = [2%,2,1] | 12 -2 0 0
-6 4 -2 0

gbooobD 1.8o000o0obo0ooooboobobooooboboooboobooboob0obobD 1140000

obooooOobboooooboboo T mTO0O00 200000000000000 —2z4+4000
—2000000000000,vOO0O0O0O0O0,wOOOOOooOooOooOobOoooooooooooboboo
goood

T([z?, 2]) = [-22 + 4, —2] ( (1) (1) )

O000o00o000D0dimKerT=2000000000000

T(1) =0,
T(x® + 622 + 9z) = (122 — 6) + 6(—2x +4) +9(—2) =0

00000000000000000000D00000001000 2346224920 Ker700O00O000DOO
goo,0b00booboobooboooboobooboobooboboon

( 1000
T([2?, x, x®+62% + 9z, 1)) = [-2x + 4, —2]
010 0

00000vOoOoOO [z%,2,22+622+92,1)|000000000000000000DOO0O0O0OO0O0OODOOO
WOOOOOIm7TOOOODODODOO) [-22+4,-2,22)0000000000000007T000000

T([2%,z, 2% + 62% + 92,1]) = [-22 + 4, —2, 27

o O =
o = O
o O O
o O O

0000
0 1.31 30000000000000000 P;000000 f(z)€P3(R)DO0OO
(Th)(z) = (x+ 1) f"(x) - f'(2)

0000000 T: Ps(R) = Pa(R) : f(z) = (x+1)f"(z)— f(z) 000000000000000

21



(i) Ps(R)000 P,(R)O0O0O0O0D0O00O0O0000O0ONONONONONONDNONOO0000N0NOONONONOTO00
0000000

(i) TOOOO0 Im7) 000000000000 100000

(i) 00000000700 (Kee 7)00000000000000000100000

(iv) ()-(iii) 000000007 O00000000000000000000000000 100000

2 Juoboboood

uoboooooooboobooboobobooooboobooboooboooobooboooboooobooaon
obooooOoboooooboboooboobooon

0000000000000000 KODDOO COD0000000 x=a+1b(a,beR,i®=-1)00
O (conjugate) D T=a¢—b 0000000 000000000000 O0O0OO0 z=2000000000 R
oooob0obo0o0 " gbobbobz=c000000000O

21 000O0obobOoooon

00 2.1 (00) 00 XO0YOOOOOXO0YOOOOOOOOOOOOOOOO0OOO00O
XxY ={(z,y) |[zre X,yeY}

000 XO0Y OOO (direct product) 00000000000 (deCartes) 000DO0OO0OO0OOOOOOOO
0000000000000 (Cartesian product) 0000000

00 2.2(00) CO00000VOOODOOO (inner product) D00V 00000 VxV OO COOOO
(,): VxV—-COO0D0000000000 o,9,2€V 00000000 acCOO000

() (z,z) 0 000000000000 (z,2)=0 < =0
(ii) (z,9) = (y,2)

(iii) (az,y) =a(z,y)

(iv) (®+y, 2)=(2,2)+(y,2)

00000000000

021 00O00OO0O0O0Oo0O0oooo

(i) (z,0y) =a(z,y)
(W(Z$+y)(%$H%%w
(i) (0,) =
(iv) wEV,VyEV,(:E,y):O = x=0
023 (@0O000) O
(i) 0000 (standard inner product)d
(@y)=z'g=> .7 (11)
i=1
gboooooobooboooobooooo (a:,y):ny:Z?zlfiyiDDDDDDDDDDDDDDDDDD
O (1) 00ooo0oooooooo

22



(i) 0000 [¢,b) 0000000 f,g: [a,b] > COO00O
b [
(f9) = | F@ig@ida
(iii) nxmO0O0 AOmxnO0O BOO ABO 0000 (trace)

n m
A e B =traceAB = Z Z ai,jgj,i

i=1 j=1

022 COO0OO0O0O0COD0O0O0O0D0O00DO0O0 (=,y)=),,%y 000000000000000O0

00 24 (0000) 000000000000 VOOUDOOOODOOOO (inner product space) 00000
00000 (metric linear space) 0000

00 2.5 (000) CO00000 VOOOOO|-||: VoROODOO 2,yeVO0000000acCO
000

() |z >00000|z|=0 < =0

(i) fJaw]l = [ |||

(ili) flz +yll < [zl + lyll
0000000020000 (norm) 00000 (length) D000

00 2.6 00 25 (1) 000000 (triangle inequality) 000000000000 0x,y € V OOO (distance)

d(w,y) = |z -yl

oboooooboooobooboooooon

00 (,) 0000000000 VOoOOOo
2] = v/ (z,z) (12)

o0oooooOoooooOooo (), () boo0o0oDOoO0O0O00oOO0O0O0OO00D0COO0O0OOOOU0DODOOOOOO
0000000000000 0U00O0O000OO0OO0OO (12)0o00ooooooo

000000000 (i) oooooo

00 2.7 (00000000000 (Cauchy-Schwarz) 0000) OO0 () 0000000000 CO0O
000 vVOOoooO|z|=+(z* 00000000000000 #,yeV 0000

(2, y) < [yl

ooooooboooobobobob0 by 0 1000000D00DOO

O0O0«z=000000000000000000000000x#40000000000000DO aeCOO
oo

0< [lax —y|* = (ax — y,ax — y) = (ax,ax) — (y,0x) — (ax,y) + (¥, y)
=a(z,az) — (am,y) — a(z,y) + (y,y) = adllz|® — a(z,y) — a(z,y) + ||ly|?

goooooo

T _ (@) allz _ (@) = aal|z||* - a(z,y) — alz I, y)*
(allell = 22 ) (el = 525 ) = aallzl® — a(@, ) - (@) + 5200

23




goooog

+lylf?

0 < Jlaz —y]* = (allz| - a2

(wﬁn>0mwnifiﬁﬁ>ng%yﬂ2

0000 0000000a=(z,y)/|c20000

(=, y)|?

—7EF*+MWZO & @yl <lzllyl
000000000000 00020 yOOOOOOOOOO002=00000000000z£000000
00000aeCO000000y=0e000000000000000000000000000000000O
D0000000000000(x,ax)|=|al(z,2)| = |o/||* = laz||l<]| 0000 [(x,y)]=|z|lly| COO0O

0000000 |(zy) =)y 0000000000 (13) 00

0< flaz —y? =

0000 « 00000000000 =(z,y)/|z|?00000lax—y||?=00000y=ax0000 m]

00 2.8(00000) 00 (,)0000000000 COO0D0000 VOOOOO|z||=+(s«) 0000
0000000000 ¢,yeV 0000

& +yll < llzll + [yl

gooooo

00O
lz+yl?* = (z+y.z+y) = |z|*+(@y) + (@ y) +[yl* = =] + 2Re(z, y) + [ly|* < ll=]* + 2|(z, )| + y]*

0000200000000000000000000000000 |lzt+y|? < ||lz|2+2)lz|lyl+]yl? = (lz|+]ly])?
0000000000000 00000000 O

023 0 (1200000000000 (11)0000000000000000|=|«|0000

nO0000000 R*"O00000000000 nO00000O0000OO0 (Euclidean space)dn 000000
00 Cr000000000000 00000000 (unitary space) 0000

’DD 29 (00) (z,y)=00000«x0 yOOO (orthogonal) DO O OO0

o0 21000000000 z5,z0,...,z, 0000000000 0O0O0OOC0ODOOOOCOODOOO

oono

Oé1£131+042.’132+"'+04k113k=0

000000 w; (¢=1,...,k) 0000000000000 x; 40000000 oy =00000 O

o0 211 00 2100000000000000000000000 xy,xe,---,z, 000000000000
00o0oo0o0o0ooUoo0ooo0oooU0o0oD (1,000 (L,1)OD0DO0OUODOO0DDODOUOOOOO

00 212 (000000) CO0D nO0000O0O0VOOOOO @,2e,...,x, 0000000000000
00000 1000000000 (orthonormal system) 00000000000 VOOOOOOOOOOOO
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O0k=n00000000000000000 (orthonormal basis) O O O O orthonormal = orthogonal and

normal0

OO0 213 CO0O0OO0OOvOoOOOOOOOO vy,vg,...,v, 000000000 xzeV O

n

T = Z(m,vi)vi, Ve eV (14)

i=1

gboboobooaoooobogad

000000 2=%",0v; 000 o; (i=1,2,...,n) 000000000 00 v, (k=1,2,...,n) 0000
000 (x,vg) =ap(vg,vg) =a 0000 |

00 214 (0000000000O0ODOO0OO0) COORO00O000VOODOOOOOO vy,v9,...,v, 00
ooooo0o0 zevVODOOO

Dol v)f =z, zeV (15)
i=1

000000000w)|=1(3G=1,2,...,n) 0000 vy,vs,...,v,00 (15) 000000000000 VO
0000000000

oooonO 21300000

n n n n

)2 = (@2) = (D (@ vvi, Y (@ v)vi) = D (@ v)2(vi,0:) = 3 l(@,0:)

i=1 i=1 i=1 i=1
00000000 (15 00000o0o00dg k(k=1,2,...,n) 0000 z=v, 000000

n

S0l = ol = (vrv) = 1

obooooooboooogon

n n n
> ks v)|? = [k, o) P + D> [0k, 00) P = 14> [(vk,v3))|
i=1 i=1 i=1
i#k i#k
O00000¢#£k00¢0000 |(vg,v))]=000000000w0, 0 ;000000 O

o0 214000000000000000A0

0 215 (0000 (Bessel) IO0O0) COOO0OO0OOO VOOOOOOO wvy,ve,...,v, 000000000
zcV OOOO

