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$k$, !$ ;DG0$J$, $i !$7OE}E*$K$=$l $r9T$&J} K!$O$J$$!%@-G=I>2A$K4X$9$k1QJ8$N@.=q$, ?t B?$/ =PHG$5$l $F$$$k$, !$$$

$: $l $N=qJ*$K$*$$$F$b$3$NE@$K4X$7$F2?$i $+$N5-=R$, $"$k!%FC$KB?$/ $N=qJ*$K$*$$$F!$ @-G=I> 2A$O0l <o$N!V7] =Q

!J art !K!W$G$"$k$H8@$C$F$$$k$3$H$O6=L#?<$$!%$3$N$h$&$KI> $5$l $kGX7J$K$O!$ I> 2A$r9T$&?M$, $I $NDxEY!$ I>2ABP>]

$KBP$7$FCN<1$r$b$C$F$$$k$+!$ $^$?!$ I> 2A$9$k$?$a$NM}O@$d<j K!!$ $"$k$$$O%D!< %k$K$I $l $@$1@:DL$7$F$$$k$+$K

0MB8$7$F!$ $=$l $i $r$I $N$h$&$KAH9g$o$; $FI> 2A$9$k$+$, 7hDj$5$l $k$3$H$K$J$j !$ 7k2L$H$7$F!$ F1$8%7%9%F%$̀rBP

>]$H$7$F$$$F$b!$ I>2A<T$K$h$C$FI>2A<j K!$, 0[ $J$k$P$+$j $G$J$/ !$>l 9g$K$h$C$F$OI>2A7k2L$5$($b0[ $J$j F@$k$+$i

$G$"$k!%8@$$49$($l $P!$ @-G=I> 2A$K$O$"$k<o$N?&?M7] E*$JB&LL$, $"$j !$ CN<1$H7P83$KN"BG$A$5$l $?4*$N$h$&$J$b

$N$, =EMW$H$J$k!%

2s@~@_7W$r9T$&:] $KN10U$7$J$1$l $P$J$i $J$$DL?. %M%C%H%o!< %/$NFCD'$O!$ ITFCDjB??t $NMxMQ<T$, 2s@~$d%k!< %?

$H$$$C$?DL?. %M%C%H%o!< %/$r9=@.$9$kMM!9 $J;q 8; $r6%9gE*$KMxMQ$7$h$&$H$9$kE@$G$"$k!%B?$/ $NMxMQ<T$, M-8B$N

;q 8; $r6%9gE*$KMxMQ$7$F$$$k>u67$G$O!$ MxMQ$7$?$$;q 8; $, $"$kMxMQ<T$K$h$C$F@jM-$5$l $F$$$k$H$- !$ B>$NMxMQ<T

$O;q 8; $, 2rJ| $5$l $k$^$GBT$D$+!$ $"$k$$$O!$ $=$N;q 8; $NMxMQ$r$"$-$i $a$J$1$l $P$J$i $J$$!%Nc$($P!$ $"$kFCDj$N

2s@~$rDL2a$7$h$&$H$9$k%Q%1%C%H$O!$ B>$N%Q%1%C%H$, EAAwCf$J$i $P%k!< %?Fb$N%P%C%U%!$K0l ;~ E*$KC_$($i $l !$ M=

$aDj$a$i $l $?5, B' $K=>$$Aw?. $5$l $k$N$rBT$D$3$H$K$J$k!%$^$?!$ %Q%1%C%H$, %k!< %?$KE~Ce$7$?$H$- !$ %P%C%U%!$,

Aw?. BT$A%Q%1%C%H$G0l GU$G$"$k$J$i $P!$$3$N%Q%1%C%H$O<:$o$l $F$7$^$&!%$h$C$F!$2s@~@_7W$r9T$&:] $K$O!$ ;q 8; Mx

MQMW5a$, 3NN(E*$KH/@8$9$k$H$$$&A0Ds$N2<$G!$ Nc$($P!$ J?6QBT$A;~ 4V$, 5 ms 0J2<!$ %Q%1%C%HB;3NN($, 5% 0J2<

$H$$$C$?=j K>$N@-G=$rC#@.$9$k$?$a$KI, MW$J2s@~MFNL$d%P%C%U%!MFNL$r8+@Q$b$k$3$H$, MW5a$5$l $k!%

2s@~@_7W$NLdBj$rD>@\2r$/ $3$H$O$7$P$7$P:$ Fq$G$"$k$?$a!$$=$N5ULdBj$G$"$k2r@OLdBj$r9M$($k$3$H$, B?$$!%2r

@OLdBj$H$O!$ Nc$($P!$ CmL\ $9$k2s@~$rDL2a$9$k%H%i%R%C%/$N@-<A$H2s@~MFNL$J$i $S$K%k!< %?$N%P%C%U%!MFNL$, M?

$($i $l $?$H$- !$ %Q%1%C%H$NJ?6QBT$A;~ 4V$d%Q%1%C%HB;3NN($r5a$a$k$H$$$&$b$N$G$"$k!%2r@OLdBj$r2r$/ $3$H$, $G

$-$l $P!$ $=$N7k2L$r%0%i%U$"$k$$$OI= $rMQ$$$FI= <($9$k$3$H$G!$ =j K>$N@-G=$rC#@.$9$k$?$a$KI, MW$J2s@~MFNL$d

%P%C%U%!MFNL$rCN$k$3$H$, $G$-$k!%

>e5-$N$h$&$J2r@OLdBj$r2r$/ $?$a$N?t 3XE*F;6q$OBT$A9TNsM}O@!J queueingtheory!K$H8F$P$l $k!%BT$A9TNsM}O@

$O6&M-;q 8; $KBP$9$kMxMQMW5a$, 3NN(E*$KH/@8$9$k$H$$$&2>Dj$N2<$G!$ ;q 8; 6%9gLdBj$rCj>] 2=$7$??t 3X%b%G%k$N9=

C[$H$=$N2r@O$K4X$9$kM}O@$G$"$j !$1~MQ3NN(O@$N0l J, Ln$G$b$"$k!%DL?. %M%C%H%o!<%/$X$N1~MQ$r0U<1$7$?$H$-!$BT

$A9TNsM}O@$ODL?. %H%i%R%C%/M}O@!J teletra�c theory!K$H$b8F$P$l $F$*$j !$ EEOCLV$N@_7WLdBj$r2r7h$9$k$?$a$NOH

AH$H$7$F20@$5*=i F,$K8&5f $, 3+;O$5$l $F$$$k!%$=$l 0J9_!$ %Q%1%C%H8r49LV!$ 1R@1DL?. !$ LAN !$ 69BS0h ISDN!$ 9-

BS0h ISDN!J ATM !K!$%$%s%?!<%M%C%H!$7HBSEEOCLV$J$I $N?7$7$$DL?. LV$N=P8=$KH<$$<! !9 $H?7$7$$%b%G%k$, F3F~$5

$l !$ M}O@$NH/E8$, 2CB.$5$l $F$-$?!%

BT$A9TNsM}O@$rMQ$$$l $P!$%H%i%R%C%/$N3NN(E*@-<A$, DL?. %M%C%H%o!<%/$NmUmT$H$I $N$h$&$J4X78$, $"$k$+$rDjNL

E*$KI> 2A$9$k$3$H$, $G$-$k!%$7$+$7!$ BT$A9TNsM}O@$G07$&$3$H$, $G$-$k%b%G%k$K$O<+$: $H@)8B$, $"$k!%BT$A9TNs

M}O@$G07$&$3$H$, :$ Fq$G$"$k$H;W$o$l $k!$ $h$j J#;( $J%b%G%k$NI> 2A$, I, MW$H$J$k>l 9g$K$O!$ 7W;; 5! $rMQ$$$?LO5<

<B83!$$9$J$o$A!$%7%_%e%l!<%7%g%s!J simulation !K$r9T$C$F2r@OLdBj$r2r$/ $3$H$K$J$k!%6aG/!$%M%C%H%o!<%/@_7W

$rBP>]$H$7$?MM!9 $J%7%_%e%l!<%7%g%s%=%U%H%&%'%"%Q%C%1!< %8$, ;THN$5$l $F$*$j !$$^$?!$%U%j!<%&%'%"$N%Q%C%1!<

%8$bMxMQ2DG=$K$J$C$F$-$?!%$3$l $i $rMQ$$$l $P!$ Hf3SE*4JC1$K%7%_%e%l!< %7%g%s$r9T$&$3$H$, $G$-$k!%
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?^ 1: BT$A9TNs%b%G%k

$7$+$7!$ %7%_%e%l!< %7%g%s$+$i F@$i $l $?=PNO%G!< %?$OL5?t $K$"$k2DG=@-$NCf$+$i 3NN(E*$KA*$P$l $?I8 K\CM$"$j !$

3NDjCM$G$O$J$$$3$H$KCm0U$7$J$1$l $P$J$i $J$$!%FC$KJ#;( $J%b%G%k$N%7%_%e%l!< %7%g%s$O!$ L58B8D$NLL$r$b$DL$

CN$N%5%$%3%m$r?6$k<B83$KNc$($k$3$H$, $G$-$k!%$=$l $f $( !$ %7%_%e%l!< %7%g%s$r#12s$@$19T$$!$ $=$3$+$i J?6QBT

$A;~ 4V$r0l $DF@$?$H$7$F$b!$ $=$l $O$=$N$h$&$J$3$H$, 5/ $3$j F@$k!$ $9$J$o$A!$ L$CN$N%5%$%3%m$NL58B8D$"$kLL$N

Fb$N0l $D$K!$ $=$N$h$&$JLL$, B8:_ $9$k$H$$$&;v <B$, <($5$l $?$@$1$G$"$k!%$=$l $f $( !$ %7%_%e%l!< %7%g%s$K$h$C$F

F@$i $l $?=PNO%G!< %?$rE,@Z$K=hM}$7$J$1$l $P8m$C$?I> 2A7k2L$rF@$k2DG=@-$, $"$k!%8@$$49$($l $P!$ 2r@OLdBj$r%7

%_%e%l!<%7%g%s$rMQ$$$F2r$/ >l 9g!$9b$$?. Mj@-$r$b$D=PNO%G!<%?$rF@$kI, MW$, $"$j !$$5$i $KF@$i $l $?%G!<%?$KBP$7

$FE}7WE*$KE,@Z$J=hM}$r ;\ $5$J$1$l $P$J$i $J$$!%

K\9V5A$G$O!$ %M%C%H%o!< %/@_7W$K7g$+$9$3$H$N$G$-$J$$DL?. %H%i%R%C%/M}O@!J $9$J$o$ABT$A9TNsM}O@!K$N=i Jb

$K$D$$$F2r@b$9$k!%K\9F$N9=@.$O0J2<$NDL$j $G$"$k!%$^$: !$DL?. %H%i%R%C%/M}O@$rM}2r$9$k>e$GI, MW$J4pK\E*$JCN

<1$H$7$F!$ %]%o%=%s2aDx$H;X?t J, I[ $J$i $S$K%j%H%k$N8x<0$r>R2p$7$?8e!$ =P@8;` LG2aDx!$ 1#$l %%̂k%3%UO":? $K$D

$$$F2r@b$9$k$H6&$K!$ MM!9 $JBT$A9TNs%b%G%k$X$N1~MQ$r<($9!%

1 BT$A9TNs%b%G%k

BT$A9TNsM}O@$O6&M-;q 8; $KBP$9$kMxMQMW5a$, 3NN(E*$KH/@8$9$k$H$$$&2>Dj$N2<$G!$;q 8; 6%9gLdBj$rCj>]2=$7$??t

3X%b%G%k$N9=C[$H$=$N2r@O$K4X$9$kM}O@$G$"$k!%>e$G=R$Y$?$h$&$K!$ DL?. %M%C%H%o!<%/$X$N1~MQ$r0U<1$7$?$H$-!$

BT$A9TNsM}O@$ODL?. %H%i%R%C%/M}O@$H8F$P$l $k$, !$ $=$N1~MQHO0O$O!$ DL?. %M%C%H%o!< %/$K8B$i $: !$ H\6a$JNc$G$O!$

%9!< %Q!< $N%l%8Bf?t $J$I !$ MM!9 $G$"$k!%BT$A9TNsM}O@$K$*$$$F07$o$l $k3NN(%b%G%k$OBT$A9TNs%b%G%k$H8F$P$l $k!%

?^ 1 $K<($5$l $F$$$k$h$&$K!$ BT$A9TNs%b%G%k$H$O6&M-$N;q 8; $G$"$k%5!< %P$HBT9g<<$+$i $J$k%7%9%F%$̀K30It $+$i

5R$, E~Ce$7!$ $3$l $i $N5R$O%7%9%F%F̀b$G;C$/ BZ:_ $7$?8e!$ %7%9%F%$̀r5n$k$H$$$&$b$N$G$"$k!%DL?. %M%C%H%o!< %/

$K$*$1$k1~MQ$G$O5R$O%Q%1%C%H$KBP1~$7!$ %5!<%P$HBT9g<<$O$=$l $>$l 2s@~$H%k!< %?Fb$N%P%C%U%!$KBP1~$9$k!%

0l HL$KBT$A9TNs%b%G%k$O<!$N8^$D$NMWAG$+$i $J$k!%

1. E~Ce2aDx!J %Q%1%C%H$NH/@8;~ E@$K4X$9$kE}7WE*>pJs!K

2. %5!< %S%9;~ 4VJ, I[ !J %Q%1%C%H$NEAAw;~4V$K4X$9$kE}7WE*>pJs!K

3. %5!< %P?t !J 2s@~$N?t !K

4. %7%9%F%M̀FNL!J %k!<%?Fb$GJ] ;} $G$-$k%Q%1%C%H$N:GBg?t !K

5. %5!< %S%95, N'!J %k!<%?Fb$N%Q%1%C%H$NAw?. =g=x$rDj$a$k5, B' !K

$3$N$h$&$JMWAG$+$i $J$kBT$A9TNs%b%G%k$r5-=R$9$kJ} K!$H$7$F%1%s%I!< %k$N5-K!!J Kendall's notation !K$, 9-$/

MQ$$$i $l $F$$$k!%$3$l $O!$ DL>o A=B =c=N $N7A$r$7$F$*$j !$ $=$l $>$l !$ E~Ce4V3VJ, I[ !? %5!< %S%9;~ 4VJ, I[ !? %5!<

%P?t !? %7%9%F%M̀FNL$r<($7$F$$$k!%A!$ B $K4X$7$F$OM !J ;X?t J, I[ !K!$ D !J 0l DjJ, I[ !K!$ Ek !J k <! $N%"!<%i%sJ,

I[ !K!$ H k !J k <! $ND6;X?t J, I[ !K!$ G!J 0l HLJ, I[ !' FCDj$NJ, I[ $r2>Dj$7$J$$!K!$ GI !J FHN)F10l J, I[ !' FCDj$NJ, I[ $O2>

Dj$7$J$$$, !$ E~Ce4V3V$"$k$$$O%5!<%S%9;~ 4V$, FHN)$GF10l $NJ, I[ $K=>$&$3$H$r6/ D4$7$?$b$N!K$J$I $, MQ$$$i $l $k!%

%7%9%F%M̀FNL$, L58BBg$N>l 9g$OC1$KA=B =c $H=q$+$l $k!%%5!< %S%95, N'$ODL>o!$@hCe=g%5!<%S%9!J MxMQMW5a$rE~Ce

=g$K=hM}$9$k%5!<%S%95, N'!K$, 2>Dj$5$l $F$*$j !$FCFS (First-come, First-served) $H=q$+$l $k!%1%5!<%S%95, N'$r

1FIF O (First-in, First-out) $H8F$P$l $k$3$H$b$"$k!%
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L@<($9$k>l 9g$O!$ FCFS A=B =c $N$h$&$K!$ $3$N5-9f $NA0$K=q$/ $3$H$, B?$$.

BT$A9TNsM}O@$ODL?. %M%C%H%o!< %/$r4^$`MM!9 $J;q 8; 6%9gLdBj$KBP$7$FCj>] 2=$5$l $?%b%G%k$rDL$7$F%7%9%F%$̀N

DjNLE*$JI> 2A$r9T$$!$ LdBj2r7h$N;X?K$rM?$($k?t 3XE*F;6q$G$"$k!%<B:] $N%7%9%F%$̀r I> 2A$9$k$?$a$KBT$A9TNsM}

O@$"$k$$$OBT$A9TNs%b%G%k$rMxMQ$9$k:] $K$O!$$^$: !$>e5- (1){(5) $NMWAG$rDj$a$kI, MW$, $"$k!%$3$3$GCm0U$9$Y$-

$3$H$O!$ 0[ $J$k%7%9%F%$̀, F10l $N%b%G%k$GI= 8=$5$l $k>l 9g$d!$ F1$8%7%9%F%$̀, !J $I $NDxEY>\ :Y$K%b%G%k2=$9$k$+

$K$h$C$F!K0[ $J$k%b%G%k$GI= 8=$5$l $k>l 9g$, $"$k$H$$$&$3$H$G$"$k!%8@$$BX$($l $P!$ BT$A9TNs%b%G%k$O<B:] $N%7

%9%F%$̀K$*$1$k;q 8; 6%9g$rCj>] E*$KI= 8=$7$?3NN(%b%G%k$G$"$j !$ 8D!9 $N%b%G%k$OFCDj$N%7%9%F%$̀N$_$r I= 8=$7$?

$b$N$G$O$J$$!%0J2<$G$OBT$A9TNsM}O@$N=, 47$K=>$$!$ 8D!9 $N;q 8; MxMQMW5a$r5R!$ 8D!9 $N5R$, ;q 8; $r@jM-$9$k;~ 4V

$r%5!< %S%9;~ 4V!$ 8D!9 $N6&M-;q 8; $r%5!< %P$H8F$V$3$H$K$9$k!%

2 BT$A9TNsM}O@$N$?$a$N4pACCN<1

2.1 MQ8l $H5-9f

BT$A9TNs%b%G%k$K$*$$$F6=L#$N$"$k@-G=;XI8 $K$O!$ 5R$NBT$A;~ 4V$d%7%9%F%F̀b$N5R?t !J 0J2<$G$O7OFb5R?t $H8F

$V!K$J$I $, $"$k!%5R$NE~Ce$"$k$$$O%5!< %S%9;~ 4V$, 3NN(E*$KDj$^$k>l 9g!$ $3$l $i $N@-G=;XI8 $O3NDjE*$JCM$G$O$J

$/ 3NN(JQ?t !J random variable!K$H$J$k!%3NN(JQ?t $H$O;v >] $r?t CM$GI=8=$7$?$b$N$G$"$j !$ Nc$($P!$ ;~ 9o t $K$*$1

$k7OFb5R?t $r L(t) $H$7$?$H$- !$ ;~ 9o t $K7OFb5R?t $, j ?M$G$"$k$H$$$&;v >] $Of L (t) = j g $G5-=R$5$l !$ $3$N;v >]

$, 5/ $3$k3NN($r Pr(L (t) = j ) $H=q$/ !%

3NN(JQ?t X $NDj5A0h$r S $H$9$k!%$9$J$o$APr(X 2 S) = 1 $G$"$k!%Dj5A0h S $, 2D;; $G$"$k>l 9g X $ON%;6 3N

N(JQ?t $H8F$P$l !$ $=$&$G$J$$>l 9g$OO"B33NN(JQ?t $H8F$P$l $k!%

3NN(JQ?t X $HY $KBP$7$F f X � xg $H$$$&;v >]$Hf Y � yg $H$$$&;v >]$, F1;~$K5/ $3$k3NN( Pr(X � x; Y � y)

$r7k9g3NN($H$$$&!%$5$i $K;v >] f X � xg $, 5/ $3$C$?$H$$$&>r7o$N2<$G;v >] f Y � yg $, 5/ $3$k3NN($r>r7oIU$-3N

N($H$$$$ Pr(Y � y j X � x) $H=q$/ !%7k9g3NN($O>r7oIU$-3NN($rMQ$$$F0J2<$N$h$&$KI= 8=$G$-$k!%

Pr(X � x; Y � y) = Pr(X � x) Pr(Y � y j X � x)

$b$7!$ 7k9g3NN( Pr(X � x; Y � y) $, Pr(X � x) Pr(Y � y) $KEy$7$$$J$i $P!$ 3NN(JQ?t X $H Y $OFHN)

!J independent !K$G$"$k$H$$$o$l !$ Pr(Y � y j X � x) = Pr(Y � y) $H$J$k!%

N%;6 3NN(JQ?t X $NJ?6Q!J mean!KE[X ] $O

E[X ] =
X

x 2S

x Pr(X = x) (1)

$GM?$($i $l $k!%E[X ] $OX $N4| BTCM!J expectation!K$H$b8F$P$l $k!%$^$?!$ <B?t R $rDj5A0h$K$b$DO"B33NN(JQ?t

X $OJ, I[ 4X?t !J distribution function!K

F (x) = Pr(X � x)

$K$h$C$FFCD'IU$1$i $l $k!%F (x) $OHs8: >/ 4X?t $GF (1 ) = 1 $G$"$k!%FC$K

Z x

�1
f (x)dx = F (x)

$J$k f (x) $, B8:_ $9$k$H$-!$ f (x) $OX $NL)EY4X?t !J density function!K$H8F$P$l $k!%L)EY4X?t f (x) $OF (x) $, Hy

J, 2DG=$G$"$k>l 9g f (x) = dF(x)=dx $G$"$k!%$^$? � x $rHy>. $J@5?t $H$7$?$H$- !$

f (x)� x � Pr(x < X � x + � x)

$H$$$&3NN(E*0UL#$r ;} $D!%$5$i $KDj5A$+$i
Z 1

�1
f (x)dx = F (1 ) = 1 (2)
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$G$"$j !$ $3$l $O3NN($NOB$, #1$G$"$k$3$H$HEy2A$G$"$k!%L)EY4X?t f (x) $r$b$DO"B33NN(JQ?t X $N4| BTCME[X ] $O

E[X ] =
Z 1

�1
xf (x)dx

$GM?$($i $l $k!%$b$7 Pr(X < 0) = 0 $J$i $P!$ X $NJdJ, I[ (complementary distribution) F C (x) = Pr(X > x) =

1 � F (x) $rMQ$$$F

E[X ] =
Z 1

0
F C (x)dx

$H=q$/ $3$H$, =PMh$k!%

Dj?t c1!$ c2 $H3NN(JQ?t X !$ Y $KBP$7$F!$ 4| BTCM$O<! $N@-<A$r ;} $D!%

E[c1X + c2Y ] = c1E[X ] + c2E[Y ]; (3)

$^$?!$ $b$7!$ 3NN(JQ?t X $HY $, FHN)$J$i $P

E[X Y] = E[X ]E [Y ]

$, @.N)$9$k!%$5$i $K!$ O"B33NN(JQ?t X $H4X?t u(x) $KBP$7$F

E[u(X )] =
Z 1

�1
u(x)f (x)dx (4)

$G$"$k!%N%;6 3NN(JQ?t X $N>l 9g!$ <0 (4) $O!$

E[u(X )] =
X

x 2S

u(x) Pr(X = x) (5)

$G$"$k!%S � R $N$H$- !$ <0 (4) $H<0 (5) $r$^$H$a$F

E[u(x)] =
Z 1

�1
u(x)dF (x)

$H$$$&5-K!$rMQ$$$k!%2$3$N5-K!$rMQ$$$l $P!$X $, O"B3$+N%;6 $+$H$$$&6hJL$r$; $: $KE}0l E*$K4| BTCM$rI=$9$3$H$,

$G$-$k!%FC$K!$ u(x) = xn $N$H$- E[u(X )] = E [X n ] $On <! @QN(!J the nth moment !K$H8F$P$l $k!%

:G8e$KJ, ;6 (variance) $rDj5A$9$k!%3NN(JQ?t X $NJ, ;6 Var(X ) $O

Var[X ] = E[(X � E [X ])2] = E [X 2] � E [X ]2

$GM?$($i $l $k!%J, ;6 $O3NN(JQ?t $N<h$kCM$, J?6Q$+$i $I $NDxEYN%$l $d$9$$$+$r<($9;XI8 $G$"$j !$ :G=i $NEy9f $+$i Hs

Ii $NCM$r<h$k$3$H$, J, $+$k!%$^$?!$
p

Var[X ] $OI8 =`JP:9 !J standard deviation!K$H8F$P$l $k!%

2.2 %j%H%k$N8x<0

:G=i $K=R$Y$?$h$&$K!$ BT$A9TNs%b%G%k$H$O!$ %7%9%F%$̀N30It $+$i 5R$, E~Ce$7!$ %7%9%F%F̀b$G0l ;~ E*$KBZ:_ $7$?

8e!$ %7%9%F%$̀r5n$k!$ $H$$$&F0:n $r I= 8=$7$?%b%G%k$G$"$k!%$h$C$F!$ ;~ 9o t $K$*$1$k%7%9%F%F̀b$N5R?t !$ $9$J$o

$A7OFb5R?t $r L(t) $H$7!$A(0; t] $r6h4V (0; t] $N4V$K%7%9%F%$̀KE~Ce$7$?5R?t !$ D(0; t] $r6h4V (0; t] $N4V$K%7%9%F

%$̀rN%C&$7$?5R?t $H$9$k$H!$

L(t) = L (0) + A(0; t] � D (0; t] (6)

$H$$$&4X78$rK~$?$9%b%G%k$rBP>]$H$7$F$$$k$3$H$K$J$k!%$3$3$GAn (n = 1; 2; : : :) $r ;~ 9o 0 0J9_!$n HVL\ $KE~Ce

$7$?5R$NE~Ce;~ 9o$H$7!$ N (t) = maxf n; An � tg = A(0; t] $r ;~9o t $^$G$KE~Ce$7$?5R$NAm?t $H$9$k$H!$ C10L;~4V

Ev$?$j $KE~Ce$9$kJ?6Q5R?t !$ $9$J$o$A!$ J?6QE~CeN( � $O

� = lim
t !1

N (t)
t

2Riemann-Stieltjes @QJ, $H8F$P$l $k!%

6



- -5R$NE~Ce

%7%9%F%`

L = �W

5R$NN%C&

E~CeN( �

J?6Q5R?t L
J?6QBZ:_ ;~ 4VW

?^ 2: %j%H%k$N8x<0

6

-
� �

�
�

�

� �
��

��
� �

�
�

�

� �p p0

1

I n (t)

0 An Dn ;~ 9o t

Wn

?^ 3: Wn $HI n (t) $N4X78

$GM?$($i $l $k!%

:G$b6=L#$"$kNL$OJ?6Q7OFb5R?t L $HJ?6Q7OFbBZ:_ ;~4VW $G$"$k!%Wn (n = 1; 2; : : :) $r ;~9o 0 0J9_!$ n HVL\ $K

E~Ce$7$?5R$N7OFbBZ:_ ;~ 4V$H$9$k$H!$ L $HW $O$=$l $>$l

L = lim
T !1

1
T

Z T

0
L(t)dt; W = lim

N !1

1
N

NX

n =1

Wn

$GM?$($i $l $k!%$3$3$GL $O==J, $KD9$$4V!$ %7%9%F%$̀r4QB,$7$?$H$-$NN_@Q5R?t $NJ?6Q$G$"$j !$ ;~ 4VJ?6Q$H8F$P$l

$k!%0l J} !$ W $OBZ:_ ;~4V$NAmOB$r5R?t $G3d$C$?J?6Q$G$"$j !$ 5RJ?6Q$H8F$P$l $k!%

0l HL$K<0 (6) $rK~$?$9%b%G%k$K$*$1$kJ?6Q7OFb5R?t L $HJ?6Q7OFbBZ:_ ;~ 4VW $N4V$K$O%j%H%k$N8x<0!J Little's

formula!K$H8F$P$l $kHs>o$KC1=c$J4X78$, @.N)$9$k!%

DjM} 1 (%j%H%k$N8x<0) L !$ � !$W $, A4$FM-8B$G$"$k>l 9g!$$3$l $i $N4V$K$O%5!<%S%9=g=x$K$h$i $: <!<0$, @.N)$9$k!%

L = �W (7)

%j%H%k$N8x<0$, $J$<@.N)$9$k$+$r8+$k$?$a$K!$ <c43$N=`Hw$r9T$&!%$^$: !$ An $r n HVL\ $N5R$NE~Ce;~ 9o!$ Dn =

An + Wn $r n HVL\ $N5R$NN%C&;~ 9o$H$9$k!%$3$3$G;X<(4X?t I n (t) $r<! <0$GDj5A$9$k!%

I n (t) =

8
><

>:

1; n HVL\ $N5R$, ;~ 9o t $K7OFb$K$$$k>l 9g

!J $9$J$o$AAn � t < Dn $N$H$- !K

0; $=$NB>

Dj5A$h$j !$ Wn $J$i $S$KL(t) $O$=$l $>$l I n (t) $rMQ$$$F

Wn =
Z 1

0
I n (t)dt; L (t) =

1X

n =1

I n (t)

$GM?$($i $l $k!%?^ 3 $KWn $HI n (t) $N4X78$r<($9!%

0J>e$N=`Hw$N2<$G%j%H%k$N8x<0$, $J$<@.N)$9$k$+$r8+$F$$$/ !%:# !$ 6u$N%7%9%F%$̀+$i %9%?!< %H$7!J L(0) = 0!K!$

L(T) = 0!$ $9$J$o$A%7%9%F%$̀, 6u$G$"$k$h$&$J;~ 9o T $r9M$($k!%?^ 4 $O;~ 9o T $^$G$KE~Ce$7$?#5?M$N5R$, A4$F

;~ 9o T $^$G$KN%C&$7!$ ;~ 9o T $K$*$1$k7OFb5R?t $, #0$G$"$k>l 9g$r<($7$F$$$k3!%

3$3$N?^$G$O%5!< %S%95, N'$, 8eCe=g$G$"$k$H2>Dj$7$F$$$k!%
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pp
pp
pp
pp
pp
pp
pp
p

T ;~ 9o t

?^ 4: 5R?t $N;~ 4VN_@QOB$H7OFbBZ:_ ;~ 4V$NAmOB

;~ 9o T $^$G$KE~Ce$7$?A4$F$N5R$O%7%9%F%$̀rN%C&$7$F$$$k$N$G
Z 1

0
I n (t)dt =

Z T

0
I n (t)dt; n = 1; : : : ; N (T)

$, @.N)$9$k!%$5$i $K;~ 9o T 0J9_$KE~Ce$9$k5R!$ $9$J$o$A!$ n > N (T) $J$k n $KBP$7$F$O!$ ;~4V6h4V [0; T ] $K$*$$

$F I n (t) = 0 $G$"$k!%$h$C$F

Z T

0
L(t)dt =

Z T

0

N (T )X

n =1

I n (t)dt =
N (T )X

n =1

Z T

0
I n (t)dt =

N (T )X

n =1

Wn

$rF@$k!%$9$J$o$A5R?t $N;~ 4VN_@QOB$O7OFbBZ:_ ;~ 4V$NAmOB$KEy$7$$!J ?^ 4 ;2 >H!K!%$h$C$F!$ ;~ 4V6h4V [0; T ] $K$*

$1$kJ?6Q7OFb5R?t $HJ?6Q7OFbBZ:_ ;~ 4V$N4V$K$O

1
T

Z T

0
L(t)dt =

N (T)
T

�
1

N (T)