T
Yol@v)P <zl zeV
i=1

gooaoo

00 2.16 (0ODOO0OOOOOO0) COO 000000 VOOOO @,2,...,2, 000000000

2! a;

U1 U5

el ~ llaall”

ggd
i1
ai:azi—Z(azi,vj)vj, i=2,3,...,n
j=1
00000o00o0og vy,vs,...,v, 0000000000000000O00 (Schmidt) 0000 (orthnor-
malization of Schmidt) OO0 00O
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gbobooboboobo1oboooobobooooboobooobooboooboooooon

(az,v1) = (2 — (w2, v1)v1,v1) = (@2, v1) — (@2, 1) (V1,v1) = (T2, v1) — (T2,v1) =0

0000 (ve,v1) = (1/||@z|)(a2,v1) =00000v, 0 v, 00D0000000O0000O0 ¢ (1=2,3,...,n—1)
0000 vy,ve,...,v, 00000000000000000000w;, (k=1,2,...,9) 0000
(@iv1,v) = ($i+17’vk)*Z(wiﬂ,vj)(vj,vk) = (@it1, V%) = (Tit1, V) (Vk, V&) = (Tit1, V) — (@ig1, vk)
j=1
00000 (@y1,v) =000000 (vig1,v,) =0 (k=1,2,...,0) 00000000w,v,...,v,41 0000
OD000000000dimV =n0000w,ve,...,v, 00000000000 u

0000000 V#£{0}0000000000O0DO0OO 1190000000000 216000000000
goooooo

0217 CO000O0O00OODO V#{0o}00000O0O0OOU0OOOOOOO

00 28 CODOOODDODOVOODODODOO woOOOoDODOowoOoooobDooooooovooooooo
0000000 WOOOOO0OO (orthogonal complement) D000, 000000

WL:{mEV|(m,y):O,Vy€W}

024 0000000000000 WHOVOOOOOOOOOOOOOOOO

OO 2.19(DDDDDDDD)CDDDDDD Viooooooo woooo
V=wWaow

oooood

O0000 140000V =W+WL00 wnw+={0}0000000000zeWnWioOOOOOze W
00 zeWt0ODOODOOOOOOO0OO0 (z,2)=0000,00000 2200 2a=000000000
Wnwt={0}00ooowooOoo0o0O000 wy,---,w, 000000 eV O0O00O
T = + T2, T, =Z(m,wi)wi, To=x — 1
=1
000000000 ;e WOOOO2, 00000000000 2130000000 z,eW1000D0O0O0OO
000 (zg,w,)=0(k=1,2,...,r) 0000000000

T

(o, wy) = (& — x1,wi) = (2, wg) — (21, wg) = (x, wg) — (Z(m,'wi)wi,wk)

= (z,wy) — (z, wy)(wg, wi) = (x,wi) — (x,w) =0

0000 k=1,2,...,r 000000000 O

00 2.20 0000V =UaeWOO0O0OO0OUL=WwWOOOOOOO0OO0000000U={z|z=0a(l,0), ac
RIOW ={x |z =5(1,1), eR}O0D0D0R =UaW OO U' #WODO0000211 000000 &
000000000000000000000000000000000000000000000000000
000 direct sum O orthogonal (complement) 00 0000000000000 0000000000000
00000000000000000000

025 COO0O0O0OO0OVOOOODODODOwW,Ow,000000O000OOOODOODOOO
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()
(11) Wiy cWy, & Wf‘ D) WQJ‘
(iii) (W1 + Wa)t = Wit n Wit

) W]_mWQ) :Wﬁ—i—Wzl

(WiH)*= =w

(iv
0221 (0000000) mxnO0O AODDOOOOOO
x € C", Ax =0
000000000AODODODOOO af,ay,...,a) 00000
(af ,)=0, i=1,2,....m

0000000000000000000 KerAD AODOODO af,a4,-++,a), 00000 C*00000

gboooooboooogn
Ker A =span [a],aq,---,a]]*

0 222 (00000000000) O000000AOmxnO0000O0zeCrOyeCmOO00OOOOOOO
gooooooooooa
m n n m n m _T
(A:c,y):Z(Za”x]> xj(zaijyi) = xj(ZEijyi) =(z,A y)
=1

j=1 j=1 i=1 =1 i=1

ooooooon
zeKer A & Az =0 & Yye(C", (Az,y)=0 < Vye@m,(w,ZTy)ZO & wE(ImZT)J‘ (16)

000000000 Ker A)r =ImA' 0000

00 223 (0000) 00 AOOOO ZTD AU000O00 (adjoint matrix) 0000 A* 0000

00 224 000 ADDDDDOOOOO A*O00000 AT 0D0D0D0D00000000O0ODOOOOOOO0O
00000000000000 A*00000 AT 0000000000

0odooddooobooooooobouooooooo
(A")*=A, (A+B)*=A"+B*, (aA)*=aA*, (AB)'=B*A"

gdobooodoooooo
(A*A)* = A*A,  (AA")" = AA* (17)

gboboobOoboooooboboooooboooobobooboOoboboooboOobooooono

00 225 (00000000O0O000) A*=AQ000000000000000 (Hermitian matrix) 0000
00 ADDDODODDDOOOO AT=A00000000000

0O (17 U0D0DA*AD AA* 00000000000 00000000000000 X0y ooooo AO0O
000X =A"A0Y =AA*"00000000O00O0DODOOOO0O000OODOOOO00O0X0Y OOOoOooOo
gbooobooooobooobo

X" =(A"A) = A"A=X, Y '=(AA")"=AA*=Y

026 0000000 A0DODO
(A*)flz(Afl)*
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gooooobooog

027 mxnO0O A0 0DO0O0OODOOUOD a(20)00000al,,+AA*000D000O0OOCOOO
rank (al,, + AA*)=m 000000000000, +A*A0000O0QOOOOCOOOOO 1520000

022100000 222000000000000000000000000

00 226 (0000000) 000 2eC'0yeC"i000 mxn00 ADDDDODOOOOOOO
(Az,y) = (z, A"y)

000000000000 zeCOyeC™ 0000
(Az,y) = (=, By)

gooooooo B=A*0OO0OOO

gooooo

(Az,y) = (Az) g=2 ATg=2a" (A y) = (2.4 y) = (x,A7y)
gooogoog 2.22DDDDDDDDDD(ACB,y):(:L',By)DDDDDDDDDD zOO0O0O
(Az,y) — (x,By) = (z,A"y) — (, By) = (z,(A* = B)y) =0

000000000 yO0O0OO0OO0 (A*—B)y=0000000000000O00 A*=B0O o

00 2.27 (Im AUKer ADDOODO0O) mxn0O0 ADODODDOOOODOOOOO
(Im A*)* = Ker A, (Im A)* = Ker A*

00000000000 ImA*0 Ker AJOOO CrO000000OO0ODOCOCOOOO 220800000000
ImAD Ker A*O0000C"O00000O00OO0O0DOOOODOOO

C"=Im A* & Ker A, C"=Im A&® Ker A*

gboooooooon

00000 219000 (Im A*):r =Ker ADDOO C"=ImA*GKer ADDDDDD00000(Im A%)L =
Ker ADDDOOOOOOOODODDD 22200 (16)0000000000000000000 21900000
(Im A)t =Ker A*0000 ADDDOD A*000000000000000 O

028 00 227000000000

0228mxnd0 AODDODOODO f: C"—=>C": x—Az0000000O00O0OC™0O
C"=U®Ker A

gooo0o0o0o0ooUoUoUoUooUoooooOoOooOo0 AQoo ¢C"oo0 c"ooooooooooo Uccer
ooooooOoooooooooo0 mAQDOOODOOOODOOOOO

0000000000000 U D00000mxn0O0 AQOOODOOO f: U=-W: - f(z)000O0O
googo
z,€UCC" = f(x1)elm fCcIm A

0000000000000 mAcCcIm fO00000O0OOOOf(0)=000 190000000000

o €Ker A = f(x2)=0= f(0) € Im f
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OO0OCOCOO0O00O0 13oodddd zeCtr0 =214+ U e U0 e Ker ADODOOOOOCOODODO
00 f(z1) € Im fO f(ze) €eIm f OO0

f(@) = f(z1 +22) = f(z1) + f(22) €I f

O000000000Im ACcIm fO000000m A=Im fO0000000000000 f:U—->W: - f(x)
OO0 Ker fOKer f={0} 000000 14500000000 a

0229 mxn00 ADO0DOO
rank A* =rank A

ooooog

00000 140000 227000C" =Im A* @ Ker A0
rank A* = dim(Im A*) =n — dim(Ker A)

Oo0o0oo0D0O0O 14600
rank A = dim(Im A) = n — dim(Ker A)

gbooabodaodad O

00 230 mxn0O0O AOODODO
Im (A*A) =Im A*, Im (AA*)=TIm A

oood
rank (A*A) =rank (AA*) =rank A

gooooo

O00000000000000D0 22900000000000000000000 yeKer (AA*)ODOODODO
23000000

AA'y=0 = ' AA'y=0 & |A'y|=0 < |A*y|=0 & A*'y=0
000000 22700000
Ker (AA*) C Ker A* = (Im A)* (18)

0000000000000 (Ker (AA%)) D (Ker A*)" 0000000000 250000000000 2.27
00000
Tm (AA*) = (Ker (AA")")" = (Ker (AA"))" D (Ker (A%))" =Im A

000 Im (AA")DIm ADOU0OOO0OODOOOOD 1.30000
Im (AA")={y|ly=AA"z, 2€C"}={y|ly=Az, z2=A"z, zcC"}C{y|ly=Az, 2ze€C'}=Im A

0000000000 Im (AA*) CImAD0000000Im (AA*)=ImADO000Im (A*A) 00000
A00000D0000 Im (AA*) 0000000 A*00000000000000 O

00 231 (0000000 10) COoOO0UoOovOoOoUooowooooog f: V-aW:xze f(x)O

(f(x), fy) = (z,y), Vx,yeV (19)

O000000f0000D0 (distance preserving mapping) 0000000000000 000O00O0OV =W
0000 f00000 (distance preserving transformation) 0000000000000 00O0O
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00 232 (0000000 20) CO00U0DOvVOOUOODOwWOoOoOoOOoO f: VW :xe f(x)O

If@) =z, @eV (20)

ooooooofO00OOoOoO00OODOOOO0DO0 Vv=WOOOoOofOoOOoOoooDoOoOo

000000000000 0U000o00U0000o0U0O0Oo0DO0Oon (199000000000

If @)l = V(f(2), f(2) = V(2 z) = |||

00000000 (200000000000f(2)+fW)|=fz+y)|=lz+y| 0000000000000
0000000 (f(e)+ fly),fe)+fly)=(r+y,xz+y) 000000000000

(f(@) + f(y), f(®) + f(y)) = (f (@), f (@) + (f(2), F(y) + (f(y), f (@) + (f(¥), f(y))

oono
(z,z) + (z,y) + (y,2) + (¥,y)

0000(20)00 (f(=), f(z)) = (z,2)0 (f(y), f(y) = (y,y) 0O O

(f(@), f(y) + (f(y), f(®)) = (z,y) + (y, @)

0000000 000000000000000000000 (f(x), f(y)0(z,y) 00000000000« 0
@ 00000000000000000000

(fliz), f(y)) + (f(y), f(iz)) = (iz,y) + (y, i)

oo

i[(f(®), f(y) = (f (), f ()] = i[(z.y) - (2,9)]
00000000000000 (f(z), f(y)0(z,y) 00000000000000 O

0233 CO00000VOWOOODO f: V>W: o~ f(x) 0000000000 O0OOO0OOOO
OO0 dmV =dmW 000 fO000000O000OO

000f(z)=00000 eV O00000|z||=|f(2)]=0000 Ker f={0}0000000 14500 f 0O
0000000dimV =dimW 00000000 1.46 00 dim(Im f) + dim(Ker f) = dimV = dimW 000
0000 dim(lm f) =dimW 000000000 145000 00000000 O

00 2.34 (00000000000) CO00-000000 VOOOOOD f: VVOVOOOOOO
0 v, v9,...,0, 00000 f(v1), f(v),..., f(v,) 0 VOODODOOOOOOODO

000

1 j=i

0 j#i

0000 [[ftv)| =llv]=10000000000 i

(f(vi), f(v;)) = (vi,v5) = {

ocooooooooog n0O0obOOOO C*OO0O0DOD f:C"—>C': 2~ Az00D000O0DOCOOO
gbooooooboobon

00 235 0000 AO A*fA=10000000AD0O0000OQ (unitary matrix) 000000 AO0O
0000000000 (orthogonal matrix) 0000
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0 2.36 A:(a1 as ..

.a,) 00000000O0OODOOO

1, 1=y
(aia) =4’ (21)
0, i#J
gooooooooooo
oooooo
(alaal) (al,a2) (al,an)
- - (a27a’1) (a27a2) (a’27a )
AA=ATA= . . "

(an,a1) (ap,as) (an,an)

00000000 ADDDOOODOOOODOO0A*A=I0A*A=I=1000000000000 (21)0000
0000 (21) 0000000000000 A*A=I=I000000A*A=I0000

O
00 237 (00000000O0O0O0) DOODOUOOO0DOCOUOA0DO0OUOOO CrOOO0OOOOO f:C*—
CTL.

c oo Az 0000
(i) AAA=I000000
(i) 0000000 e C" 0000 ||Az| = || 000000

(i) 0000000 @,yeC* 0000 (Az, Ay) = (2,y) 000000
ooooooo

000 (i) 0 (i) 00000000000000000000000000000000000000 @) = (i)
0 (i) = () 0000000A*A=I000

|Az|? = (Az, Ax) = (Az) Az =2 ATAT = :L'T(KTA)T@ =2 (A'A) Z=2"% = (x,x) = ||z|?

0000(@G) = (i) 0000000 (Az, Ay) = (z,y) 0000000 2,y e Cr 0000000 2260000
(x,A*z) = (Az,z) 0O O0O0OO

(x,(A"A - Iy) = (z, A" (Ay)) — (z,y) = (Az, Ay) — (z,y) =0

0000000000 «00000000000A*A-THhy=00000000000 2.1 (v)000000O
O0A*A-THy=00000y000000000D00DA*A-TI=00000

O

o0 238 00 23r 0000o0obooOoobOOoOooObOoooOOoooooooboooboOoooooonoon

(unitary transform) 000 0000000000000 O000O0000000O0O0O0O0O (orthogonal transform)
googooooo 230000

0239 (n0000000000O) O

(i) 2n+10000 1,coska,sinks (k=1,2,...,n) 00000000000000 VOOOOOVOROO
on+10000000000

(i) 0000V 0000000 ¢, 0000000 (¢,9) O

W)= [ o))

—T

0000000V OO0O0000000000000
(i) 00000 ¢00000000007T,: V—oV: ¢z)—¢@+c000000

(Teg)(x) = oz +¢)
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ooooooor7T.0voooooooooboooo

cos k(z + ¢) = cos kccos kx — sin kesin kx, sin k(x + ¢) = sin kccos kx — cos kesin kx

oooovoooobooboooovioooooboooooooboo
(iv) OO0 T.000OO0OOOOOOOO

™ T+c

(T Te) = [ oa+ v+t = [ oa)iants - " $@)p(@)ds = (6, 9)

—T —7m4c —T

gooooo
(v)y VOOOOOoOOoOOoooOOoooooooooooo

/ cos kxdr = / sin kxdx = / cos kxsinfxdx =0

O000k#£A¢000
/ coslmcos&ndm:/ sin kz sin fxdx = 0

—T -7

00002n+10000 1,coske,sinkz (k=1,2,...,n) 000000000000
s T ™

/ ldz = 27, / cos? kxdzx = 7, / sin? kzdzr = 7
7 -7 -7

cos kzx,

good

sinkz, k=1,2,....n

1 1
€2k71—ﬁ 62]6—%
OOOOOE =[eg,e1,...,e0,] 0 VOOOOODOOOOO
(vi) DODOOO0O E=[eg,ei,...,e, 00000000 7,00000 AOCDO (22) 00

1 0 0 0

0 cosc sic 0 o 1)

—sinc cosc
cos2c sin2c

—-10 O 19)
A= —sin2¢ cos2c

cosnc  sinnc

—sinnc cosnc

goooooo

22 00

obooobooooboobooooobooooobooboooon

(22)

00 240 (00000 10) COOUOOOO vVOOOOOOo wouov=weUuoouoooooo 1.39

goooviooooooono 0O

.’BZ:I:/—I—SCH, ZCIGVV, 2 cU

0000000000000 0oon f: VoV: e 0VOUODODODOO WOOOOO (projection)

gooo

029 vOouooooo wpooOoOo fO000ooooOoooooooooooooooon
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0 2.10 700000 (identity transformation)0000007: V=V : x—2000000000f: V —
Vie—fx) D VDO UUODOOOO WOODOOOODOOOOI-f:VosV:iz—se—fx)DVI W
goooovoooooooooooobooo

00 241 (0000020) 0000 f: VosVO f2=fof=f0000000f00Ker 00000
Im f00000000O0

00000000000000000000000000000000000000 24000000 f000
00 f2(x) = fo f(x)=f(f(x)=fx')=a' = f(x) 000000002 =f00000000000 (i) O
00000 2100000

00 242 (000000000) 0000 f: V—-VDO f=f0000000
(i) Ker f =Im (I — f)
(ii) Im f =Ker (I — f)
(iii) V =Im f @ Ker f
gooood

000000 () 0000000 e€Ker fO0000z=z—f(x)=(I—f)(x) 0000z elm (I—-f) 00000
0000 zelm (I—f) 000000 yeVOOOOOz=y—f(y) 0000000000 f(z) = fly—f(y) =
f@) = f(f) =fly)— fly)=00000xz cKer fOD00D00000Ker f=Im (I—f)0(G) 0 (1) 000
0000000000000 (§) 00000 210000000000 2eV 0000 o= f(z)+ - f)(z)0
000@() 0000000V =Imf+Ker f00000000Im fNKer f={0} 000000000 1.40 (ii)
000000z elm fNKer fO00000000wcelm fO0000z=f(y) 00 yeV O0OO0O0O0O0O000
x=f(y)=f(fly)=f(z)=00000000000 zcKer f00000000000Im fNKer f={0}0