N (T )X

n =1

Wn

$, @.N)$9$k!%$3$3$GN (T)=T $O;~ 4V6h4V [0; T ] $K$*$1$kJ?6QE~CeN($G$"$k!%

0l J} !$ G$0U$KA*$P$l $?;~ 9o t $K$*$$$F$O

Z t

0
L(� )d� =

N (t )X

n =1

Wn + X E

$G$"$k!%$3$3$GX E $O8m:9 $N9`$rI=8=$7$F$$$k!%;~9o t $K$*$1$k7OFb5R?t L(t) $, @5$J$i $P!$$"$k n!J � N (t)!K$K

BP$7$F
Rt

0 I n (� )d� < Wn $H$J$k$N$G8m:9 $N9` X E $OIi $H$J$k!%t $GN>JU$r3d$k$H

1
t

Z t

0
L(� )d� =

N (t)
t

1
N (t)

N (t )X

n =1

Wn +
X E

t

$rF@$k!%$b$7

lim
t !1

X E

t
= 0

$J$i $P!$ t ! 1 $H$9$k$3$H$K$h$j <0 (7) $rF@$k!%$3$3$G2>Dj$7$? lim t !1 X E =t = 0 $O==J, ;~ 4V$, 7P$C$?8e$K$b

8m:9 $N9` X E $, 9b!9 M-8B$NCM$K2! $($i $l $F$$$k$3$H$HEy2A$G$"$k!%$9$J$o$A!$ $$$+$J$k;~ 9o$K$*$$$F$b7OFb$KBZ

8



:_ $7$F$$$k5R$, N%C&$9$k$^$G$N;~ 4V$NOB$, M-8B$G$"$l $P!$ $3$N>r7o$, @.N)$9$k!%<B:] $N0BDj$J%7%9%F%$̀X$N1~MQ

$G$O!$ L5>r7o$K%j%H%k$N8x<0$, @.N)$9$k$H9M$($F$b;Y>c$O$J$$!%

$3$3$G9M$($?!V%7%9%F%!̀W$OBT$A9TNs%b%G%kA4BN$r0UL#$9$kI, MW$O$J$$!%Nc$($P!$ BT9g<<$N$_$r%7%9%F%$̀H8+

$J$; $P!$ J?6QBT$A5R?t L q $HJ?6QBT$A;~ 4VWq $N4V$K$OL q = �W q $, @.N)$9$k!%$^$?!$ %5!< %PIt J, $N$_$r%7%9%F

%$̀H8+$J$9$3$H$b$G$-$k!%$3$l $r J?6QE~CeN( � !$ J?6Q%5!<%S%9;~4Vb $r$b$D0BDj$J G=G=c$rBP>]$K9M$($F$_$k!%

G=G=c $, 0BDj$J$i $PE~Ce$7$?5R$OA4$F%5!< %S%9$5$l $k$N$G!$ %5!< %P$X$OC10L;~ 4VEv$?$j J?6Q� ?M$N5R$, E~Ce$9

$k!%$^$?!$ %5!<%P$G$NJ?6QBZ:_ ;~ 4V$OJ?6Q%5!< %S%9;~ 4Vb $KEy$7$$!%$h$C$F!$ %j%H%k$N8x<0$h$j !$ %5!< %P$K$$$k!$

$9$J$o$A%5!< %S%9Cf$NJ?6Q5R?t $O�b $GM?$($i $l $k!%

FC$Kc = 1!$ $9$J$o$AG=G=1 $N>l 9g!$%5!<%S%9Cf$N5R$O9b!9 #1?M$J$N$G!$ $3$N7k2L$r%5!< %P$, 2TF/$7$F$$$k3N

N($rMQ$$$FI= 8=$9$k$H!$

�b = 0 ?M� Pr(%5!< %P$, 5Y;_ ) + 1 ?M� Pr(%5!< %P$, 2TF/ )

$H$J$k!%� = �b $H$9$l $P � $OPr(%5!< %P$, 2TF/) $H$$$&3NN($rM?$($k!%$3$N$?$a � $OMxMQN(!J utilization factor!K

$H$b8F$P$l $k!%0l HL$KC10l %5!< %P$r$b$D%7%9%F%$̀, 0BDj$G$"$k$?$a$N>r7o$O� < 1 $G$"$k!%4

2.3 %]%o%=%s2aDx$H;X?t J, I[

BT$A9TNsM}O@$GMQ$$$i $l $kE~Ce2aDx$NFb!$ :G$b4pK\E*$J$b$N$O%i%s%@%$̀JE~Ce$G$"$k!%%i%s%@%$̀JE~Ce$r?t 3X

E*$KI=8=$9$k$?$a<! $N$h$&$J>u67$r9M$($k (9b66 1995)!%;~ 4V6h4V (0; T ] $KK ?M$N5R$, $G$?$i $a$KE~Ce$9$k$H2>

Dj$9$k!%$9$J$o$A!$ $=$l $>$l $N5R$OB>$N5R$H$OFHN)$K;~ 4V6h4V (0; T ] Fb$G0l MMJ, I[ $K=>$C$FE~Ce;~ E@$rA*$V$H2>

Dj$9$k!%$3$N7k2L!$ I} x $r$b$DG$0U$KA*$P$l $?6h4V$KE~Ce$, $"$k3NN($O6h4V$NI} $@$1$K0MB8$9$k!%$9$J$o$A!$ $"

$k5R$NE~Ce;~ 9o$r � $H$7$?$H$- !$ � $, ;~ 4V6h4V (y; y + x] $K4^$^$l $k3NN($OPr(� 2 (y; y + x] � (0; T ]) = x=T

$GM?$($i $l !$ 6h4V$N0LCV$r I=$9 y $NCM$H$OFHN)$G$"$k!%

A(y; y + x] $r ;~ 4V6h4V (y; y + x] � (0; T ] $KE~Ce$9$k5R?t $r I= $93NN(JQ?t $H$9$k!%$=$l $>$l $N5R$O8_$$$KFHN)

$KE~Ce;~E@$rA*$V$N$G!$

Pr(A(y; y + x] = k) =
K !

k!(K � k)!

� x
T

� k �
1 �

x
T

� K � k
(8)

$GM?$($i $l $k!%� = K =T $H$7!$ 4| BTCM$N8x<0$K=>$C$F7W;; $9$k$H

E[A(y; y + x]] = �x

$rF@$k!%Dj5A$h$j � $OC10L;~4VEv$?$j $KE~Ce$9$kJ?6Q5R?t !$$9$J$o$A!$J?6QE~CeN($rI=$7$F$*$j !$;~4V6h4V(y; y+ x]

$KE~Ce$9$kJ?6Q5R?t $O;~ 4V6h4V$ND9$5 x $HJ?6QE~CeN($N@Q$GM?$($i $l !$ 6h4V$N0LCV$H$OFHN)$G$"$k!%

2.3.1 %i%s%@%$̀JE~Ce$H%]%o%=%s2aDx

$3$3$GJ?6QE~CeN( � = K =T $r0l Dj$NCM$KJ] $A$J$, $i T ! 1 !$ K ! 1 $N6K8B$r9M$($k!%$^$: !$ <0 (8) $O

Pr(A(y; y + x] = k) =
xk

k!

�
1 �

x
T

� K K
T � x

�
K � 1
T � x

� � � � �
K � k + 1

T � x

$HJQ7A$G$-$k!%$3$3$Gx=T = �x=K $KCm0U$9$k$H

lim
T !1

�
1 �

x
T

� K
= lim

K !1

�
1 �

�x
K

� K

= e� �x

$H$J$j !$ $^$?

lim
T !1

K � n
T � x

= lim
T !1

�T � n
T � x

= � (n = 0; : : : ; k � 1)

$J$N$G!$ J?6QE~CeN( � = K =T $r0l Dj$KJ] $A$J$, $i T ! 1 !$ K ! 1 $N6K8B$r<h$k$H<! <0$rF@$k!%

Pr(A(y; y + x] = k) = e� �x (�x )k

k!
(k = 0; 1; : : :) (9)

40l Dj4V3VE~Ce!$ 0l Dj;~ 4V%5!< %S%9$r$b$DD =D=1 $N>l 9g$N0BDj>r7o$O� � 1 $G$"$k!%
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Dj5A 2 (%]%o%=%sJ, I[ ) <0(9) $N1&JU$GM?$($i $l $k3NN(J, I[ $r!$J?6Q�x $r$b$D%]%o%=%sJ, I[ !J Poissondistribution !K

$H$$$&!%
<! $K!$ 8_$$$K=E$J$j 9g$o$J$$Fs$D$N;~ 4V6h4V$KE~Ce$9$k5R?t $N7k9g3NN($r9M$($k!%K ?M$N5R$, ;~ 4V6h4V (0; T ] $N4V$K
8_$$$KFHN)$K0l MMJ, I[ $K=>$C$FE~Ce$9$k$H$-!$ ;~4V6h4V (0; T ] $K4^$^$l $k=E$J$j 9g$o$J$$Fs$D$N;~4V6h4V (y1 ; y1 + x1 ]!$
(y2 ; y2 + x2 ] $K$=$l $>$l k1 ?M!$ k2 ?M$N5R$, E~Ce$9$k7k9g3NN($O

Pr( A(y1 ; y1 + x1 ] = k1 ; A(y2 ; y2 + x2 ] = k2)

= Pr( A(y1 ; y1 + x1 ] = k1) Pr( A(y2 ; y2 + x2 ] = k2 j A(y1 ; y1 + x1 ] = k1)

=
K !

k1 !k2 !(K � k1 � k2)!

� x1

T

� k 1
� x2

T

� k 2
�

1 �
x1 + x2

T

� K � k 1 � k 2

(10)

$GM?$($i $l $k!%$5$i $K<0 (10) $O

Pr(A(y1; y1 + x1 ] = k1 ; A(y2 ; y2 + x2 ] = k2) =
xk 1

1

k1 !
�

xk 2
2

k2 !

�
1 �

x1 + x2

T

� K

�
K

T � x1 � x2
�

K � 1
T � x1 � x2

� � � � �
K � k1 � k2 + 1

T � x1 � x2

$H=q$-49$($i $l $k$N$G!$ J?6QE~CeN( � = K =T $r0l Dj$KJ] $A$J$, $i T ! 1 !$ K ! 1 $N6K8B$r9M$($k$H

Pr( A(y1 ; y1 + x1 ] = k1 ; A(y2 ; y2 + x2 ] = k2) = e� � ( x 1 + x 2 ) (�x 1)k 1

k1 !
�

(�x 2)k 2

k2 !

= e� �x 1 (�x 1)k 1

k1 !
� e� �x 2 (�x 2)k 2

k2 !
(11)

$rF@$k!%<0 (9) $KCm0U$9$k$H<0 (11) $O

Pr(A(y1; y1 + x1 ] = k1 ; A(y2 ; y2 + x2 ] = k2) = Pr(A(y1; y1 + x1 ] = k1) Pr( A(y2 ; y2 + x2 ] = k2)

$H=q$/ $3$H$, $G$-$k!%$9$J$o$A>e5-$N6K8B$GM?$($i $l $k5R$NE~Ce2aDx$K$*$$$F!$ 8_$$$K=E$J$j 9g$o$J$$;~4V6h4V$KE~Ce

$9$k5R?t $OFHN)$J3NN(JQ?t $H$J$k!%

Dj5A 3 (%]%o%=%s2aDx) 6h4V (y; y + x] $N4V$KE~Ce$9$k5R?t J, I[ $, J?6Q�x $N%]%o%=%sJ, I[ $K=>$$!$ $+$D!$ =E$J$j

9g$o$J$$6h4V$KE~Ce$9$k5R?t $O8_$$$KFHN)$G$"$k$h$&$JE~Ce2aDx$rN( � $r$b$D%]%o%=%s2aDx!J Poissonprocess!K!$

$"$k$$$ON( � $r$b$D%]%o%=%sE~Ce!J Poissonarrivals!K$H$$$&!%

2.3.2 %]%o%=%sE~Ce$K$*$1$kE~Ce4V3V$H;X?t J, I[

<! $KN( � $G%]%o%=%sE~Ce$9$k5R$NE~Ce4V3V X $K$D$$$F9M;! $9$k!%;~ 9o t0 $K5R$NE~Ce$, $"$C$?$H$$$&;v >] $r

Z (t0) $GI=$7!$ ;v >] Z (t0) $, 5/ $3$C$?$H$$$&>r7o$N2<$G!$$=$N<!$N5R$NE~Ce$^$G$N4V3VX $, x $h$j Bg$-$$3NN($r

9M$($k!%%]%o%=%sE~Ce$NFHN)@-$h$j A(t0; t0 + x] $Ot0 0JA0$NE~Ce$H$OFHN)$J$N$G!$

Pr(X > x j Z (t0)) = Pr(A(t0; t0 + x] = 0 j Z (t0)) = Pr(A(t0; t0 + x] = 0) = e� �x

$rF@$k!%$h$C$F!$ E~Ce4V3V$NJ, I[ 4X?t Pr(X � x j Z (t0)) $O<! <0$GM?$($i $l $k!%

Pr(X � x j Z (t0)) = 1 � e� �x (12)

Dj5A 4 ( ;X?t J, I[ ) J, I[ 4X?t $, <0 (12) $N1&JU$GM?$($i $l $k3NN(J, I[ $r%Q%i%a%?� $r$b$D;X?t J, I[ !J exponential

distribution !K$H$$$&!%

<0 (12) $h$j !$ %Q%i%a%?� $r$b$D;X?t J, I[ $NL)EY4X?t $O� exp(� �x ) $GM?$($i $l !$ n <! @QN(!J n = 1; 2; : : :!K$O

n!=� n $GM?$($i $l $k$3$H$, J, $+$k!%
<! $K!$ t0 $K5R$NE~Ce$, $"$C$?$H$$$&>r7o$N2<$G!$ $=$N8eE~Ce$9$k#2?M$N5R$NE~Ce4V3V X 1 , X 2 $N7k9gJ, I[ $r9M$($k!%
X 1 = y $G>r7oIU$1$r9T$&$H!$ %]%o%=%sE~Ce$NFHN)@-$h$j

Pr( X 1 � x1 ; X 2 > x2 j Z (t0)) =

Z x 1

0

�e � �y Pr( A(t0 + y; t0 + y + x2 ] = 0 j Z (t0); Z (t0 + y))dy

=

Z x 1

0

�e � �y Pr( A(t0 + y; t0 + y + x2 ] = 0)dy

=

Z x 1

0

�e � �y e� �x 2 dy

= (1 � e� �x 1 )e� �x 2
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$H$J$k!%$3$3$GPr( X 1 � x1 ; X 2 � x2) + Pr( X 1 � x1 ; X 2 > x2) = Pr(X 1 � x1) $KCm0U$9$k$H

Pr( X 1 � x1 ; X 2 � x2) = Pr( X 1 � x1) � Pr( X 1 � x1 ; X 2 > x2)

= (1 � e� �x 1 )(1 � e� �x 2 )

= Pr( X 1 � x1) Pr( X 2 � x2)

$rF@$k!%$3$l $ON(� $G%]%o%=%sE~Ce$9$k5R$NO"B3$9$kE~Ce4V3V$O8_$$$KFHN)$G$"$j !$ $=$l $>$l F1$8%Q%i%a%?� $r$b$D;X?t

J, I[ $K=>$&$3$H$r<($7$F$$$k!%

$5$F!$ ;~ 9o 0 $K5R$, E~Ce$7$?$H2>Dj$7!$<! $N5R$NE~Ce$^$G$N4V3V$r X $GI= $9!%$3$N$H$-!$ (0; t0] $N4V!$<! $N5R

$, E~Ce$7$J$+$C$?$H$$$&>r7o$N2<$G;~ 9o t0 + x $^$G$K<! $N5R$, E~Ce$9$k>r7oIU$-3NN( Pr(X � t0 + x j X > t0)

$r9M$($k!%Dj5A$K=>$C$F7W;; $r?J$a$k$H

Pr(X � t0 + x j X > t0) =
Pr(t0 < X � t0 + x)

Pr(X > t0)

=
Pr(X � t0 + x) � Pr(X � t0)

Pr(X > t0)

=
(1 � e� � ( t 0 + x ) ) � (1 � e� �t 0 )

e� �t 0

= 1 � e� �x (13)

$rF@$k!%<0 (13) $O>r7oIU$-3NN( Pr(X � t0 + x j X > t0) $, t0 $H$OFHN)$G$"$j !$ ;~ 9o t0 $+$i <! $NE~Ce$^$G$N

4V3V$O85$NE~Ce4V3V X $HF1$83NN(J, I[ $K=>$&$3$H$r<($7$F$$$k!%$3$N@-<A$O;X?t J, I[ $NL55-21@-!J memoryless

property!K$H8F$P$l !$ 8e$G8+$k$h$&$KBT$A9TNs%b%G%k$N2r@O$K$*$$$F6K$a$F=EMW$JLr3d$r2L$?$9!%

2.3.3 0l DjE~CeN($N2>Dj

5R$NE~Ce4V3V$, FHN)F10l $J%Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&$H$- !$ $=$NE~Ce2aDx$O0J2<$GDj5A$5$l $k0l DjE~Ce

N($N2>Dj$rK~$?$9!%

Dj5A 5 (0l DjE~CeN($N2>Dj) <! $N#3$D$N2>Dj$rK~$?$95R$NE~Ce2aDx$O0l DjE~CeN($N2>Dj$rK~$?$9$H8F$P$l $k!%

1. FHN)A}J, !' 5R$NE~Ce$O8_$$$KFHN)$G$"$k!%$9$J$o$A!$ 8r$o$i $J$$Fs$D$N;~4V6h4V$N4V$KE~Ce$9$k5R$N?t $O8_

$$$KFHN)$J3NN(JQ?t $H$J$k!%

2. Dj>oA}J, !' Hy>. $J;~ 4V6h4V (t; t + � t] $N4V$K 1 ?M$N5R$, E~Ce$9$k3NN($O� � t + o(� t) $GM?$($i $l !$ t $H$O

FHN)$G$"$k!%

3. =g=x@-!' 5R$O#1?M$: $DE~Ce$9$k!%$9$J$o$A!$Hy>.$J;~4V6h4V (t; t + � t] $N4V$K2 ?M0J>e$N5R$, E~Ce$9$k3NN(

$Oo(� t) $G$"$k!%

$3$3$Go(� t) $Olim � t ! 0 o(� t)=� t = 0 $H$J$k9` !$ $9$J$o$A � t $N9b<! $N9`$r I= $9!%2>Dj$N2.!$ 3. $J$i $S$K3N

N($NOB$, 1 $G$"$k$3$H$+$i !$

4. Hy>. $J;~ 4V6h4V (t; t + � t] $N4V$K5R$, E~Ce$7$J$$3NN($O1 � � � t + o(� t) $GM?$($i $l $k!%

$, @.N)$9$k$3$H$KCm0U$9$k!%0J2<$G$O5R$NE~Ce4V3V$, FHN)F10l $J;X?t J, I[ $K=>$&$H$-5R$NE~Ce2aDx$O0l DjE~CeN(

$N2>Dj$rK~$?$9$3$H$r<($9!%

$^$: =i $a$K2>Dj 1. $r9M$($k!%#2$D$N;~ 4V6h4V (y1; y1 + x1] $H(y2; y2 + x2] $, =E$J$j 9g$o$J$$!J y1 + x1 � y2!K

$J$i $P!$ Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1) $OE~Ce4V3V$, FHN)F10l $JJ, I[ $K=>$&$3$H!$ $J$i $S$K!$ ;X?t

J, I[ $NL55-21@-$h$j Pr(A(y2; y2 + x2] = k2) $HEy$7$/ $J$k5!%$9$J$o$A

Pr(A(y1; y1 + x1] = k1; A(y2; y2 + x2] = k2)

= Pr(A(y1; y1 + x1] = k1) Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1)

= Pr(A(y1; y1 + x1] = k1) Pr(A(y2; y2 + x2] = k2)

$H$J$j !$ 2>Dj 1. $, K~$?$5$l $k!%

5 IUO?A ;2 >H
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<! $K;~ 9o t $^$G$K5R$, E~Ce$7$F$$$J$$$H$$$&>r7o$N2<$G6h4V (t; t + � t] $N4V$K1 ?M$N5R$, E~Ce$9$k3NN($r9M$(

$k!%;~ 9o t 0J9_!$ :G=i $NE~Ce$^$G$N;~ 4V4V3V$r X 1 $H$7!$ $5$i $K$=$N<! $N5R$NE~Ce$^$G$N;~ 4V4V3V$r X 2 $H$9$k

$H!$ ;X?t J, I[ $NL55-21@-$h$j !$ $3$N3NN($OPr(X 1 � � t; X 2 > � t � X 1) $GM?$($i $l $k!%$h$C$F!$

Pr(X 1 � � t; X 2 > � t � X 1) =
Z � t

0
�e � �y e� � (� t � y ) dy

= � � te� � � t

= � � t(1 � � � t + o(� t))

= � � t + o(� t)

$H$J$j !$ 2>Dj 2. $rK~$?$9!%

:G8e$K;~ 9o t $^$G$K5R$, E~Ce$7$J$$$H$$$&>r7o$N2<$G6h4V (t; t + � t] $N4V$K2 ?M0J>e$N5R$, E~Ce$9$k3NN($r9M

$($k!%

Pr(A(t; t + � t] � 2 j X > t) = 1 � Pr(A(t; t + � t] = 0) � Pr(A(t; t + � t] = 1)

$3$3$G

Pr(A(t; t + � t] = 0) = e� � � t = 1 � � � t + o(� t)

$KCm0U$9$k$H

Pr(A(t; t + � t] � 2 j X > t) = 1 � (1 � � � t) � � � t + o(� t) = o(� t)

$H$J$j 2>Dj 3. $rK~$?$9!%$h$C$F!$FHN)F10l $J;X?t J, I[ 4V3V$GE~Ce$9$k5R$O0l DjE~CeN($N2>Dj$rK~$?$9$3$H$, <($5

$l $?!%

2.3.4 0l DjE~CeN($N2>Dj$H%]%o%=%s2aDx

$3$l $^$G$K!$%]%o%=%s2aDx$K=>$$E~Ce$9$k5R$NE~Ce4V3V$, FHN)F10l $J;X?t J, I[ $K=>$&3NN(JQ?t Ns$H$J$k$3$H!$$5

$i $K5R$NE~Ce4V3V$, FHN)F10l $J;X?t J, I[ $K=>$&$H$- !$ 0l DjE~CeN($N2>Dj$rK~$?$9$3$H$r8+$F$-$?!%:G8e$K!$ 5R$N

E~Ce$, 0l DjE~CeN($N2>Dj$rK~$?$9$H$-!$5R$NE~Ce$, %]%o%=%s2aDx$K=>$&$3$H$r<($9!%$3$l $K$h$j !$5R$NE~Ce$, %]%o

%=%s2aDx$K=>$&$3$H!$ E~Ce4V3V$, FHN)F10l $J;X?t J, I[ $K=>$&$3$H!$ $J$i $S$K5R$NE~Ce$, 0l DjE~CeN($N2>Dj$K=>$&

$3$H$, Ey2A$G$"$k$3$H$, <($5$l $k!%

$^$: !$ 2>Dj 1. $h$j !$ %]%o%=%sE~Ce$K$*$1$kFHN)@-$OL@$i $+$KK~$?$5$l $k!%<! $K0l DjE~CeN($N2>Dj$N2<$G6h4V

(y; y + x] $KE~Ce$9$k5R?t A(y; y + x] $r9M$($k!%3NN( Pr(A(y; y + x] = k) $Oy $H$OFHN)$G$"$k$N$G!$ Pk (x) =

Pr(A(y; y + x] = k) (k = 0; 1; : : :) $H$*$/ $H<! <0$rF@$k!%

P0(x + � x) = P0(x)(1 � � � x + o(� x))

Pk (x + � x) = Pk � 1(x)( � � x + o(� x)) + Pk (x)(1 � � � x + o(� x)) + o(� x); k = 1; 2; : : :

$3$l $i $N<0$K$*$$$F1&JU$NPk (x) $r :8 JU$X0\ 9`$7!$ N>JU$r � x $G3d$j !$ � x ! 0 $N6K8B$r<h$k$3$H$K$h$j !$ HyJ,

:9 J, J} Dx<0

d
dx

P0(x) = � �P 0(x)

d
dx

Pk (x) = �P k � 1(x) � �P k (x); k = 1; 2; : : :

$rF@$k!%P0(0) = 1 $KN10U$9$k$HP0(x) = exp(� �x ) $H$J$j !$ 5"G<K!$K$h$C$F

Pk (x) = e� �x (�x )k

k!
; k = 0; 1; : : :

$H$J$k$3$H$r<($9$3$H$, $G$-$k!%$9$J$o$A!$ Pr(A(y; y + x] = k) $O<0 (9) $rK~$?$9!%

DjM} 6 (%]%o%=%s2aDx!$ ;X?t J, I[ E~Ce4V3V!$ 0l DjE~CeN($N2>Dj$NEy2A@-) 5R$NE~Ce$, %]%o%=%s2aDx$K=>$&$3$H!$E~

Ce4V3V$, FHN)F10l $J;X?t J, I[ $K=>$&$3$H!$ $J$i $S$K5R$NE~Ce$, 0l DjE~CeN($N2>Dj$K=>$&$3$H$OEy2A$G$"$k!%
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X X X X

X X X

=E>v2aDx

# 2

# 1

X: E~Ce;~ E@

?^ 5: %]%o%=%s2aDx$N=E>v!J N = 2!K

2.3.5 %]%o%=%s2aDx$N=E>v$HJ, 4t

N( � i (i = 1; : : : ; N ) $r$b$DN 8D$NFHN)$J%]%o%=%s2aDx$r=E$M9g$o$; $?E~Ce2aDx$r9M$($k!J ?^ 5 ;2 >H!K!%

=E$M9g$o$; $?E~CeN.$K$*$1$kE~Ce4V3V$r X $H$7$?$H$- !$ X > x $H$J$k3NN($O;~ 4V6h4V (0; x] $N4V$K5R$, E~Ce

$7$J$$3NN($KEy$7$/ !$ 8e<T$O$$$: $l $NE~CeN.$+$i $b5R$, E~Ce$7$J$$3NN($KEy$7$$$?$a

Pr(X > x) =
NY

i =1

e� � i x = exp

"

�

 
NX

i =1

� i

!

x

#

$H$J$j !$ E~Ce4V3VX $O%Q%i%a%?� = � 1 + � � � + � N $N;X?t J, I[ $K=>$&$3$H$, J, $+$k!%$5$i $KE~Ce4V3VX $, x $G

$"$C$?$H$$$&>r7o$N2<$G!$ $=$NE~Ce$, j HVL\ $NE~CeN.$+$i E~Ce$7$?5R$G$"$k3NN( dj $O

dj = lim
� x ! 0

Pr(j HVL\ $+$i $NE~Cej x < X � x + � x)

= lim
� x ! 0

Pr(;~ 4V6h4V(x; x + � x] $Kj HVL\ $+$i $NE~Ce)
Pr(x < X � x + � x)

= lim
� x ! 0

exp(� �x )( � j � x + o(� x))
exp(� �x )( � � x + o(� x))

=
� j

�

$H$J$j !$ E~Ce4V3VX $H$OFHN)$KJ?6QE~CeN($N3d9g$GM?$($i $l $k!%

DjM} 7 (FHN)$J%]%o%=%s2aDx$N=E>v) N 8D$NFHN)$JN( � i (i = 1; : : : ; N ) $r$b$D%]%o%=%s2aDx$r=E$M9g$o$; $?E~Ce

2aDx$ON( � = � 1 + � � � + � N $N%]%o%=%s2aDx$H$J$k!%$^$?!$ E~Ce$, $"$C$?$H$$$&>r7o$N2<$G!$ $=$NE~Ce$, j HVL\

$NE~CeN.$+$i $N5R$G$"$k3NN($OE~Ce4V3V$H$OFHN)$K � j =� $GM?$($i $l $k!%

<! $K!$ N( � $G%]%o%=%sE~Ce$9$k5R$r !$ $=$l $>$l FHN)$K3NN( pi (i = 1; 2; : : : ; N ) $Gi HVL\ $N;YN.$X3d$j Ev$F$k$3

$H$r9M$($k!%A i (0; t]!J i = 1; 2; : : : ; N !K$r ;~4V6h4V (0; t] $N4V$K;YN. i $KE~Ce$7$?5R?t $H$9$k!%8D!9 $N5R$OFHN)$K

3NN( pi $G;YN. i $K3d$j Ev$F$i $l $k$N$Gp1 + p2 + � � � + pN = 1!$ $9$J$o$A!$

e� �t = e� � (p1 + p2 + ��� ;pN ) t = e� �p 1 t � e� �p 2 t � � � � � e� �p N t

$KCm0U$9$k$H!$

Pr(A1(0; t] = n i ; i = 1; 2; : : : ; N ) = Pr(A(0; t] = n1 + n2 + � � � + nN )

� Pr(A i (0; t] = n i ; i = 1; 2; : : : ; N j A(0; t] = n1 + n2 + � � � + nN )

= e� �t (�t )n 1 + n 2 + ��� + n N

(n1 + n2 + � � � + nN )!
�

(n1 + n2 + � � � + nN )!
n1!n2! � � � nN !

pn 1
1 pn 2

2 � � � pn N
N

= e� �t �
(�p 1t)n 1

n1!
�

(�p 2t)n 2

n2!
� � � � �

(�p N t)n N

nN !

= e� �p 1 t (�p 1t)n 1

n1!
� e� �p 2 t (�p 2t)n 2

n2!
� � � � � e� �p N t (�p N t)n N

nN !
= Pr(A1(0; t] = n1) Pr(A2(0; t] = n2) � � � Pr(AN (0; t] = nN )

$rF@$k!%

DjM} 8 (%]%o%=%s2aDx$NJ, 4t ) N( � $G%]%o%=%sE~Ce$9$k5R$r$=$l $>$l FHN)$K3NN( pi (i = 1; : : : ; N ) $Gi HVL\ $N;Y

N.$X3d$j Ev$F$?$H$- !$ i HVL\ $N;YN.$OB>$N;YN.$H$OFHN)$JN( pi � $N%]%o%=%s2aDx$H$J$k!%

13



d d d -

6 6 6

0 1 2 3 4 5

%5!< %S%9 %5!< %S%9 %5!< %S%9

;~ 4V

d: E~CeD>A0

?^ 6: D=D=1 $K$*$1$k5R?t $NJQ2=

2.3.6 %]%o%=%sE~Ce$9$k5R$, 8+$k%7%9%F%$̀N>uBV(Cooper 1981)

:G8e$K!$ N( � $G%]%o%=%sE~Ce$9$k5R$N8+$k%7%9%F%$̀N>uBV$r9M$($k!%Q(t) $r ;~ 9o t $K$*$1$k7OFb5R?t $H$9$k!%

$^$?!$P(t) $r;~9o t $ND>8e$K5R$, E~Ce$7$?$H$$$&>r7o$N2<$G$N!$ ;~9o t $K$*$1$k7OFb5R?t $H$9$k!%$9$J$o$AP(t)

$OE~Ce$7$?5R$, 8+$k%7%9%F%$̀N>uBV$G$"$k!%$3$3$GC(x; y] $r ;~ 4V6h4V (x; y] $K5R$, E~Ce$9$k;v >] $H$9$k$H

Pr(P(t) = k) = lim
� t ! 0

Pr(Q(t) = k j C(t; t + � t])

$G$"$k!%$h$C$F

Pr(P(t) = k) = lim
� t ! 0

Pr(Q(t) = k; C(t; t + � t])
Pr(C(t; t + � t])

= lim
� t ! 0

Pr(C(t; t + � t] j Q(t) = k) Pr(Q(t) = k)
Pr(C(t; t + � t])

(14)

$rF@$k!%$3$3$^$G$OE~Ce$K4X$7$FFC$K2?$b2>Dj$7$F$$$J$$$3$H$KCm0U$9$k!%

;~9o t $K$*$1$k%7%9%F%$̀N>uBVQ(t) $O;~9o t 0JA0$NE~Ce$N$_$K$h$C$FDj$^$k!%0l J} !$5R$NE~Ce$O%]%o%=%s2aDx

$K=>$&$?$a!$ ;~ 9o t 0J9_$NE~Ce$O$=$l 0JA0$NE~Ce$H$OFHN)$G$"$k!%$h$C$F!$ %]%o%=%sE~Ce$N>l 9g!$ %7%9%F%$̀N>u

BV$H$OFHN)$KE~Ce$, $*$3$k$?$a Pr(C(t; t + � t] j Q(t) = k) = Pr(C(t; t + � t]) = � � t + o(� t) $G$"$k!%$3$l $i $r

<0 (14) $KBeF~$9$k$H<! <0$rF@$k!%

Pr(P(t) = k) = Pr(Q(t) = k)

DjM} 9 (%]%o%=%sE~Ce$9$k5R$, 8+$k%7%9%F%$̀N>uBV) %]%o%=%sE~Ce$9$k5R$, 8+$k%7%9%F%$̀N>uBVP(t) $O30It 4Q;!