Od

0211 00242 () 000000

00 243 (0000) P2=PO000000000O0O (projection matrix) 0000

00 244 (000) COODDDOD VOOODOOODODO WOOOOOUOwWOOOO0O0OOU =w+O0O
0218000000000 WO0O0O0O00,000 00000000 (orthogonal projection) 0000

oo 2.45 (DDDDDDD) oooo P: V-osV:ax— PxO
(Pm,y):(:c,Py), Ve,yeV

00000000000 PUOODOOUOOO (Hermitian transformation) 000000000 P OOOOOO
000000 POOOOO (symmetric transformation) D00 000

o0 246 POODOODOOOOOOODOODOODO P=POOOOO POOODODODOOOOODOODODO
000000 226000000 POOODODODODODODP=PT 000000000000 POOODODODODOOO
o000 P: z—P:0000000D0DOOO

00 247 (000000000000000O0) 0000 VOOODOO fO000D0000 WOOOOOD
0000000000000 f=f0000f00000000000000OOOOOf: &~ Px0O0O0O
ooo

P:=P P =P

9

goooobooaood
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oo0o00oooovoooon z,y O
:13215/—‘1-%//, y:y/_,’_y//’ m',y’EW, IIJH,yHEWL

0000OPO WOOOODODOOOODOOOOOODODOOO Per=2'00 P’ =2'00000000000 0eW
002 =2'+00000000000P%z=PPz)=Pr' =2 =Px00 P’xr=Pzxz000000000
(PP-P)z=00000 eV 00000000000 DDODP?-P=00000P?=P0O0O0 POOODO
000000000000 242000000000000 Pr=PO00O0O0OOO

(Pz,y) = (', ¢y +y") = (", y)+ (@', y") = (&', y) = (&' + 2", y') = (x, Py)

00000y 000000000000DO0 22600 P=P*0O

00 PP=PO0 P=P000000000W=ImPO0O0O0O0OO02'eWwW 000000 zeV O0O0OO

' =Px0000Pz =P’x=Pr=2'0000000z" cWLOODDOW=Im POOOOODO yeV OO

0000 22600000 (Px",y)=(2",P'y)=(2",Py)=00000 yeVOOOOODODOODOOOOOOO

000 P'=0000000000000 z=2'+2" (¢ eW,2" e W+)00000OPz=Pz'+ Pz’ =20
O

00 248 COOO0OO0O0O VOOOODODODDO WOOOOODDODO POODDOOOOOI-PO WLOO
ooooooooo

0000021900 V=WeW!lO00000000OO0O0O eV ODOOD z=2'+2"02' e Wha" e Wt
00 202" 00000000

(I-Pzx=a2'+2" —Px' —Px"' =2’ +x" —x' —0=2x"

good O

OO0 249 mxnO0 AQOOOQO rank A=n00000000 A*AOQOCOOOOOOOOmxnOO A
0000 rank A=mO0000000 AA*O0O0OOOCO

O00A*AO0 nxnO00000000 rank A=n000000 23000 rank (A*A)=rank A=n 0000
O000AA*O0 mxmO0000000 rank A=m 000000 23000 rank (AA*) =rank A=m 0O
ooo O

00 250 (0000000000000000000000) mxnOO0 ADrankA=n0000C™ O
ImAOOODOOOO
P=A(AA) A

0000000000 rank A=mO000C"0 Im A*00000000
P=A"(AA")'A

gooobood

00000000 14900 rank A =dim(Im A) 000D00O0O0Orank A=n0 AOO0ODOOOOOOOOO
000000 00O0o0oooooooooooooonD 249000nxn00 AAOOOOOOOOCOCCOCDOO
00000000z emAcCcC"UlU0O0 ¢ =Ay000yeC"00000O

A(A"A) AT = A(A"A) AT (Ay) = A(A*A) LA A)y = Ay = 2

0000000z € (ImA)X cCm"O00000000 22700 (Im A)* =Ker A*0000z" € Ker A* 0000
O000A(A*A)'A*z” =0 0000000000 rank A* =rank AD0 2290000 (Im A*)+ = Ker A
000 227 000000000AO00000 A*0000000000000O0 O

0212 00 250000000000
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23 U00boboobooooboon

mxnOO0 AOmOOOO0O0O0beC™ O0OO0O0OOOOOOOOOODODODODO

Az =b (23)

00 251 (00000000O00) D0O00O0O (23) 0000000000000 0O0O0O0 beIm AOOOO
oo
rank [A b] =rank [a1,as,...,am,,b] = rank A

0000000000 A= (ay,as,...,an)0

o000 (23)0 C*00 C"OoLO0UU0ODU0DOD0D0O0OO0ObeImAODODODODODOOOOOUUODODODODOOOOO
span A Cspan [A b D 0000ObeIm ADUDObO ay,a9,...,a, JO00000000O00O0OO

span A = span [a1, @, ..., Qy] = span (a1, as,. .., 0y, D)

000000000 A0UODDDOUOODDOUOODDOOODDDO 1.37000000 rank [A b =rank A
ooooos0 ay,as,...,a, 00000000000000beIm AO0OOO a

00 252 (000000000) 00000 (23)00 2 00000000000000000000000
ooo so
S={z'} +Ker A= {z' +x|xcKer A}

ooooooo

O000Ay=b0000000 yOOOO e=y—2'00000b=Ay=A(zt+2)=b+Az 000000
Az =0000000xz€cKer ADDDO0O0OOyeSO00 z=y—al €cKer ADDD Ay = A(z' + ) =
Azt + Az =Az' =b 0000 m

0 253 (0000000000O0) 00000 (23) 0000000000000 0O0OO0O0O KerA={0}0O
o000 m=n0000A00000000OOrank A=n000000000000000O0OO

OO00oO0Dooog 2520000000000000000014900000 1460000000nxnbO0 A
oo00d0dmV =n000

rank A=n < rank (Im A)=n < dim(Im A) =n < dim(Ker A) =0 < Ker A= {0}

oooooooooo o

24 U00O0OO0OOOOOODDOOOO

0000 25300000000A00000D000000D0D000000 Az=b0000 «'0 «t=A"1b
ooooOOoO0Oooooo0AOfdOOOOOOOOOOOOODOOOOOOOOOOOOOOOOOODODODOOOn
gooOoOoOoOoOoOoO0O0OD Az=b0000000000O

oo 2.54(DDDDDDDDD l[l) A0mxnO000A O nxmiO0O0000000beIm AO0OOOO
A"bO
Ax=0»b

O0000O000A- 0 AQDOUOOOOOOOOOOOOO (generalized inverse matrix) 0000
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00 255 (000000000 20) mxnO0O AOOOOO

AATA=A

oooO0On»nxmO0 A0 ADDDOODOODOOOOO

0D00000000000000000000000000000bemADCOODOOA b0 Az=5b00
000000000000A = (a1,as,...,a,) JO0E =[ej,es,...,e,] 000 1.1500000000000
O0Ae; =a; 0000000 i=1,2,...,n0000 @ €elmADDODOOOOb=q;, 0000 Aa; O
Az =a, 00000000000A(Aa;)=a; (i=1,2,...,n) 000000000 a;=Ae; 100000

141471481':1461‘7 ’L':LQ,...,H

oooooooooodi(i=1,2,...,n) 0000 AATAO0 (000000000 AO0O«0000O0OQODOOO
0000000000000 AATA=A000000 AATA=A0000000COCOOO0OOObeIm A
OO00000Q0 zeC'"0 Az=0b0000000C0C0O0O0O0OO0AA Az =Ax000000AAB=b0OO
OO00000000Az=b00000000 A bOO0O00DOODOOODOODOOOO O

b 2.56 00O 25500
AATAA™ = AA™, ATAATA=ATA

goooOoOoOoOoOoOoOOOOO0O0O0AA 0O C"UU0OOOOODA A0 CrODODOOODOODOOODODO
0 243 0000

00 257 00 AQDOOODOOOOOO A-0ODOOO
Ker A=Ker (ATA)=Im (I — A" A)

gooooo

00000000000000z€Ker ADOODO00Az=00000A Az =0000 Ker A C Ker (A~ A)
00000 1.30 0000000z € Ker (A-A)D00000A Az =0000000 25500 Az = AA- Az =0
000 Ker (AA) CKer ADOODODOOOOKer A=Ker (A-A) 0000000000000 242 () 00
0oo O

00 258 (0000000O00) AOmxnO00belmACC"O000000000ODO Az=b000
r=A"b+(I-A"Ay, yelC"

ooooo0A0O0O0O0O00O0D A-O00O0O0OOO0OOOOOOd

0000000000000002f=A"b000000 Az=b00000000000000 2520000
00 20000 2eKer ADDDOODOOOODOOODODO 2570000000000 zOIm (I-A"A)
gooooooobooon

Ker A={ze€C"|z=(I—-A"A)y, yeC"}

O00O0OKer ADOODOOOUDO zO0OOO yeCrOO0ooo(I-A"Ayooooooo O

25 U0ogpooobooooooboo

mxn0O0 ADO0OOOOOOOO A- 0000000 Az=000000000000000000beIm A
Co000DbbO000D0DODO00Az=0b000 0000000 2=A"0b00000000000000O00WO
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0000000000 Az=b0000 SO00 2520000000000 10000000 dim(Ker A) > 10
obooob0Oob 000000000000 OO0O0OO0O0OOO0ODOO0OO0OO0OOOOOO0OOOOOOObOODbOn
oooopoooOoooooo0oooo0oOoooDoo 2000000000DAD0D mxpOO0ODOOODOOOOO
oood

2,5.1 OOO0OO0OOOOOOOOO

O000000000Az=b00 zf=A"b0000

2t =/ (=, xf) =

oooooD0 A-OoOoOODoOoOOoOOOOOOOO0O00n

00 259 (000000000000000000) 000000 A- 0000000000000
AA A=A (A A =A"A (24)

gooobooobooobooon

O00AO mxnOO0O0ObelmACCt 00000000 25800000000 Az =b000 @ =
Ab+(IT-A"Ay (yeC)0DDO0000000 A-0 AAA=AD000000x =A"p000000
A-0000000000000000000000

lzt + (I — A~ A)yy|* — [«"|> > 0, wyecC” (25)

0000000000000 0000D0D B=I-A"AQ0000000O0O0O (25) 0000000 226000
oo

lz" + Byl® — ll2'|* = (=" + By,a" + By) — ||l2'|* = (2", By) + (By,z") + | By|*
= (2!, By) + (zf, By) + | By|* = 2Re((z', By)) + | By|® = 2Re((B"2",y)) + | Byl

O00000B2!=00000 ||2f + By|? - ||2/|? = ||By|?>000000 (25) 000000000000
O0B*zt=000000 I-A"A)*A b=0(VbcIm A) 0000000000000 0O00DO00O0 (25)
O00000000000beImAODOODDD Ay=b000 yeC"O0O000000D000D0O0O0ODOO0O
oooooon
(I -A"A)*A Ay =0, VYycC"
oooo
(I-A"A)*A"A=0 (26)

000000000 (APA)*A A=A"A0000000000DOOOOOOOOOOOO (IhYoOOOOOO
000000000000 00000oo0o0oUooOo (A-A*=A-A0O0000O
00000 (24 0000oooooo

(AA)A A= (A"A)A A=A (AA"A)= A" A

00000 (26)000000000000O0DO0OOD0O0O0O0U0O0UOD (2)0000000O0O0O0O0O0O0OOOOD
goo O

00 25600000000000000000 A-ODODOODA-ADCPO000000DOOOOOO 2590
2000000A AQ0C0COOOOOOD A A0CrO0O0O0OOO0OO0OO0OO0OOOOOOOOO 2470000
oono

Ker A =Ker (AA"A) DKer (A"A) DKer A

37



0000 1.300000Ker (A“A)=Ker ADOOOODODDO (Ker A)t=Im A*000 22700000000
O0DA A0 C'"O Ker AODDODO mA*O00OOOOOOCOCOOOOOOOODAOOODOOOOOOODRO
o000 A-oooooooooooecr0 mA*OO0O00DDOO P=A"A00DOOODOOODOOOO
Orank A=m 000000 2500 POOOOOODODOOO

2,5.2 0O0200000000

0000000000beC™0b¢m ADDDDOOOOOODOOOOOODODO 20
| Az — b]*

goo0O0O0O0O0O0OODOO0O0 200000000000 20000000000000000O0bLeIm ADDO
000 |[Az-b||?=000000000000000000

00 2.60 (00 200000000000000) 000000 A- 000200000000

AA"A=A,  (AA ) = AA~ (27)

gbooooobooooogon

O0O0DAOmxnO0OO0beC"O0O0O0O0O0DAA"A=AQ0000 A- 000 20000000000000
o000 Az=b0000 A bp000200000000000000O0O0O

|Az — bl — ||AA"b—b|> >0, VYxecC" (28)
000000000000000 (28)00000z=A"b+y 0000
|Az — b]* — [|AATb — b||* = [[A(A"b+y) — bl|* — [AATb - b|* = [(AA™ — )b+ Ay|* - |(AA™ — I)b|]®
O00000000000000000 259000000000000000
I(AA™ — Db+ Ay|* - [(AA™ — I)b||* = 2Re((A*(AA™ — I)b,y)) + || Ay|?

00000000000000 (28)0000000000000 beC™0000 A*(AA-—Ib=0000

00000000000000000000000 (28)0000000000000000A*(AA- —1I) =00

0000 A*AA- = A*0000000000000000 (A*AA-) = (AA-)*A000000
(AA" )" A=A

000000000000000000000000 A- 00000 (AA™)*AA-=AA- 000000000
000000000000000000000 (17)000000000000000000000000000
000 (AA-)*=AA- 0000
00000 (27) 0000000000

(AA" ) A=AA A=A

00000000 A* = ((AA™)*A)* = A*AA-00000 A*(AA--1)=000000000000000
00000000000000000 O

0026002000000 AA- O CrO000O0O0DODODOOOOOOOOOO 2470000000
ImA=Im(AA"A)CIm (AA")CIm A

0000 1.300000Im (AA")=Im ADODOO0OO0O0D0AA OC"0 Ker A*0000 Im ADOODO
oooOoOoOoooD 2270000 AC00O0O0O0O0 200000000 A-O0O0O0OOOOOOOOOC™O Im A
0000000 P=AA 0000000000000 OOrank A=n000000 2500 POOCOODOO
00ooo
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2,53 0O0O0OO0OO

oo00O000000AO000000 200000000 A-O000O0O0O0O0O0OOOOOOOOOOOOO
Az =b000000C0 2000000000000 2000000000DO0OCDO0OO0O 200000000
A-000DO0OO0oO0o0O00oOoooooo 200000000000 0DOOCOO00O0ODOODOOOODODOOOO
gooooooob20000boobobooooboooobobobooooooobDobDobbooboooooDo
00000000000 AT000000000000Moore-Penrose 100000000000000

00 261 (00000) mxnO0O ADODOD
(i) AATA=A (i) ATAAT = AT (i) (AAT)"=AAT (iv) (ATA)*=ATA (29)

0000 nxmOO0 AT 000000 (pseudo inverse matrix) 0 0 0 Moore-Penrose 000 0-0000
ooooooboooooo

OO0 262 A0 A-000O0O0OOOOOOOOOOOOOO
AATA=A ATAAT =A"

googboobooboobooboobooobn

0000000000 AT00000000000 (()000 200000 () 0000000000000
00 (ivyDOOUOOOO () 00000000ooooooooo

00 263 00200000000 A- 0000000000000 O0OODOOOO0OOO0O ATO00D00O0OO
00000000000000 AT0O0 (29040000000

00000 20000000000000000000000000000000 ATO0O00 20000000
oboooooboooooon
AATA = A, (AAT)* = AA"

00000000 2580000000 Az=b6000
x=ATb+(I-ATA)y, yecC"
O00000000zt=Atb000000000000000O0O
l ™) < &t + (I - AT A)y|*, vyecC” (30)

00000000 251 0000000000000000000000beIm A0OD0O0OOOOOOObeC™
00000000000000000000 B=I-ATAOOOOOO 22600000

=™ + By|* — |z*||* = (" + By,a" + By) - ||| = (=¥, By) + (By,a") + | By|
= (z*,By) + (z*, By) + | By|* = 2Re((z*, By)) + | By|* = 2Re((B*z ™, y)) + | By||*

O0000O0B*zt=00000|z"+By|?>—|«|?=||By|>>000000 (30) 00000000000
ODO0OB*zt=0000000
(I-ATA)*ATb=0

0000 beC"OO0O000OOOOOOOOOOOOOOOOOOOOOON (30)00000000000000
000 (I-ATA*A*=000000000

(ATA)*A* = A* (31)
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00000 (31)000000000000000000000000000000
(ATA) = ATA,  ATAAT = AT (32)

0000000000000000000000000000000 (32)0000000000 (32)000oo
000000000 A*00000000000000000 (31) 0000000000 (31) 0000000
000 (31)b0o00ooO0 A0ooOO

(ATA)*ATA=ATA

000000000000000000000000000000000 ATADODODOO0OODO0OO0O000000
0000 (17 0000000000000000000000B=ATA000000O0 B*B=BOOOOO

(ATA)*=B*=(B*B)*=B*(B*)*=B*B=B=A%A

00000 (32) 000000000000 00O00O00UoOO (31) 0000000 (32)0UoooUoooooo
O

00 264 (000000000) 00 ADDOODDODOODOOD ATOD0OOOOOO

00000000000 Af0AF 0000 (29)04000000000000

Al = ATAAT = (AT A) AT = A"(AT) AT = (AAJA)"(A]) AT = A7(A]) A" (A) AT
= A"(A7) (AT A) A = A"(A])" AT AA] = A"(AJ) A = (AJA)"A] = AJAAT = AJ(AA)
= AJ(Af) A" = AJAAJ(A]) A" = AJ(AA]) (A]) A" = AJ (A]) A" (A]) A" = AJ (A])"(AAT A)
= AJ(A])"A" = AJ(AA])" = AJAA] = A

O00Af =Af 000D i

0000000000 A*00000000000000000 ADO0DDOOOO0OOOOO0O0O0OO0O0000O0
obooobobooooobooog

00 2.65 mxn0O0 AD rank A=m 0000000AO0000DO0O0OOOODOO A- 00000000
A~ = A*(AA)"' 0000000

O00A- O0O0O0O0O0OO00U00O0O0O0O0O0000A=AA"A=A(AA)"=AA*(A")*00000OOOO
259 000000rank A=mOd00000 249000A4AA* 0000000

A=AA* (A7) = (A7) =(AA")'A

0000000000 AY=(A"'00 26000000000

1

A" =((A7)) = ((AA) A = A" ((AA") ) = A" ((AA")") = A" (AA")!