<T$,8+$k%7%9%F%$̀N>uBVQ(t) $KEy$7$$!%FC$K!$%7%9%F%$̀,Dj>o>uBV!J steadystate!K$K$"$k!$$9$J$o$APr(Q(t) = k)

$, ;~ 9o t $K0MB8$7$J$$>l 9g!$ %]%o%=%sE~Ce$9$k5R$ODj>o>uBV$r8+$k!%

$3$N7k2L$O!$ %]%o%=%sE~Ce0J30$N>l 9g$OI, $: $7$b@.$j N)$?$J$$$3$H$KCm0U$9$k!%Nc$H$7$F?^ 6 $KE~Ce4V3V2 IC!$

%5!< %S%9;~4V1 IC$ND=D=1 !J 0l Dj$NE~Ce4V3V$H0l Dj$N%5!<%S%9;~ 4V$r ;} $DC10l %5!< %PBT$A9TNs!K$K7OFb5R?t $N

JQ2=$r<($9!%:G=i $N5R$, %7%9%F%$̀KE~Ce$9$k;~ 9o$r 0 $H$9$k$H!$ (2t; 2t + 1] !J t = 0; 1; 2; : : :!K$N4V$O%5!< %S%9Cf

$G$"$j !$ (2t + 1; 2t + 2] !J t = 0; 1; 2; : : :!K$N4V$O%7%9%F%$̀O6u$G$"$k!%$h$C$F!$?^$K<($5$l $F$$$k$h$&$K30It 4Q;!

<T$OA4;~ 4V$N1/2 $N4V!$ 2TF/Cf$N%7%9%F%$̀H8+$k$, !$ E~Ce$9$k5R$O>o$K6u$N%7%9%F%$̀r8+$k!%$3$N$h$&$K!$ 0l HL

$K$O!$ E~Ce$9$k5R$N8+$k%7%9%F%$̀N>uBV$O30It 4Q;! <T$, 8+$k%7%9%F%$̀N>uBV$H0[ $J$k!%

1i =, LdBj

#2>O$N<x6HFbMF3NG'

Ld 2.1 !! %j%H%k$N8x<0
J?6Q7OFbBZ:_ ;~4V$r W !$ J?6Q7OFb5R?t $r L !$ J?6QE~CeN($r � $H$9$k!%

(1) W , L , � $N4V$K@.N)$9$k4X78<0$r<($; !J >ZL@$OITMW!K!%
(2) 0BDj$J G=G=c BT$A9TNs$r9M$($k!%5R$NJ?6Q%5!< %S%9;~ 4V$r b $H$7$?$H$- !$ %5!< %S%9Cf$NJ?6Q5R?t $r5a$a$h!%
(3) 0BDj$J G=G=1 BT$A9TNs$r9M$($k!%5R$NJ?6Q%5!< %S%9;~ 4V$r b $H$7$?$H$- !$ 5R$, %5!< %S%9Cf$G$"$k3NN($r5a$a$h!%

Ld 2.2 !! %]%o%=%s2aDx$NDj5A
0J2<$NLd$$$KEz$($h!%

(1) ;~ 4V6h4V [y; y + x] $N4V$KE~Ce$9$k5R?t $KCmL\ $7$FN( � $N%]%o%=%s2aDx$rDj5A$; $h!%
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(2) O"B3$9$kE~Ce4V3VX n !J n = 1; 2; : : :!K$KCmL\ $7$FN( � $N%]%o%=%s2aDx$rDj5A$; $h!%
(3) Hy>/ $J;~ 4V6h4V (t; t + � t ] $K5/ $3$k;v >] $KCmL\ $7$FN( � $N%]%o%=%s2aDx$rDj5A$; $h!%

Ld 2.3 !! ;X?t J, I[ $NL55-21@-
0J2<$NLd$$$KEz$($h!%

(1) 3NN(JQ?t X $, $I $N$h$&$J@-<A$r$b$F$PL55-21@-$r$b$D$H8@$o$l $k$+=R$Y$h!%
(2) ;X?t J, I[ $, L55-21@-$r;} $D$3$H$r<($; !%

Ld 2.4 !! %]%o%=%s2aDx$N@-<A
FHN)A}J, $G$"$kE~Ce2aDx$r9M$($k!%

(1) D9$5 t $N;~ 4V4V3V$N4V$KE~Ce$9$k5R?t $, J?6Q�t $N%]%o%=%sJ, I[ $K=>$&$H$- !$ E~Ce4V3V$NJ, I[ 4X?t $rF3$1!%
(2) E~Ce4V3V$, %Q%i%a%?� $N;X?t J, I[ $K=>$&$H$-!$ 0l Dj$NE~CeN($N2>Dj$, K~$?$5$l $k$3$H$r<($; !%
(3) 0l Dj$NE~CeN($N2>Dj!J N( � !K$, K~$?$5$l $k$H$- !$ D9$5 t $N4V$KE~Ce$9$k5R?t A(t) $N3NN(4X?t Pr( A(t) = k) $r5a$a$h!%

Ld 2.5 !! %]%o%=%s2aDx$N=E>v$HJ, 4t
0J2<$NLd$$$KEz$($h!%

(1) N 8D$NFHN)$JN( � i (i = 1; : : : ; N ) $r$b$D%]%o%=%s2aDx$r=E$M9g$o$; $?E~Ce2aDx!J =E>v2aDx!K$, N( � = � 1 + � � � + � N

$N%]%o%=%s2aDx$H$J$k$3$H$r<($; !%
(2) $5$i $K!$ =E>v2aDx$K$*$$$FE~Ce$, $"$C$?$H$$$&>r7o$N2<$G!$ $=$NE~Ce$, j HVL\ $NE~CeN.$+$i $N5R$G$"$k3NN($OE~Ce4V3V

$H$OFHN)$K � j =� $GM?$($i $l $k$3$H$r<($; !%
(3) N( � $G%]%o%=%sE~Ce$9$k5R$r$=$l $>$l FHN)$K3NN( pi (i = 1; : : : ; N ) $Gi HVL\ $N;YN.$X3d$j Ev$F$?$H$- !$ i HVL\ $N;YN.

$OB>$N;YN.$H$OFHN)$JN( pi � $N%]%o%=%s2aDx$H$J$k$3$H$r<($; !%

N}=, LdBj

Ld 2.6 !!
HsIi @0?t CM$r$H$k3NN(JQ?t X $NJ?6Q$OE [X ] =

P 1
k =0 Pr( X > k) $GM?$($i $l $k$3$H$r<($; !%

Ld 2.7 !!
HsIi 3NN(JQ?t X $NJ?6Q$OE [X ] =

R1

0
Pr(X > x)dx $GM?$($i $l $k$3$H$r<($; !%$?$@$7!$ L)EY4X?t $, B8:_ $9$k$H2>Dj$7$FNI

$$!%
Ld 2.8 !!

X n (n = 1; 2; : : : ; N ) $rFHN)$GF10l $JJ, I[ $K=>$&3NN(JQ?t $H$9$k!%F (x) = Pr(X n � x) (n = 1; 2; : : : ; N ) $H$7$?$H$- !$
(1) X max = max(X 1 ; X 2 ; : : : ; X N ) $NJ, I[ 4X?t $r F (x) $rMQ$$$F<($; !%
(2) X min = min( X 1 ; X 2 ; : : : ; X N ) $NJ, I[ 4X?t $r F (x) $rMQ$$$F<($; !%

Ld 2.9 !!
X n (n = 1; 2; : : : ; N ) $r FHN)$GF10l $J%Q%i%a%?� $N;X?t J, I[ $K=>$&3NN(JQ?t $H$9$k!%X max = max(X 1 ; X 2 ; : : : ; X N )!$

X min = min( X 1 ; X 2 ; : : : ; X N ) $H$7$?$H$- !$ Y = X max � X min $NJ, I[ 4X?t $r5a$a$h!%
Ld 2.10 !!

X j (j = 1; 2; : : : ; n) $r%Q%i%a%?� j $r$b$D;X?t J, I[ $K=>$&8_$$$KFHN)$J3NN(JQ?t $H$9$k!%$3$N$H$- Pr(X j < X i for all i =
1; : : : ; j � 1; j + 1; : : : ; n) $r5a$a$h!%
Ld 2.11 !!

f X i g $rFHN)F10l $JJ, I[ $K=>$&%Y%k%L!<%$!J Bernoulli !K3NN(JQ?t Ns!J Pr( X i = 1) = p, Pr(X i = 0) = 1 � p!K$H$9$k!%N $,
J?6Q� $r$b$D%]%o%=%sJ, I[ $K=>$&$H$- !$ SN =

P N
i =1 X i $OJ?6Qp� $r$b$D%]%o%=%sJ, I[ $K=>$&$3$H$r<($; !%

3 =P@8;` LG2aDx$HBT$A9TNs

$3$N@a$G$O=P@8;` LG2aDx$H8F$P$l $k3NN(2aDx$NDj>o>uBV3NN(J, I[ $N7W;; K!$J$i $S$KBT$A9TNs%b%G%k$X$N1~MQ$r

>R2p$9$k!%

3.1 =P@8;` LG2aDx

:G=i $K=P@8;` LG2aDx$NDj5A$rM?$($k!%

Dj5A 10 (=P@8;` LG2aDx) ;~ 9o t $K$*$1$k7OFb5R?t L(t) $N5sF0$, 0J2<$N2>Dj$rK~$?$9$H$-!$ L(t) $O=P@8;` LG2aDx
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� 0 � k � 1 � k

� 1 � k � k+1

pp
pp
pp
pp
pp
pp
pp
pp

?^ 7: =P@8;` LG2aDx$N>uBVA+0\ B.EY?^

(birth and death process)$H8F$P$l $k.

Pr(L (t + � t) = j j L (t) = i ) =

8
><

>:

� i � t + o(� t); j = i + 1 � 1

� i � t + o(� t); j = i � 1 � 0

o(� t); jj � i j � 2

(15)

$?$@$7!$ A4$F$N i (i = 0; 1; : : :) $KBP$7$F � i � 0!$ $^$?!$ A4$F$N i (i = 1; 2; : : :) $KBP$7$F � i > 0 $G$"$k!%

Dj5A$h$j !$ =P@8;` LG2aDxL(t) $OHsIi $N@0?t CM$r<h$j !$ ==J, $K>. $5$J;~ 4V6h4V$K$*$$$F$O$=$NCM$O9b!9 #1$7$+A}

8: $7$J$$!%$^$?!$ <0 (15) $J$i $S$K3NN($NOB$, #1$G$"$k$3$H$+$i

Pr(L (t + � t) = i j L (t) = i ) =

(
1 � � 0� t + o(� t); i = 0

1 � (� i + � i )� t + o(� t); i � 1

$, @.N)$9$k!%?^ 7 $K=P@8;` LG2aDx$N>uBVA+0\ B.EY?^$r<($9!%

r i (t) $r ;~9o 0 $K$*$$$F>uBVi $K$$$k$H$$$&>r7o$N2<$G!$ ;~4V4V3V (0; t] $N4V>uBVi $+$i 0l EY$bB>$N>uBV$KA+0\

$7$J$$3NN($H$9$k!%$9$J$o$A r i (t) = Pr(L (� ) = i; 0 � � � t j L (0) = i ) $G$"$k!%$3$N$H$-

r i (t + � t) = r i (t) Pr(L (t + x) = i; 0 � x � � t j L (� ) = i; 0 � � � t)

= r i (t) Pr(L (t + x) = i; 0 � x � � t j L (t) = i )

$H$J$k$N$G!$ i � 1 $N>l 9g!$

r i (t + � t) = r i (t)(1 � (� i + � i )� t + o(� t))

$rF@$k!%$5$i $K1&JU$Nr i (t) $r :8 JU$K0\ 9`$7!$N>JU$r � t $G3d$j !$ � t ! 0 $N6K8B$r9M$($k$H!$ r i (t) $O0J2<$NHyJ,

J} Dx<0$rK~$?$9$3$H$, $o$+$k!%
d
dt

r i (t) = � (� i + � i )r i (t)

r i (0) = 1 $KCm0U$7!$ $3$NHyJ, J} Dx<0$r2r$/ $Hr i (t) = exp(� (� i + � i )t) $rF@$k!%i = 0 $N>l 9g$O!$ F1MM$N7W;; $K$h

$j r0(t) = exp(� � 0t) $H$J$k!%$3$N7k2L$h$j !$ =P@8;` LG2aDxL(t) $, 3F>uBV$KN1$^$k;~ 4V4V3V$O>uBV$K0MB8$7$?%Q

%i%a%?$r$b$D;X?t J, I[ $K=>$&$3$H$r$, J, $+$k!%

;~ 9o t $K$*$$$F=P@8;` LG2aDx L(t) $, k $G$"$k3NN($r pk (t) = Pr(L (t) = k) $H$9$k!%;~4V6h4V (t; t + � t] $N4V

$K5/ $3$k;v >] $r9M$($k$Hpk (t + � t) $O

p0(t + � t) = p0(t)(1 � � 0� t) + p1(t)� 1� t + o(� t)

pk (t + � t) = pk � 1(t)� k � 1 � t + pk (t)(1 � � k � t � � k � t) + pk+1 (t)� k+1 � t + o(� t); k = 1; 2; : : :

$rK~$?$9$3$H$, $o$+$k!%$3$l $i $N<0$KBP$7$F r i (t) $NF3=P$HF1MM$N7W;; $r9T$&$Hpk (t) $, K~$?$9HyJ, :9 J, J} Dx<0$,

F@$i $l $k!%

d
dt

p0(t) = � � 0p0(t) + � 1p1(t)

d
dt

pk (t) = � k � 1pk � 1(t) � (� k + � k )pk (t) + � k+1 pk+1 (t); k = 1; 2; : : :
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0J2<$G$O!$ %7%9%F%$̀, Dj>o!J stationary !K$G$"$k$H2>Dj$9$k!%$9$J$o$A!$ pk (t) $O;~ 4V$K0MB8$7$J$$$H$9$k!%$3

$N$H$- pk (t) $N;~ 4V$K4X$9$kHyJ, CM$O0 $K$J$k$N$G!$ pk (t) = pk $H$9$k$H

0 = � � 0p0 + � 1p1

0 = � k � 1pk � 1 � (� k + � k )pk + � k+1 pk+1 ; k = 1; 2; : : :