ooo0A-QOOOOoOoOOoO o

O00000000A- O0Q0OO0O0O00OO0O0O0DOOOOO0OOP=A"A0C'D0 ImA*OO0DODOOOO
00000000000D00000 rank A=mO000000 250000P=A*AA*)"'AD000000O
o000 P=A"AQ00O00ODOOOO

00 2.66 mxnO0O0 AD rank A=n0000000A0O00 200000000 A- 00000000
A~ =(A*A)"'A* 0000000

O00A- 0O002000000000000000A=AAA=(AA")A=(A")"A*A0OU00O0OO0OOO
260000000rank A=n000000 249000A*A 000000

(A7) = A(474)"!
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00000o0oooooA Y =Aa9"t0o0 26000000000

1

AT =((A7)) = (A7) ) = (A7) ) AT = ((A"4)") AT = (a*A) 1A

OO000A-0O0O0ODOoOOogo O

A-000200000000000000P=AA"0C"0 ImAD0O0OODOOOOOOOODOOO
000000 rank A=n 000000 250000P=A(A*A)"'A* 000000000000 P=AA" O
goooooo

00 267 (0000000000000000000000) mxnO00 ADOOO,
(i) rank A=m 0000 ADDDODOOO AT O

AT = A (AA")? (33)

goooooo
(i) rank A=n 0000A0000O0O AT DO

At = (A" A)"lAY (34)

oooooboo

000G()00000000000000AQODOOODO ATO0D0D00000D00000O000Orank A=m
000000 26500000 At=A4%(AAY)"'00000000000000O0O0O0O0DOOOOOOOOOO0
2640000000 AODUDODOOOODOOOO@G) OD0000O0O0O0O0O0O0O00OOOO0O0 a

0213 mxnO0 AODDOO rank A=m 00000 (33)000000 AT0O0 (299000000000
gooooooo40000b0obooobooboooogo

0214 mxnOO AODOOOrank A=n00000 (34) 000000 AT0O0 (29000000000
gooooooo40000b0oooobooboooogon

OO0 268 0 21300 214000000000000mxn00 ADOOO

A(A*(AA") ) )=1 D0AA*00000000 rankA=m 0000
(A*A)'A*)A=1 DA*A00000000 rank A=n0000

0000000000 (AA*)"'0(A*A)"' 00000000000 249 0000 A*(AA*)~'0(A*A)"1A*
00000 A0D0ODDOO0O0OO0O0D00000

ubogbuooooobgbobooboaboo

00 269 (0000) mxnOO ADrank A=r0000mxr00 CO0O0 rxn0O0 DOOOO
A=CD, rank C =rank D =r

0000000000000 00 (rank decomposition) 00 OO

OO0 270 rank A=r000 mxnOO0 AODOOOOOOOOOOOO

O0OmxnO0 A=(aj,a...,a,) 0000 »r00000000CD0O 1500000000
r =rank A =dim(Im A) = dim(span [a1, as,...,a,))

00000000[e,e,...,¢, )]0 In ADDDODOOOOOOOOO0 a; (j=1,2,...,n) 00000000
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d;; (1=1,2,...,r)0000
a; =dyjc1 +dojco+ - +drje, j=1,2,....n

0000000000 mxr00O CO C=(¢,60,...,¢,)000(3,7) 000 d,; 000000 rxnOO00O
DOOOD0D A=CDO00O00000O0rankC=rank A=r00000000rank D=r0000000

A=CD 0000000 AT =D'CT 00O0OO0D0O0OOOOOOOODAT OODOOOOOO DTOOOO
000000000000000000000000000000dUdspan [a;,as,...,a, € ImDT 0000
O0Im AT c Im D" 0000000 rank AT <rank DT 000000000 DT O nxr 00000
rank DT <r=rank ADOOO0ODOO rank AT <rank ADO0OO

00 ADDODOODOOOODO ATOODO0ODO0000 rank (AT)T <rank AT O0D0O0D0O00O0ATNT =A0
O0O0Orank A <rank AT 00000000 0Orank AT =rank A=r000000000 rank AT <rank DT <r
O00rank DT = 0000000 rank DT =rank D OO0 rank D=+ 0000 |

00 271 00 2700000000
rank AT = rank A

0000000000 1.50000rank AT 000 AT 000000 D0O00O0O00O0O0O0OOOOOOOOOOO
00 A0DDOOODODODODODOOO0OO0O00000000O0O00o0ooO0 A0dO0OoOoooooooooon
00000 rank ADDDOOODODOOO 2290000000 rank A* =rank A 000 rank AT =rank A =
rankA*:rankZTDDDDDD

rank A =rank A

gooobooobooood

00 2.72 (0000000000000) mxn0O ADODODOO A=CDO00O0OOOOOOACOD
000 At O
A" = D*(DD*)"*(C*C)*C* (35)

goooood

00 27300 AQOQOOOOOOOOOOOOOOOOOOOOOO 27000000000C0O0CCO0OALDO
0000 AT 000000000000000 263000000 26400000000000000000
A=CDi0A=C,D, 000000 (35000 AT000000000000 (350000000000
gooooood

000AO0 A=CDO0000000000O0O0 (C*C)~'c*0 cO000000D*DD*)~'0 POOOO
0000000000 268 000000000000000000000000 261 00000000000
0 BOOOOOOOOOO () ABA=ADOO CDBCD=CDO0O0O0000CO000000000
D(BC)D=D0O00000000BCO DOODOOOOOOOOODO rxn000000000 r000
00000 (iv) (BA)*=BA OO (BC)D)*=(BC)D 0000000 BCOOOOOOOOOOOO0O0O
000000000rxn00 DOOOO rank D=r00000000000000 26500

BC = D*(DD*)™!

000000000 ()00 CPBCD=CD 000000000 POO0OO0OOOOO0O0OO0O C(DB)C=C O
00000000DBO COOO00000000O0CO mxr0000000000 00000000 (i)
(AB)*= AB 00O (C(DB))*=C(DB)0000000 DBOOO2000000000000000000
mxr00 COO000 rank C=r00000000000000 26600

DB = (Cc*C)'C*
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000000000 (i) B=BABOOODOOOOOOOO
B=BAB=BCDB=D*(DD*)"!(Cc*C)"'C* = A"

good O

godd

A 0OOO0OODOO

00 SO00000 (binary operation) O a,be SOO00O00c=aobe SO0O000OO0O0O0OOO0OOOODO
a,b00 a+b00 axdb 0000000000000 0Oaob#Aboa000000000O0O0aob=0boa
gooooooo oooa

000 (multiplicative group) 000 GOODO0OO0O0O0OODOOOO

1. 0000 oOOOOOO

2. 0000 (associative law) (aob)oc=ao(boc) J00D0DD abec GOOOODDOOD

3. 000 acGUOOO eca=ace=a¢l000 ecGUOOODODODODOOeODOOoDOoOnO

4. 0aeeGOO0000a 'oa=aoa =000« ' 0000000000 « 0000000
00000GUO0O0OD0 oODODOOOODODOOODODOODODODODODOODODODOODOODOODO
000000000000 0000000000 o00O0OD00O0OO0e O acbOO0ODOO

00 (module) 0000000000 U0OOD o0 40000000 0ODeeGUUOOD —aOOO0OOODO
goooboboobbboooooobobbbooooooobboooooooo

0O (ring) OO0 ROOOOOOOOOOO

1. ROOOODOODO
2. ROOOO () 00000000000 o00000(GH) 000 a,b,ce ROODOOOODD (acb)oc=
ao(boc)00DOOTODO
3. 000 a,b,ce ROOOOOao(b+c)=aob+aocl(b+c)oa=ba+ca 000000
00000RODODOODOODOODO ROODOO acb=boalD0O0ODOODOODOOO

0 (ield) D0OO00O0O0O0O0O0O0OOOOO FOOOODDOODODODODOOOO F*=F\{0}0000000O0ODO

ooooorFrOOoooog

B 0O0O0OO0OOOO

01.1. 0,00 0000000000000 =0+4+0=0+0"=0
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0 1.2. a,/ 000 200000004 =a'+0=a'+(z+a) = (a’'+x)+a=(zx+a')+a=0+a=a+0=a

0 1.3. (iii), (iv) = (ii"): 000 ,y € VOOOOD z=y+ (—x) 0000 z+z=x+ (y+ (—x)) =
z+((—z)+y)=(z+(-=z))+y=y000000z+2=y 000 200000000002 00000
z+7 =y00000000000 y+(—z) =(z+2)+(—x) = (' +x)+(—z) =2+ (x+(-x)) =2'+0 =2’
00002z =y+(-z)=20000

(iii") = (ili): (i) 00000 0000 z4+2=2 00000000 »000000-00000000000
00 y0OOO0 z+w=y U000 wO0OO00O000000y+2z=(z4+w)+z=(w+z)+z=w+(x+2)=
wH+r=z+w=y 000000 yOOOO z0 y+2z=yOOOOO

(i) = (iv): 000 e 00000z+v=000002z0000000000000000

014. 000 2eVlae KOOOO y=ex 000000000y =ax=a(x+0)=ax+a0=y+a0
obooobodobbe0odbo oooogono

015 0z=(0+0)x=0x+0x 000 0z OO0 000000
016. z+(-)z=1lz+(-)z=(1+(-1)ze=02x=000 (-)z0 000 -z 00000

0 17. JOoo0obOOoO0ooOOoo0ooobooon «."0bobbdbn—-1000000000000000000 n
gbooooOoooooobobooooboobooooooboon

0 1.8. (i), (i) 000000000 f(ax + By) = flex) + f(By) = af(x) + Af(y) 0000 flax + By) =
af(z)+Bf(y) 000000000a=4=10000 () 000004=00000 (i)000000

0 1.9. f(0)=f0+0)=f(0)+f(0) 00000000000 x=2+000 f(0)=0¢eW

0 1.10. 0000000000000000 @, €V 0000 f(zy) = f(@) = xy =2, 0000000
00000 yelm fO0000 y=f(z) 000 xcVO00000000000000y;, £y, 00 y; = f(x;)
(i=1,2) 00000 yr,y2 €Im fO00000@, =2, =2 00000002 00000000 y,y 0000
00000f000000000000000000y; £y, 00y =f(2;) (=12 00000 yy,y2€1Im f
0000000 @, #2, 0000000 f1000000000000000000

0 1.11. ) 0000 [: 2~ 0000000000000000(G) 000000 f: VsWOOOOO
000000000 f': W V0000000000000 0003G) 0000 f: VoW: o f(z)0
g: W= U: y—gy) 000000000 gof: VoU: a—g(f(x)) 00000f0000000Im f=W
00000000g0 ¢g: Imf—»U00Img=U0000000000000 Imgof=Img=0U0000
00000000 f00000000000®,2,cV 00 o#2,0000 f(z,)# f(z,) 0000000 ¢
0000000000 g(f(z1)) #9(f(x2) 000000000000 gofO000D0ODOD

0 1.12. 0000 ayer +asxe =00 (a,2) #(0,0) 0D 000000z +asxe+0xx3 =00000
O000xO0x0x;s OO000000O0O0O0O0O0O0O0O0O0O0O0OO(a1,00)=(0,0) 000000000000
obooobooOooboooboooOoboooobooboobooobobo0de U, 00000023 =21+ 00
O0000=ayx1 +azzz = (@1 +az)ry +asze 000 02 000000000020z 000000000
Ti+x—x23=00000x;0x0xz OO0OOODO

0 1.13. ()0 () 000000000000 0O0 yeV O v,ve,...,v, 0000000000000 0OOO
(i) D00D0D00D00@WO(@G) D000D00000000000 ayvy + -+ anve + fy = 000000
a1, az,...,an,f 0000000000008 =0000000000 a1+ +anv, =0 0000(3) O
Oag=ay=--=0«,=0000000000000000000000000 g£A£000000D000O
y=—(a1/B)v1 — (a2/B)va — -+ — (a0, /B)v, OO OODOO (1) DOOOODO

0 1.14. z = v +ave+- -+ a,v, = fiv1+Peve+- -+ v, 00O OO0 (ar —fr)vi+- -+ (an—fn)v, =0
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O00000Ow,ve,...,v, 0 VOOOOODOODODOOOOODOOOOOO000 —B:;=0(=1,2,...,ny0000

0 1.15. &,y1,%p42,.., 2 €V (m>r) 00000000000000000 a1 +asxa+ -+ am@y, =0
Uagpr=042==0a,=0000000000001z1 +aexe+-+ao,z, =000000x,22,...,T,
0000000000000 000D0000000y=w=---=¢.,=00000)000000000000
doooooobooodde;,xs,...,x,, OOOODOOOO0O

0 116. OO0 o000 KOOOOOO VO wWOOOOOOO 12000 V=RKMOW=KrO0oooo0o
1800oooboooooooooboob0o 110D b o0 Kk=wiodboooooo v=RrO0OOoo
ooooo vwoooo

0 1.17. (i)DDDDDDDDDDDDDD
f(x) = (= 1)(az® + Bz +7) = a(z® — 2°) + B(a® — ) + y(z — 1)

O0000000000000000030000000000000([2%-2%,22-2,2—-1)0000000
() 000 P(R)YODOD f(z)=az® +b2? +cx+d0000

! 2b
/ f(z)dz =0 = §+2d:0
—1

0000000000003000000000000 8, 2, 2% — ]

(i) 0000 4+ 0000000000000000000000O0DOO00000O00OR(R+1)/2000000
000 E; (i=1,2,...,n) 000 B+ E; (1<i<j<n) 0000

(iv) 0000000000000 0000000D00000D0D00000000000 000n(n—1)/200
O0O00O00D0 E;—E; (1<i<j<n) 0000

0 1.18. (i)

(T(af + Bg))(x) = x(af(x) + Bg"(x)) — 2(af'(x — 1) + Bg'(z — 1))
=a(@f’(z) = 2f'(x = 1)) + B(zg" (z) = 2¢'(x — 1)) = a(Tf)(x) + B(Tg)(x)

(ii)
(T(1)) =0, (T(x)) = -2, (T(z%)) = —2x + 4, (T(2%) =122 — 6
0000 f(z) =ao+ a1z +ar? + a3z 0000

(Tf)(x) = —2a1 + das — 6az + (—2a2 + 12a3)x

0 1.19. A=layjas - a,, 00020:000000000 (1) 00000000 Ae;=a,=000000
goooo+«0000000000 A=00

0 1.20. 000 e VOOOODDOOOOOOOO ¢ =aiv1+asve+---t+a,v, 00000000000 Av; =0
(i=1,2,...,n) 0000000 z€VOOOO Az = a1 Avi +agAve+- -+ a, Av, = 10+a0+---4+a,0 =0
goooooooono 19000

0000 Az = a1 Avy + asAws + - +a,Av, =0 0000 A=0 000000000000

01.21. 0 (5)00000FEOOOOOOOOOO v; (¢:=1,2,...,n) 000 E' OO0

!/ / / / / / -
vV; = 81 ,U] F Sg,;Vy + -+ 8y, ;U 1=1,2,...,n

n’
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00o0ooo0oooooOG,yj)ooo sgdﬂ[l[l nO00000 S'00000

[’Ul,’l)g,...,'vn] = ['Ui,’UQ,...,'U:l]S/
goooooog
[v1,v9,...,v,] = [V}, v),..., 0 ]S = [v1,v9,...v,]S5,
[v],0h, ..., v0] = [v1,v2,...,v,]S = [v],v),...,v]S'S

0000nxn0000 [vy,vs,...,0,)0 [v},v},...,v,] 0000000000000000000000000
00000000000000000000000000000000000 88 =8S§=100000000
SO0000 S 0000

0 1.22. (i) A=TI"'AI0(ii) B=P'AP = A= (P~))"'BP-'0(ii) B=P'AP, C = Q 'BQ =
C = (PQ)'A(PQ)

0 1.23. (i) &1, @2, ,2, 0000000000000 S =span [@1,@s,...,2,] 0000000000 dim S =
kOOOO ScvioooodoD 1.19000sSo00donooo0ooonoooooonoo vooooooooooooo
0000dimS <dimVO(ii)) 00O m < kO000Ospan [z, xs,...,2,] CSO00000000000O000 €S
0 @1, 22, 2, 000000000000000Zmet, Tmazs.-. Tk O @1, 2,..., 2, J000000000
0000000000000 €S0 x€span [x1,X2,...,%,] J00000000 S Cspan [z, x,...,2T,]0
000000 (7)000000@G) 0 () 0000000000 119000, 22,...,2, 0000000 dimS
0000000000000 00O00000O000O0OO0U0O0O VOODUoDOOoooooooooGi) oooo
gooono

0 1.24. 000 2,y e W,NW, 000000000 o,40000000 az+By 000000 1.800000
O0z,y 0000000 W, 000000000ax+ByeW, 000000002,y 0000000 W, 00O
0000000azx+ByceW, 0000000 ax+Bye WinW, 0OOOW,NW, 000000000000
ooo

0 1.25. 20 Wy = {a(1,0) | —co < a<a},yDd Wy ={B(0,1)| —co < S<a}0000 WyUW, 0 z 00
000yO000000000000000000000000000 (1,004 (0,1) = (1,1) € W; (i =1,2)0

O 1.26. 000000 DOOOOO0DOOOOOOODOO0OewW,00eWwW, 000000 0O0OOW,+W, 0000
oow, e W, +W, i =1,2) 000 WouW, c W1 +W,000000000000 00 W,uW,0000000O
v w,+Ww,0000000000000000 W, +W,CcUOW,+W,00000000000W;+ W,
Ow,uw,00o0o0oooooooooooo

0 1.27. AOUBOCUO (1,j)0000000 a;;0b;5,¢,; 000000000000 ¢, ¢ (i#j)0000
ciyj:ai7j+bi7j,cj,i:aj7i+bj7i:aw'—bmEID[I[I aiJDbi,jDDDDDDDDDDD BOOOOOOOO O
0000C=A+B0O000g;;=¢,; 0000

0128 x, €V (i=12 0000y = fz;) eImf (i=12 000000y +yo = f(z1) + flas) =
flei+a) D000x+22,eV OO0 f(y +a2) €Im fOay; =af(x1) = flax,) 0000z, e VOOO
flaz)) €Im f0000 Im fO0 WOODOOOOOOOO0& €V (i=1,2)0000 2,2, € Ker f0000
O f(x1) = f(xe) =00000 f(xy +22) = f(x1) + f(x2) =0 00 @y + 2 € Ker fO f(ax) = af(x1) =0
OO0 axy €eKer fOO000Ker fO VOOOOOODOO