$H$J$j !$ $3$l $i $rJQ7A$9$k$H

� 0p0 = � 1p1 (16)

(� k + � k )pk = � k � 1pk � 1 + � k+1 pk+1 ; k = 1; 2; : : : (17)

$rF@$k!%<0 (16)!$ (17) $N:8 JU$OCmL\ $9$k>uBV$+$i =P$F$$$/ 3NN(%U%m!< $NNL!$ 1&JU$OCmL\ $9$k>uBV$XF~$k3NN(%U

%m!< $NNL$H$J$C$F$$$k$3$H$KCm0U$9$k!%0l HL$K!$ Dj>o>uBV$K$*$$$F$O!$ $"$k>uBV$+$i =P$F$$$/ 3NN(%U%m!< $NNL$O

$=$N>uBV$XF~$k3NN(%U%m!< $NNL$KEy$7$$!%$3$N$h$&$J4Q;! $+$i !$<0 (16)!$ (17) $r!J >uBVk $KBP$9$k!KJ?9UJ} Dx<0

!J balanceequation!K$H$$$&!%

$5$F!$ <0 (16) $J$i $S$K (17) $K$*$1$k k = 1; : : : ; n � 1 $r !$ JU!9!$ B-$7$"$o$; !$ 2~$a$F n = k $H$*$/ $H

� k � 1pk � 1 = � k pk ; n = 1; 2; : : : (18)

$r F@$k!%<0 (18) $N1&JU$O>uBV=89g f 0; 1; : : : ; n � 1g $+$i =P$F$$$/ 3NN(%U%m!< $NAmOB$G$"$j !$ :8 JU$O>uBV=89g

f 0; 1; : : : ; n � 1g $XF~$k3NN(%U%m!<$NAmOB$G$"$k!%0l HL$K!$ Dj>o>uBV$K$*$$$F$O!$ $"$k>uBV=89g$+$i =P$F$$$/ 3NN(

%U%m!< $NAmOB$O$=$N>uBV$XF~$k3NN(%U%m!< $NAmOB$KEy$7$$!%FC$K!$ =P@8;` LG2aDx$N>l 9g!$ >uBVA+0\ $, NY$j 9g$&>u

BV4V$G$7$+5/ $3$i $J$$$?$a!$<0 (18) $N:8 JU � k � 1pk � 1 $O5R?t $, k � 1 $+$i k $K$J$k3NN(%U%m!<$NNL$H$J$j !$1&JU

� k pk $O5R?t $, k $+$i k � 1 $K$J$k3NN(%U%m!<$NNL$H$J$k!%$9$J$o$A!$ =P@8;` LG2aDx$N>l 9g!$k � 1 $Hk $N4V$r9T

$-$+$&3NN(%U%m!< $NNL$ODj>o>uBV$G$OEy$7$$!J ?^ 7 ;2 >H!K!%

$5$F!$ <0 (18) $h$j

pk =
� k � 1

� k
pk � 1 =

� k � 1� k � 2 � � � � 0

� k � k � 1 � � � � 1
p0; k = 1; 2; : : : (19)

$rF@$k!%3NN($NAmOB$O#1$J$N$G!$

1X

k=0

pk = p0 +
1X

k=1

� k � 1 � k � 2 � � � � 0

� k � k � 1 � � � � 1
p0 = 1

$rK~$?$5$J$1$l $P$J$i $J$$!%$h$C$F!$ L$CN$N3NN( p0 $O<!<0$GM?$($i $l $k!%

p0 =

"

1 +
1X

k=1

� k � 1 � k � 2 � � � � 0

� k � k � 1 � � � � 1

#� 1

(20)

Dj>o>uBV$, B8:_ $9$k$?$a$N>r7o$O<0 (20) $N1&JU$K8=$l $kL58BOB$, M-8B$NCM$K<}B+$9$k$3$H$G$"$k!%0J>e$r$^$H$a

$F<! $NDjM}$rF@$k!%

DjM} 11 (=P@8;` LG2aDx$NDj>o>uBV3NN() Dj5A10 $GM?$($i $l $k=P@8;` LG2aDx$O<0 (20) $N1&JU$, M-8B$NCM$K<}B+$9

$k$H$-Dj>o>uBV3NN($r$b$A!$ $=$l $i $O<0 (19) $J$i $S$K<0 (20) $GM?$($i $l $k!%

3.2 BT$A9TNs%b%G%k$X$N1~MQ

$3$N@a$G$O!$ 5R$NE~Ce$, N( � $N%]%o%=%s2aDx$K=>$$!$ %5!<%S%9;~ 4V$, %Q%i%a%?� $N;X?t J, I[ $K=>$&MM!9 $JBT$A

9TNs%b%G%k$r9M$($k!%$?$@$7%5!< %P$O7OFb$K5R$, $$$k8B$j >o$K%5!< %S%9$r9T$&$b$N$H$9$k!%%]%o%=%sE~Ce$r$b$D

BT$A9TNs$G$O!$ %]%o%=%sE~Ce$NN( � $rE~CeN($H8F$V!%$^$?!$ %5!< %S%9;~4V$, ;X?t J, I[ $K=>$&>l 9g!$ $=$N%Q%i%a%?
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?^ 8: M =M =1 $N>uBVA+0\ B.EY?^

� $r%5!< %S%9N($H8F$V!%0J2<$K8+$k$h$&$K!$$3$N$h$&$JBT$A9TNs%b%G%k$K$*$1$k7OFb5R?t L(t) $O=P@8;` LG2aDx$H

$J$k$?$a!$ A0@a$N7k2L$rMQ$$$FDj>o>uBV$K$*$1$k7OFb5R?t J, I[ $rF@$k$3$H$, $G$-$k!%$J$*!$ Dj>o>uBV$r$b$DBT$A

9TNs%b%G%k$O0BDj!J stable!K$G$"$k$H$$$o$l $k!%0J2<$G$O

� = �=�

$H$9$k!%

3.2.1 M =M =1

$^$: =i $a$K!$ C10l %5!< %PBT$A9TNsM =M =1 $r9M$($k!%

Nc 12 ==J, $KBg$-$J%P%C%U%!$r$b$D%k!< %?$, $"$j !$ =PNO2s@~$NMFNL$OC bps $G$"$k$H$9$k!%%Q%1%C%H$NE~Ce$, N(

� $N%]%o%=%s2aDx$K=>$$!$ %Q%1%C%HD9$OJ?6QT %P%$%H$N;X?t J, I[ $K=>$&$H$9$k!%$3$N$H$- !$ %k!< %?Fb$N%Q%1%C%H

?t $N?6Iq $$$O!$ E~CeN( � !$ %5!< %S%9N( � = C=8T $r$b$DM =M =1 $G%b%G%k2=$G$-$k!%

E~Ce$O%]%o%=%s2aDx$K=>$&$N$G!$ 0l DjE~CeN($N2>Dj$h$j

Pr(L (t + � t) = 1 j L (t) = 0) = � � t + o(� t)

$G$"$k!%$^$?!$ %5!< %S%9;~ 4V$O;X?t J, I[ $K=>$&$N$Gk = 1; 2; : : : $KBP$7$F$b

Pr(L (t + � t) = k + 1 j L (t) = k) = (� � t + o(� t))(1 � � � t + o(� t)) + o(� t)

= � � t + o(� t)

$H$J$k!%$J$*!$ 0l $DL\ $NEy9f $N1&JU$N:G8e$K$"$k o(� t) $O(t; t + � t] $N4V$KFs$D0J>e$NE~Ce$, $"$k>l 9g$KBP1~$7

$F$$$k6!%0l J} !$ 5R?t $, 8: >/ $9$k>l 9g$Ok = 1; 2; : : : $KBP$7$F$bF1MM$K

Pr(L (t + � t) = k � 1 j L (t) = k) = (� � t + o(� t))(1 � � � t + o(� t)) + o(� t)

= � � t + o(� t)

$H$J$k!%(t; t + � t] $N4V$K#2?M0J>e5R$, A}2C$"$k$$$O8: >/ $9$k3NN($O0l DjE~CeN($N2>Dj$h$j o(� t) $G$"$k!%0J>e

$N9M;! $K$h$j M =M =1 $N7OFb5R?t L(t) $O� k = � !J k = 0; 1; : : :!K!$ � k = � !J k = 1; 2; : : :!K$N=P@8;` LG2aDx$H$J

$k$3$H$, $o$+$k!%?^ 8 $KM =M =1 $N>uBVA+0\ B.EY?^$r<($9!%

0J>e$h$j !$DjM}11 $, E,MQ$G$-$k$3$H$,J, $+$k$, !$$3$3$G$O=P@8;` LG2aDx$N:G$b4JC1$JNc$G$"$k M =M =1 $N5R?t2a

Dx$KBP$7$FDjM}11 $NF3=P<j =g$r$J$>$k$3$H$GDj>o2r$NF3=P<j K!$KBP$9$kM}2r$r?<$a$k!%$^$: !$>uBVk!J k = 0; 1; : : :!K

$KCmL\ $7!$ <0 (16)!$ (17) $KBP1~$9$kJ?9UJ} Dx<0$r=q$-2<$9$H

�p 0 = �p 1

(� + � )pk = �p k � 1 + �p k+1 ; k = 1; 2; : : :
6$3$N$H$- !$ (t; t + � t ] $N4V$KE~Ce?t $h$j 0l ?M>/$J$$?t $N5R$KBP$9$k%5!< %S%9$b=*N;$9$k!%
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$rF@$k!%k = 0; 1; : : : ; n � 1 $K$D$$$FJU!9!$ B-$79g$o$; $?8e!$ 2~$a$F n = k $H$*$/ $H

�p k � 1 = �p k ; k = 1; 2; : : :

$rF@$k!%$9$J$o$A

pk =
�
�

pk � 1 = �p k � 1; k = 1; 2; : : :

$, A4$F$Nk!J k = 1; 2; : : :!K$KBP$7$F@.N)$9$k!%$h$C$F

pk = �p k � 1 = � 2pk � 2 = � � � = � k p0 k = 1; 2; : : :

$rF@$k!%>e<0$Ok = 0 $N>l 9g$b@.N)$9$k$3$H$KCm0U$9$k!%3NN($NAmOB$O#1$G$"$k$N$G

1X

k=0

pk =
1X

k=0

� k p0 = 1

$, @.N)$9$kI, MW$, $"$k!%$h$C$F!$ Dj>o>uBV3NN($, B8:_ $9$k$?$a$K$O� < 1 $G$"$kI, MW$, $"$j !$ $3$N$H$-

1X

k=0

� k p0 =
p0

1 � �
= 1

$h$j !$ p0 = 1 � � $rF@$k!%

0J>e$N5DO@$h$j !$ � < 1 $N$H$-Dj>o>uBV3NN( pk $, B8:_ $7!$ $=$l $O

pk = (1 � � )� k ; k = 0; 1; : : : (21)

$GM?$($i $l $k$3$H$, J, $+$k!%E[L ] $rDj>o>uBV$K$*$1$kJ?6Q7OFb5R?t $H$9$k$H<0 (21) $h$j

E[L ] =
1X

k=1

kpk =
�

1 � �

$rF@$k!%$5$i $K%j%H%k$N8x<0$rMQ$$$k$HJ?6Q7OFbBZ:_ ;~ 4VE[W ] $O

E[W ] = E[L ]=� =
1=�

1 � �

$H$J$k!%MxMQN( � $KBP$9$kJ?6Q7OFb5R?t E[L ] $NJQ2=$r?^ 9 $K<($9!%J?6Q7OFb5R?t $OMxMQN( � $KBP$7$FHs@~7A$G

$"$j !$ � $, #1$K6aIU$/ $H5^7c$KA}2C$9$k$3$H$KCm0U$9$k!%$3$l $OC10l %5!<%PBT$A9TNs$KE57?E*$K8+$i $l $k@-<A$G$"

$k!%

3.2.2 M =M =1=K

%7%9%F%M̀FNL$, K ?M$G$"$kC10l %5!<%PBT$A9TNsM =M =1=K $r9M$($k!%$9$J$o$A!$ 5R$, E~Ce$7$?;~ E@$G7OFb5R

?t $, K ?M$G$"$l $P!$E~Ce$7$?5R$O%7%9%F%$̀K$O$$$k$3$H$, $G$-$: !$ 4~5Q$5$l $k!%BT$A9TNsM}O@$G$O$3$N$h$&$KE~

Ce5R$, 4~5Q$5$l $k$3$H$r8FB;!J loss!K7$H$$$&!%Nc12 $K$*$$$F!$ %k!<%?$N%P%C%U%!$, 9b!9 K %Q%1%C%H$7$+J] ;} $G

$-$J$$$H2>Dj$9$l $P!$ $=$N$h$&$J%k!< %?$N?6Iq $$$OM =M =1=K $G%b%G%k2=$G$-$k!%

%7%9%F%$̀NMFNL$, K $G$"$k$?$a7OFb5R?t $, K + 1 0J>e$K$J$i $J$$$H$$$&;v <B$O!$>uBVK $K$*$1$k=P@8N(!J >u

BVK $+$i >uBVK + 1 $X$NA+0\ N(!K$r#0$H$*$/ $3$H$GI= 8=$5$l $k!%$9$J$o$A!$ $3$NBT$A9TNs$N7OFb5R?t L(t) $O

� k = � !J k = 0; : : : ; K � 1!K!$ � k = 0!J k = K ; K + 1; : : :!K!$ � k = � !J k = 1; 2 : : :!K$N=P@8;` LG2aDx$H$J$k!%?^ 10

$KM =M =1=K $N>uBVA+0\ B.EY?^$r<($9!%
78F$H$OEEOC$r@\B3$9$k:] $N@)8f ?. 9f $r ;X$9 call $NLu8l $G$"$k!%8FB;$H$$$&8@MU$r=,47E*$KMQ$$$F$$$k$N$OBT$A9TNsM}O@$, EEOCLV$N@_7WM}

O@$H$7$FH/E8$7$F$-$?>Z$G$b$"$k!%
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?^ 9: M =M =1 $NJ?6Q7OFb5R?t (� = 1)

��

��

��

��

��

��

��

��

��

��

��

��- - - - - - -

� � � � � � �
p p p p p p0 1 k� 1 k K� 1 K

� � � � � � �

� � � � � � �

?^ 10: M =M =1=K $N>uBVA+0\ B.EY?^

>uBVk $KCmL\ $7J?9UJ} Dx<0$r=q$-2<$9$H<! <0$rF@$k!%

�p 0 = �p 1

(� + � )pk = �p k � 1 + �p k+1 ; k = 1; 2; : : : ; K � 1

�p K � 1 = �p K

$rF@$k!%k = 0; 1; : : : ; n � 1!J n � K !K$K$D$$$FJU!9!$ B-$79g$o$; $?8e!$ 2~$a$F n = k $H$*$/ $H

�p k � 1 = �p k ; k = 1; 2; : : : ; K

$rF@$k!%$9$J$o$A

pk =
�
�

pk � 1 = �p k � 1; k = 1; 2; : : : ; K

$, A4$F$Nk!J k = 1; 2; : : : ; K !K$KBP$7$F@.N)$9$k!%$h$C$F

pk = �p k � 1 = � 2pk � 2 = � � � = � k p0 k = 1; 2; : : : ; K

$rF@$k!%>e<0$Ok = 0 $N>l 9g$b@.N)$9$k$3$H$KCm0U$9$k!%3NN($NAmOB$O#1$G$"$k$N$G

1 =
KX

k=0

pk =
KX

k=0

� k p0 =

8
><

>:

1 � � K +1

1 � �
p0; � 6= 1

(K + 1)p0 � = 1

$, @.N)$9$k!%$h$C$F!$ p0 $O

p0 =

8
>>>><

>>>>:

1 � �

1 � � K +1
; � 6= 1

1

K + 1
; � = 1
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$GM?$($i $l !$ M =M =1=K $O>o$K0BDj$G$"$k!%$5$i $K7OFb5R?t $NDj>o>uBV3NN( pk $O

pk =

8
>>>><

>>>>:

(1 � � )� k

1 � � K +1
; � 6= 1

1

K + 1
; � = 1

; k = 0; 1; : : : ; K (22)

$GM?$($i $l $k!%$3$NNc$+$i L@$i $+$J$h$&$K!$ >uBV?t $, M-8B$G$"$k=P@8;` LG2aDx$O>o$KDj>o>uBV$, B8:_ $9$k!%

%7%9%F%$̀NMFNL$, M-8B$G$"$k%b%G%k$G$O!$ FC$K!$ E~Ce$7$?5R$NFb!$ %7%9%F%$̀KF~$k$3$H$, $G$-$: <: $o$l $F$7$^

$&3NN(!$ $9$J$o$A!$ 8FB;N(!J lossprobabilit y!K$K6=L#$, $"$k!%Nc 12 $N$h$&$K5R$, %Q%1%C%H$KBP1~$7$F$$$k>l 9g!$

8FB;$, 5/ $3$k3NN($O%Q%1%C%HB;3NN($"$k$$$O%Q%1%C%H4~5QN($H8F$P$l $k!%E~Ce$7$?5R$, <: $o$l $k3NN($O!$ E~Ce;~

$K7OFb5R?t $, K ?M$G$"$k3NN($KEy$7$$!%M =M =1=K $K$*$1$k5R$NE~Ce$O%]%o%=%s2aDx$K=>$C$F$$$k$?$a!$ 2.3.6

@a$N7k2L$h$j !$E~Ce;~ $Kk ?M$$$k3NN($O!$Dj>o>uBV3NN( pk $KEy$7$/ $J$k!%$h$C$F M =M =1=K $N8FB;N($OpK $G

M?$($i $l $k!%

M =M =1=K $OM =M =1 $K$*$1$k%7%9%F%$̀NMFNL$r K $K@)8B$7$?%b%G%k$G$"$k!%$=$3$G!$� < 1 $N$H$-!$ M =M =1

$HM =M =1=K $N4V$K$I $N$h$&$J4X78$, $"$k$+$r8+$F$*$/ !%L (1 )
M =M =1 $J$i $S$K L (K )

M =M =1 $r$=$l $>$l !$ M =M =1 $J

$i $S$K$=$l $KBP1~$9$k M =M =1=K $NDj>o>uBV$K$*$1$k7OFb5R?t $H$9$k!%� < 1 $N>l 9g$K$D$$$F!$ <0 (21) $H(22)

$rHf3S$9$k$3$H$K$h$j !$ Dj?t C = 1 � � K +1 $KBP$7$F

Pr
�

L (K )
M =M =1 = k

�
=

Pr
�

L (1 )
M =M =1 = k

�

C
; k = 0; 1; : : : ; K

$H$J$C$F$$$k$3$H$, J, $+$k!%Dj?t C $OM =M =1=K $K$*$1$kDj>o3NN($NOB$, #1$G$"$k$3$H$+$i 7hDj$5$l

C =
KX

k=0

Pr
�

L (1 )
M =M =1 = K

�
= Pr

�
L (1 )

M =M =1 � K
�

$GM?$($i $l $k!%$h$C$F<! <0$rF@$k!%

Pr
�

L (K )
M =M =1 = k

�
=

Pr
�

L (1 )
M =M =1 = k

�

Pr
�

L (1 )
M =M =1 � K

� = Pr
�

L (1 )
M =M =1 = k

�
�
� L (1 )

M =M =1 � K
�

; k = 0; 1; : : : ; K

$9$J$o$A!$ � < 1 $N>l 9g!$ M =M =1=K $NDj>o>uBV3NN($O!$ BP1~$9$k M =M =1 $NDj>o>uBV3NN($N7OFb5R?t $, K ?M

0J2<$H$$$&>r7o2<$G$N7OFb5R?t J, I[ $KEy$7$$!%

3.2.3 M =M =c

c 8D$N%5!< %P$r$b$DBT$A9TNs M =M =c $r9M$($k!%J#?t %5!< %PBT$A9TNs$OJ#?t $NCPU $r$b$D%3%s%T%e!< %?$dDL

?. %M%C%H%o!< %/$K$*$$$F9M;! $9$kAw<u?. C<Kv4V$KJ#?t $N7PO)$, B8:_ $9$k$h$&$J>l 9g$KE,MQ$G$-$k!%

M =M =1 $N>l 9g$HF1MM$K!$ %]%o%=%sE~Ce$N2>Dj$h$j

Pr(L (t + � t) = 1 j L (t) = 0) = � � t + o(� t)

$G$"$k!%$^$?!$ %5!< %S%9;~ 4V$O;X?t J, I[ $K=>$&$N$Gk = 1; 2; : : : $KBP$7$F$b

Pr(L (t + � t) = k + 1 j L (t) = k) = (� � t + o(� t))(1 � � � t + o(� t)) f (k ) + o(� t) = � � t + o(� t)

$H$J$k!%$?$@$7 f (k) $O%7%9%F%F̀b5R?t $, k ?M$G$"$k$H$-$N%5!< %S%9Cf$N?M?t $r I= $9!%

f (k) = min(k; c)
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� � � � � �
p p p p p p0 1 c� 1 c c+1

� � � � �

� 2� (c� 1)� c� c�

?^ 11: M =M =c $N>uBVA+0\ B.EY?^

0l J} !$ 5R?t $, 8: >/ $9$k>l 9g$O

Pr(L (t + � t) = k � 1 j L (t) = k) = f (k)( � � t + o(� t))(1 � � � t + o(� t)) f (k ) � 1(1 � � � t + o(� t)) + o(� t)

= f (k)� � t + o(� t); k = 1; 2; : : :

$rK~$?$9!%(t; t + � t] $N4V$K#2?M0J>e5R$,A}2C$"$k$$$O8:>/$9$k3NN($O0l DjE~CeN($N2>Dj$h$j o(� t) $J$N$G!$M =M =c

$N7OFb5R?t L(t) $O� k = � !J k = 0; 1; : : :!K!$ � k = f (k)� !J k = 1; 2; : : :!K$N=P@8;` LG2aDx$H$J$k$3$H$, $o$+$k!%?^

11 $KM =M =c $N>uBVA+0\ B.EY?^$r<($9!%

>uBVk $KBP$9$kJ?9UJ} Dx<0$O!$ f (k) $rMQ$$$F0J2<$N$h$&$K=q$-2<$; $k!%

�p 0 = f (1)�p 1

(� + f (k)� )pk = �p k � 1 + f (k + 1)�p k+1 ; k = 1; 2; : : :

$rF@$k!%k = 0; 1; : : : ; n � 1 $K$D$$$FJU!9!$ B-$79g$o$; $?8e!$ 2~$a$F n = k $H$*$/ $H

�p k � 1 = f (k)�p k ; k = 1; 2; : : :

$rF@$k!%$9$J$o$A

pk =
�

f (k)�
pk � 1 =

�
f (k)

pk � 1; k = 1; 2; : : :

$, A4$F$Nk!J k = 1; 2; : : :!K$KBP$7$F@.N)$9$k!%$h$C$F

pk =
�

f (k)
pk � 1 =

� 2

f (k)f (k � 1)
pk � 2 = � � � =

� k

kY

l =1

f (l )

p0 k = 1; 2; : : :

$rF@$k!%3NN($NAmOB$O#1$G$"$k$N$G

1X

k=0

pk = p0 +
1X

k=1

� k

kY

l =1

f (l )

p0 =
c� 1X

k=0

� k

k!
p0 +

1X

k= c

� k

c!ck � c p0 = 1

$, @.N)$9$kI, MW$, $"$k!%$h$C$F!$ Dj>o>uBV3NN($, B8:_ $9$k$?$a$K$O�=c < 1 $G$"$kI, MW$, $"$j !$ $3$N$H$-Dj>o>u

BV$K$*$1$k7OFb5R?t J, I[ pk $O<! <0$GM?$($i $l $k!%

p0 =

"
c� 1X

k=0

� k

k!
+

� c

(c � 1)!(c � � )

#� 1

pk =

8
>>><

>>>:

� k

k!
p0; k = 0; : : : ; c � 1

� k

c!ck � c
p0; k = c;c + 1; : : :

(23)

$5$i $KJ?6Q7OFb5R?t E[L ] $O

E[L ] = p0

"
c� 1X

k=1

� k

(k � 1)!
+

� c

(c � 1)!(c � � )2 f c2 � (c � 1)� g

#
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?^ 12: M =M =c $NJ?6Q7OFb5R?t

��
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� � � � � �
p p p p p p0 1 k� 1 k k+1

� � � � �

� 2� (k� 1)� k� (k+1) �

?^ 13: M =M =1 $N>uBVA+0\ B.EY?^

$H$J$j !$ J?6Q7OFbBZ:_ ;~ 4VE[W ] $O%j%H%k$N8x<0$h$j E[W ] = E[L ]=� $GM?$($i $l $k!%

?^ 12 $O%7%9%F%$̀NG=NO$rI= $9%5!< %P?t c $GMxMQN( � $r@55, 2=$7$?$H$-$NM =M =c $NJ?6Q7OFb5R?t E[L ] $r<(

$7$?$b$N$G$"$k!%�=c $, Ey$7$$>l 9g!$ %5!< %P0l ?MEv$?$j $K$+$+$kIi 2Y$O%5!< %P?t $K4X$o$i $: Ey$7$$$3$H$KCm0U$9

$k!%c 8D$N%5!<%P$, $"$k>l 9g!$7OFb5R?t $, c ?M0J>e$G$"$k$H$-$OA4$F$N%5!<%P$, 2TF/$9$k$, !$c � 1 ?M0J2<$N>l 9g!$

7OFb$K5R$, $$$k$K$b94$i $: %5!< %S%9$r9T$C$F$$$J$$%5!< %P$, B8:_ $9$k!%7k2L$H$7$F!$ %7%9%F%$̀NAmG=NO$r>o;~ H/

4x$9$k$3$H$, $G$-$J$$$?$a@-G=$, Nt2=$9$k!%8@$$BX$($l $Pc 8D$N%5!< %P$rMQ0U$9$k$h$j !$ c G\$NG=NO$r$b$D0l $D

$N%5!< %P$rMQ0U$9$kJ} $, G=N(E*$G$"$k$3$H$r<($7$F$$$k!%

3.2.4 M =M =1

L58B8D$N%5!<%P$r$b$DBT$A9TNsM =M =1 $r9M$($k!%%5!<%P?t $, L58B$G$"$k$N$G!$E~Ce$7$?5R$OBT$?$5$l $k$3$H

$J$/ D>$A$K%5!< %S%9$r<u$1$k$3$H$, $G$-$k!%L58B%5!< %PBT$A9TNs$O==J, $KB?$/ $N%5!< %P$, MQ0U$5$l $F$*$j !$ E~Ce

5R$, BT$?$5$l $k$3$H$, $[ $H$s$I $J$$>l 9g$N%b%G%k$G$"$k!%$^$?!$ $3$N$h$&$J>u67$G$O!$ %7%9%F%F̀b$G$N5R$N?6Iq

$$$, 8_$$$KFHN)$H8+$J$; $k$?$a!$ Nc$($P!$ $"$kCO0hFb$G%$%s%?!< %M%C%H$K@\B3Cf$N?M?t $d!$ Bg5, LO;\ @_Fb$N5R?t

$r%%̂/%m$J;k E@$G%b%G%k2=$9$k:] $KMxMQ$G$-$k!%

M =M =c $HF1MM$N5DO@$K$h$j M =M =1 $N7OFb5R?t L(t) $O� k = � !J k = 0; 1; : : :!K!$ � k = k� !J k = 1; 2; : : :!K$N

=P@8;` LG2aDx$H$J$k!%?^ 13 $KM =M =1 $N>uBVA+0\ B.EY?^$r<($9!%

>uBVk $KBP$9$kJ?9UJ} Dx<0$O<!<0$GM?$($i $l $k!%

�p 0 = �p 1

(� + k� )pk = �p k � 1 + (k + 1)�p k+1 ; k = 1; 2; : : :
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� � � � � � �

� 2� (k� 1)� k� (k+1) � (c� 1)� c�

?^ 14: M =M =c=c$N>uBVA+0\ B.EY?^

$rF@$k!%k = 0; 1; : : : ; n � 1 $K$D$$$FJU!9!$ B-$79g$o$; $?8e!$ 2~$a$F n = k $H$*$/ $H

�p k � 1 = k�p k ; k = 1; 2; : : :

$rF@$k!%$9$J$o$A

pk =
�

k�
pk � 1 =

�
k

pk � 1; k = 1; 2; : : :

$, A4$F$Nk!J k = 1; 2; : : :!K$KBP$7$F@.N)$9$k!%$h$C$F

pk =
�
k

pk � 1 =
� 2

k(k � 1)
pk � 2 = � � � =

� k

k!
p0 k = 1; 2; : : :

$rF@$k!%>e<0$Ok = 0 $N>l 9g$b@.N)$9$k$3$H$KCm0U$9$k!%3NN($NAmOB$O#1$G$"$k$N$G
1X

k=0

pk =
1X

k=0

� k

k!
p0 = e� p0 = 1

$, G$0U$N� $KBP$7$F@.N)$9$k!%$h$C$F!$ M =M =1 $O>o$K0BDj$GDj>o>uBV$, B8:_ $7!$ p0 = exp(� � ) $G$"$k!%$5$i

$KDj>o>uBV3NN( pk $O

pk = e� � � k

k!
; k = 0; 1; : : : (24)

$GM?$($i $l !$ J?6Q� $r$b$D%]%o%=%sJ, I[ $H$J$k!%

$J$*!$ <0 (24) $O%5!<%S%9;~ 4V$NJ?6Q$, 1=� $G$"$k$h$&$JA4$F$NM =G=1 $KBP$7$F$b@.N)$9$k$3$H$, CN$i $l $F

$$$k!%$3$N$h$&$K!$ %5!< %S%9;~ 4VJ, I[ $K4X$7$F!$ $=$NJ?6QCM$N$_$G7OFb5R?t $N3NN(J, I[ $, Dj$^$k@-<A$r%5!< %S%9

;~ 4VJ, I[ $K4X$9$kIT46@-!J insensitivity!K$H$$$&!%

3.2.5 M =M =c=c

BT9g<<$r ;} $?$J$$ c 8D$N%5!< %P$r$b$DBT$A9TNsM =M =c=c$r9M$($k!%$9$J$o$A!$ 5R$, E~Ce$7$?;~ E@$G%5!< %P$,

A4$F2TF/Cf$G$"$l $P!$ E~Ce$7$?5R$O%7%9%F%$̀K$O$$$k$3$H$, =PMh$:!$ 8FB;$H$J$k!%

Nc 13 BS0h$, C bps $N2s@~$, $"$j !$ 3FMxMQ<T$O0l Dj$NBS0h r bps $rMW5a$9$k$H2>Dj$9$k!%$b$7E~Ce;~$K6u$-BS0h

$, r bps L$K~$G$"$k$J$i $P!$ $3$NMxMQMW5a$O5qH]$5$l !$ 8FB;$H$J$k!%2s@~MxMQMW5a$, N( � $N%]%o%=%s2aDx$K=>$C

$FH/@8$7!$ 2s@~@\B3;~ 4V$, J?6Q� � 1 IC$N;X?t J, I[ $K=>$&$J$i $P!$ $3$N2s@~$NMxMQ>u67$O!$ E~CeN( � !$ %5!<%S%9N(

� $r$b$DM =M =c=c$G%b%G%k2=$G$-$k!%$?$@$7 c = bC=rc $O7OFb$X<}MF$G$-$k:GBgMxMQ<T?t $G$"$k!%

M =M =1=K $N>l 9g$HF1MM$K!$7OFb5R?t$, c+ 1 0J>e$K$J$i $J$$$H$$$&@)Ls$O!$>uBVc $K$*$1$k=P@8N($r#0$H$*$/$3

$H$GI=8=$5$l $k!%$9$J$o$A!$M =M =c=c$N7OFb5R?t L(t) $O� k = � !J k = 0; : : : ; c� 1!K!$� k = 0!J k = c;c+ 1; : : :!K!$

� k = k� !J k = 1; : : :,c!K$N=P@8;` LG2aDx$H$J$k!%?^ 14 $KM =M =c=c$N>uBVA+0\ B.EY?^$r<($9!%

>uBVk $KBP$9$kJ?9UJ} Dx<0$O<!<0$GM?$($i $l $k!%

�p 0 = �p 1

(� + k� )pk = �p k � 1 + (k + 1)�p k+1 ; k = 1; 2; : : : ; c � 1

�p c� 1 = c�p c

24



$rF@$k!%k = 0; 1; : : : ; n � 1!J n � c!K$K$D$$$FJU!9!$ B-$79g$o$; $?8e!$ 2~$a$F n = k $H$*$/ $H

�p k � 1 = k�p k ; k = 1; 2; : : : ; c

$rF@$k!%$9$J$o$A

pk =
�
k�

pk � 1 =
�
k

pk � 1; k = 1; 2; : : : ; c

$, A4$F$Nk!J k = 1; 2; : : : ; c!K$KBP$7$F@.N)$9$k!%$h$C$F

pk =
�
k

pk � 1 =
� 2

k(k � 1)
pk � 2 = � � � =

� k

k!
p0 k = 1; 2; : : : ; c

$rF@$k!%>e<0$Ok = 0 $N>l 9g$b@.N)$9$k$3$H$KCm0U$9$k!%3NN($NAmOB$O#1$G$"$k$N$G
cX

k=0

pk =
cX

k=0

� k

k!
p0 = 1

$, G$0U$N� $KBP$7$F@.N)$9$k!%$h$C$F!$ M =M =c=c$O>o$K0BDj$GDj>o>uBV$, B8:_ $7!$

p0 =

"
cX

k=0

� k

k!