0129 () c£A£00000:00000000000000O0O0O0O00O0OOOOOOOOOOOOOOOOO
O0c=000000z=0000 WHOOOOOOODOOOe=0000O0ODOOOOODODOOOO

(i) w#000000«z 000000 e 00000 WOOOOODOOOUOODw=000000WUO Ker AO
0000000000000 U0 OwW={0}000 DOU0O0O0O0Dw=0000000000000000O
iii) A =AXI-AQ0000W={xeR"|Az=0}0000 (i) 000000000000 0O0OOO0OO
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0130. mBcCcCrOoooooQd

ImAB={ye K" |y=ABz, zc K'}={ye K" |y=Az, z=Bx, x € K"}
={ye K" |y=Az, zeImB}C{yc K" |y=Az, z€(C"} =Im A

oono

Ker AB={z € K" |ABx =0} ={zx € K" |Bx=0}U{x € K" | B # 0, ABx =0}
=Ker BU{x € K" | B #0, ABx =0} D Ker B

0 1.31. () 000 VOOOOWOOOOOO000 [28,2%%,1], [2%,2,1]00000000000000000
0000000000 000000

3 0 0 O
T([x3 2%, z,1]) =[z%2,1][ 6 0 0 0
0 2 -1 0

(i) 0000000 =00000000000 20000003 0000000000 OODOO0OOO
322 + 62, 2, 1]

00000 P,(R)OD00D00D00000dmIm7T=200000000000000000000000(32%+
62,2] 00000 322+ 62, 100000022 +2,1]00000000)
(ii) 00000000 Kee 70000

dimP3(R) —dimIm 7'=4—-2=2

00D 200000000007T(f)=0000 P;(R)OCODOOO0O0O0 2000000000000 ()OO0
T(1)=000000000000000 2?2+2:00000000000000000000)0D00000O0OD0O
00 [z 4 22,1]0

(ivy0000000000000000 [23,22,22422,1]0000000000000000 [32%2+62,2]00
0o

01 0 0
00000000000 30000000000 10000000 [322+62,2,2)]00000000000

1 0 0 0
T([2®, 2% 2 + 2x,1]) = [32* + 62, 2] ( )

1
T([2®, 2% 2 + 22,1]) = [32> + 62,2,2] [ 0
0

o = O
o O O
o O O

0 2.1. (i) (z,0y) = (ay,z) = o(y, ) = a(y,z) = a(z, y)
(i) (zx+y)=(@+y 2)=(x,2)+ (Y, 2) = (x,2) + (y,2) = (z,2) + (2,9)
(iii) (0,z) =(04+0,z) = (0,z) + (0,) OO (0,z) =0 (iv) y=2 000 (x,z)=000 =0

022 000(y) =",y 000000000000z=(1,)000000(x,2)=1-1=00000
00000 ()000000000000000000

0 2.3. = (z1,22,...,2,) €EC* 0000

n n
Z|° = @ 2) =) Tiwi =) a7 = (z,@) = ||
i=1 i=1

024 000 z,ye WL 0O0OOODOOOO 80000000 az+By 000000 1.80000000
00000 2eW 00000(x,2)=(y,2)=00000000000000 2200000000 2eW O
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0000 (ax + By, 2) = (ax,2) + (By,2) = a(x,2) + (y,2) =0 0000ax+ By e WH OODDOOODDODO
wiooooooooooo0oo0ooovooooooooooo

025 ()xgWhHtO000 IyeWwi- 0000 (x,y) #00000002x¢W, 000000000000
zeW, = zc(WHtoooow,c(wH)t 00O00DDODDOO0O021900V=WrteWhH+ooooo
00000 140000 21900000

dim(WHt = dimV — dim Wit = dimV — (dim V — dim W;) = dim W,

000000 14400 WHt=w, 0000

(i) ye W, 0000W, cWo 000 yeWo, 0O000xeW,- 0000 (2,y)=000000000 € Wi
000000000 W, cW, = WiHows0oo wy,,W, 00000 Wi, Ws- 0000000 ooooooo
000 ()Do00ooooon

(i) Wi, c Wy +Wo 0000 ()00 Wy +Wo)t cwitooog (W, +Wo)t c W 000 (W, +Wse)t C
Winwst00 00z e WirnWs- 0000000 y e Wi+Wo D y=y1+y2 (y1 € Wi,y € Wo) DO DO OO0D00O
00(z,y) = (x,y1)+(z,92) =0+0=00000x € (W1 +Wo)t 0000000 00WENWs € (Wy+We)tO
(iv) (i) 00D OOW,, W, 00000 W, Wot 000000 () 00000 (W +wWhHt=winw,0o00
000 () 0D0000W,nWy)t =Wt +who

0 26. 0000 ADBOOOO (AB)*=B*A*0(A*)*=A000000
(Afl)*A*:(AAfl)*:I*:I, A*(Afl)*:(AflA)*:I*:I
00000000A*00000 (A~Y)Y*0000000

0 27 0000al,+AA*000000000C0O00O00O0CO0O0O0O0O0O0O00OC0O00 c0000O
(al,, + AA)c=00000¢ (al,, + AA*)c =0000000alc|? + |[A*c|?> =00000a #0000
lel=000000000al,+AA*00000000000000000000 c0000 (al,+A*A)c=0
ooodoe (al, +A*A)c=0000000alc|®?+[[Ac?=00000a#0000 |lef=00000

028 (ImA)l =Ker A* 000000000000 22600 € Ker A* & Az =0 & (A*z,y) =
0, VyeC" & (x,Ay)=0,VyecC" & xc(lm A+ 0000

029 z00000y=yv +yv", yeW, yeU 000000000z +y=a'+y +z"+y” 00O
O fle+y) =2'+y =fe)+ fy)UDO00ax=ax’ + ez’ 000 flax)=ax' =af(x)OODOOOf0O0
0000000000000 0 Im fCWOOUOOOODOUOO &' eWCcVOOODO f(£)=2'000000
Welm f0000 Im f=W OOOODf0000000

0 210. 000 zeV 0000 (I—f)(z)=2z—2/0000001—f00000c0x—a' =" cU 00
0000

0211. 00 zelm fO00000 yeVOOOOOz=f(y) 00000000000 —f)(z)==z— f(z)=
z—f(fly)=xz—flyy=00000xecKer(I-f)000D000000 zeKer(I—f)O0000x— f(x) =00
00000z =f(z)elm fO000000000Im f=Ker (I — f)O

0212 00zelm A*CC'O0000 z=A*y000yeC"O0000AY(AA*) 1Az = A*(AA*)"1A(A"y)
= A*(AA") 1 (AA) = Ay =2 0000000z€c (Im A"t CcC" 00000000 22700 (Im A%t =
Ker ADDOOOz€Ker ADDOOODODODA(AAY) Az =00000

0213. 000000000 () 0 AATA = AA*(AA*)'A=A0000000000000ATAAT =
ATAA*(AA")'= At 000000000 (i) 00000000000000000 (i) O

(AT A)" = (A*(AA*)TA)* = A*((AA")")'A = A*(A*A)'A = ATADD0D00000000000
O00AAY = AA*(AA) ' =T =1 = (AAY) 00000 200000 (iv) 00DDD0ODOOOO0O000
At = A*(AA)'0D ADDODOODOOOOOOOOOO0OO
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0 2.14. 000000000 ()0 AATA = A(A*A)"'A*A=A000000000000000 (i) O
ATAAT = (A*A)"'A"AAT=AT00000000000000000D0 ()00 2600000 (AAT)* =
(AT)*A" = ((A*A)1A%) A" = A((A"A) 1) A" = A((A*A)") 'A" = A(A"A)'A* = AA* 00000
000000000200000 (iv)d ATA=(A"A)'A*A=1T=(ATA)*00000000000000
IZIIZIDA+:(A*A)—1A*IZI AdD0OO0DODOODOODOOOOO

49



0 0O

oooo,s
oooo,6
oooo,6
oooooo, 3s
ooooo,ss

ooooooo, 33
ooooooo, 27

0o, 19
oooo, 4l
0,17

ooooo, 39
0o, 6
ooo, 13
ooo,s
oo, 22

oo, 23

goooogd, 23

oooo,9
oDooao, 33

oo, 7
ooooo, s
ooooo, 23

ooo, 3

oo, 7

ooo, 3

oo, 32

oooo, 33

oo, 3

ooo,4

ooo,4
ooooooooo,2s

oooo, 27
oooo,s

oooooag,2s
ooooo, 24

ooo, 33
ooooooooooo, 15
0o, 13

oooo,e

oooo, 2

50

oooo,s
oooo, 4
oooo,6
ooo, 4
oooo,6
oooooo, 14
0oooo, 4
0o, 5
ooo,s

0,4
0o, 14
oooo, 14

oooo, o9
oooo, 33
0o,s5

0o, 22
0o, 16
0o, 24
oooo, 30
oooo, 33
oooo, 3l
ooooo, 26

0oo, 3
ooooo, 22

0o, 5
oooo,s
oooo,s
oooo,s
oooo, 29
oooo, 29
ooooo, 14
oooo, 23

0o, 22
oooo, 23
0o, 23

ooo, 23
0o0o00ooo0ooo,15

oooo, 11
oooooo, 7
oooo,6



oooo, 22

oooo,s
oooooaog,?2

000-000000000000, 39
oooo, 7

Dooooooo, 24
oooo,v
ooooog, 30
0ooooo, 24
oooooo, 3t

oo, 19

ooo, 15

o1