#� 1

$H$J$k!%$h$C$F!$ 7OFb5R?t $NDj>o>uBV3NN( pk !J k = 0; 1; : : : ; c!K$O

pk =
� k =k!
cX

i =0

� i =i!

; k = 0; : : : ; c (25)

$GM?$($i $l $k!%M =M =1 $HF1MM$K!$<0 (25) $b%5!<%S%9;~4VJ, I[ $KBP$7$FIT46@-$r$b$C$F$*$j !$J?6Q%5!<%S%9;~4V

$, 1=� $G$"$k$h$&$JA4$F$NM =G=c=c$KBP$7$F@.N)$9$k!%

?^ 13 $NM =M =1 $KBP$9$k>uBVA+0\ B.EY?^$H?^ 14 $NM =M =c=c$KBP$9$k>uBVA+0\ B.EY?^$r8+Hf$Y$l $PJ, $+

$k$h$&$K!$ M =M =c=c$OM =M =1 $K$*$1$k%7%9%F%$̀NMFNL$r c $K@)8B$7$?%b%G%k$G$"$k!%L M =M =1 $J$i $S$K

L M =M =c=c $r$=$l $>$l !$ M =M =1 $J$i $S$K$=$l $KBP1~$9$k M =M =c=c$NDj>o>uBV$K$*$1$k7OFb5R?t $H$9$k!%<0

(25) $NJ, ;RJ, Jl $K$=$l $>$l exp(� � ) $r3] $1!$<0 (24) $HHf3S$9$k$3$H$K$h$j !$A4$F$Nk!J k = 0; 1; : : : ; c!K$KBP$7$F

Pr(L M =M =c=c = k) =
Pr(L M =M =1 = k)
cX

l =0

Pr(L M =M =1 = l)

=
Pr(L M =M =1 = k)
Pr(L M =M =1 � c)

= Pr(L M =M =1 = k j L M =M =1 � c)

$H$J$C$F$$$k$3$H$, J, $+$k!%$9$J$o$A!$M =M =c=c$N7OFb5R?t J, I[ $OM =M =1 $K$*$$$F5R?t $, c ?M0J2<$G$"$k$H

$$$&>r7o$N2<$G$N>r7oIU$-7OFb5R?t J, I[ $GM?$($i $l $k!%

8FB;N($ODj>o>uBV$K$"$k%7%9%F%$̀KE~Ce$7$?5R$, 8+$k7OFb5R?t $, c ?M$G$"$k3NN($G$"$k$, !$ $3$N3NN($O!$ 5R$N

E~Ce$, %]%o%=%s2aDx$K=>$C$F$$$k$?$a!$ 2.3.6 @a$N7k2L$h$j !$ >e5-$G5a$a$?Dj>o>uBV3NN( pc $KEy$7$$!%<0 (25) $G

k = c $H$*$$$?

pc =
� c=c!
cX

i =0

� i =i!

(26)

$O%"!< %i%s8FB;<0!J Erlang loss formula!K$H8F$P$l $F$$$k!%MxMQN($, � $+$D%5!< %P?t $, c $N$H$-$N<0 (26) $GM?

$($i $l $k8FB;N( pc $r B (c; � ) $H$9$k$HB (1; � ) = �= (1 + � ) $J$i $S$K

B (c; � ) =
�B (c � 1; � )

c + �B (c � 1; � )
; c = 2; 3; : : :

$K$h$j =g<! !$ 8FB;N($r5a$a$k$3$H$, $G$-$k!%

?^ 15 $ONc 13 $K$*$$$F0l ?MEv$?$j $NMW5aBS0h r $, 64kbps $N>l 9g$N8FB;N($r<($7$F$$$k!%2s@~$NBS0h C $,

45Mbps $N>l 9g$OM =G=703=703 $KBP1~$7!$ 155Mbps $N>l 9g$OM =G=2421=2421$KBP1~$7$F$$$k!%Ii 2Y$NA}Bg

$KH<$$!$ 8FB;N($O6K$a$F5^7c$KA}2C$9$k$3$H$, J, $+$k!%
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?^ 15: M =G=c=c$K$*$1$k8FB;N( pc

1i =, LdBj

#3>O$N<x6HFbMF3NG'

Ld 3.1 !! =P@8;` LG2aDx
HsIi @0?tCM$r>uBV$K$b$D=P@8;` LG2aDx$r9M$($k!%>uBVk!J k = 0; 1; : : :!K$+$i >uBVk+ 1 $X$NA+0\N($r � k !$>uBVk!J k = 1; 2; : : :!K

$+$i >uBVk � 1 $X$NA+0\ N($r � k $H$9$k!%
(1) %7%9%F%$̀, Dj>o$G$"$k$H$7!$ 2aDx$, >uBVk $G$"$kDj>o3NN($r pk $H$7$?$H$-!$ >uBVk $+$i =P$k3NN(%U%m!<$HB>$N>uBV$+

$i >uBVk $KF~$k3NN(%U%m!< $, Ey$7$/ $J$k$3$H$rMxMQ$7$F!$ p0 $Hp1 $N4V$K@.N)$9$k<0$r<($; !%
(2) F1MM$K!$ pk � 1 , pk , pk +1 $N4V$K@.N)$9$k<0$r<($; !%
(3) (1), (2) $N7k2L$rMxMQ$7$F!$ pk � 1 $Hpk !J k = 1; 2; : : :!K$N4V$K@.N)$9$k<0$r<($; !%
(4) pk !J k = 1; 2; : : :!K$r p0 $rMQ$$$FI= $; !%
(5) 3NN($NOB$, #1$G$"$k$3$H$rMxMQ$7$F!$Dj>o>uBV$, B8:_ $9$k$?$a$NI, MW>r7o$r<($7!$$=$N>r7o$, @.N)$9$k$H$- !$p0 $r7hDj

$; $h!%
Ld 3.2 !! M =M =1

E~CeN( � !$ J?6Q%5!< %S%9;~ 4V1=� $NM =M =1 $r9M$($k!%� = �=� $H$7$F!$ %7%9%F%$̀, Dj>o$G$"$k$H2>Dj$77OFb$Kk ?M$N
5R$, $$$kDj>o>uBV3NN( pk $r5a$a$h!%$^$?!$ $3$N7k2L$rMQ$$$FDj>o>uBV3NN($, B8:_ $9$k$?$a$NI, MW>r7o$r<($; !%
Ld 3.3 !! M =M =1=K

E~CeN( � !$ %5!< %S%9N( � $NM =M =1=K $r9M$($k!%
(1) %7%9%F%$̀, Dj>o$G$"$k$H2>Dj$7!$ 7OFb$Kk ?M$N5R$, $$$kDj>o>uBV3NN( pk $r5a$a$h!%
(2) $^$?!$ Dj>o>uBV$K$*$$$FE~Ce$7$?5R$, %7%9%F%$̀KF~$l $: 8FB;$H$J$k3NN($r5a$a$h!%

Ld 3.4 !! M =M =c
E~CeN( � !$ J?6Q%5!< %S%9;~ 4V1=� $NM =M =c $r9M$($k!%� = �=� $H$7$F!$ %7%9%F%$̀, Dj>o$G$"$k$H2>Dj$7!$ 7OFb$Kk ?M

$N5R$, $$$kDj>o>uBV3NN( pk $r5a$a$h!%$^$?!$ $3$N7k2L$rMQ$$$FDj>o>uBV3NN($, B8:_ $9$k$?$a$NI, MW>r7o$r<($; !%
Ld 3.5 !! M =M =1

E~CeN( � !$J?6Q%5!<%S%9;~ 4V1=� $NM =M =1 $r9M$($k!%� = �=� $H$7$F!$ %7%9%F%$̀, Dj>o$G$"$k$H2>Dj$7!$ 7OFb$Kk ?M
$N5R$, $$$kDj>o>uBV3NN( pk $r5a$a$h!%
Ld 3.6 !! M =M =c=c

E~CeN( � !$ J?6Q%5!< %S%9;~4V1=� $NM =M =c=c$r9M$($k!%� = �=� $H$9$k!%
(1) %7%9%F%$̀, Dj>o$G$"$k$H2>Dj$7!$ 7OFb$Kk ?M$N5R$, $$$kDj>o>uBV3NN( pk $r5a$a$h!%
(2) %5!< %P!< ?t c!$ Ii 2Y � $, M?$($i $l $?$H$- !$ Dj>o>uBV$K$*$$$FE~Ce$7$?5R$, %7%9%F%$̀KF~$l $: 8FB;$H$J$k3NN( B (c; � ) $r

5a$a$h!%
(3) 8FB;N( B (c; � ) $,

B (1; � ) =
�

1 + �
; B (c; � ) =

�B (c � 1; � )
c + �B (c � 1; � )

; c = 2; 3; : : :

$K$h$j !$ =g<! 7W;; $G$-$k$3$H$r<($; !%

N}=, LdBj

Ld 3.7 !!
%5!< %S%9Cf$N5R$b4^$a:GBgN ?M$N5R$r<}MF$9$k$3$H$N$G$-$kC10l %5!< %PBT$A9TNs$r9M$($k!%5R$NE~Ce;~ E@$K$*$$$F%7%9%F
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%F̀b5R?t $, N � 1 ?M0J2<$G$"$l $P!$ $3$N5R$O%7%9%F%$̀KF~$k$3$H$, $G$-$k$, !$ %7%9%F%F̀b5R?t $, N ?M$N>l 9g!$ $3$N5R$OD>
$A$K%7%9%F%$̀+$i 5n$k$b$N$H$9$k!%%5!< %P$O%7%9%F%F̀b$K5R$, $$$k8B$j !$ E~Ce=g$K5R$N%5!< %S%9$r9T$&$b$N$H$9$k!%5R$NE~Ce
$, E~CeN( � $N%]%o%=%sJ, I[ $K=>$$!$ 8D!9 $N5R$N%5!< %S%9;~ 4VJ, I[ $OFHN)F10l $G!$ J?6Q� � 1 $N;X?t J, I[ $K=>$&$H$- !J $9$J$o$A
FIF O M =M =1=N $N$H$- !K!$ 0J2<$NLd (1) !A(4) $KEz$($h!%

(1) ;~ 9o t $K$*$$$F%7%9%F%F̀b$Kn ?M!J n = 0; 1; : : : ; N !K$N5R$, $$$k3NN($r Pn (t ) $H$9$k!%Pn (t )!J n = 0; 1; : : : ; N !K$, K~
$?$9HyJ, J} Dx<0$rF3$1!%

(2) N = 1 $N$H$-!$Pn (t )!J n = 0; 1, t � 0!K$r Pn (0)!J n = 0; 1!K$J$i $S$K � !$ � $rMQ$$$FI= $; !J 3NN($NOB$O#1$G$"$k$N$G!$
A4$F$Nt $KBP$7$F P0(t ) + P1(t ) = 1!K!%

(3) N = 1 $N$H$- !$ $I $N$h$&$J=i 4| J, I[ Pn (0)!J n = 0; 1!K$rA*$Y$PPn (t ) $O;~ 4V t $KBP$7$FITJQ$H$J$k$+<($; !J $3$N$h$&
$JJ, I[ $r Rn !J n = 0; 1!K$H$9$k$H!$ Rn $ODj>oJ, I[ $H8F$P$l $k!K!%

(4) N = 1 $N$H$- !$ %7%9%F%F̀b5R?t $N6K8BJ, I[ Pn = Pn (1 )!J n = 0; 1!K$r5a$a!$ Dj>oJ, I[ Rn $HHf3S$; $h!%
Ld 3.8 !!

N ?M$N5R$, C10l %5!< %PBT$A9TNs!J BT$A9TNs#1!K$H#2%5!< %PBT$A9TNs!J BT$A9TNs#2!K$r8r8_$KK,$l $k%7%9%F%$̀r9M$($k!J ?^
16 ;2 >H!K!%30It $+$i $NE~Ce$O$J$/ !$ $^$?!$30It $X$NN%C&$b$J$$$H$9$k!%BT$A9TNs i !J i = 1; 2!K$G$O!$$=$l $>$l J?6Q� � 1

i $N;X?t
J, I[ $K=>$&%5!< %S%9$r<u$1!$ %5!< %S%9=*N;8e!$ D>$A$K$b$&0l J} $NBT$A9TNs$K2C$o$k$b$N$H$9$k!%

(1) $3$N;~ !$ BT$A9TNs#1$, 6u$G$"$kDj>o3NN( � 0 $r5a$a$h!%
(2) BT$A9TNs#1$NJ?6Q7OFb5R?t E [L 1 ] $r5a$a$h!%I, MW$J$i $Px 6= 1 $N$H$-

nX

i =1

ix i =
nx n +2 � (n + 1)xn +1 + x

(1 � x)2

$, @.N)$9$k$3$H$rMQ$$$F$h$$!%
(3) BT$A9TNs#2$NJ?6Q7OFb5R?t E [L 2 ] $ON � E [L 1 ] $GM?$($i $l $k!%N $rL58BBg$K6a$E$1$k$H!$ $I $N$h$&$J8=>]$, @8$8$k$+

$r E [L 2 ]=E[L 1 ] $N5sF0$r9M$($k$3$H$K$h$j =R$Y$h!%

��
@@

-

�
� 2

� 2

� 1

BT$A9TNs#1

BT$A9TNs#2

��

��

��

��

��

��

?^ 16: =d2sBT$A9TNsLV

4 N%;6 ;~4V%%̂k%3%UO":? $H$=$N1~MQ

$3$N@a$G$ON%;6 ;~ 4V%%̂k%3%UO":? $H8F$P$l $k3NN(2aDx$HBT$A9TNs%b%G%k$X$N1~MQ$r9M$($k!%

4.1 N%;6 ;~ 4V%%̂k%3%UO":? $H$=$N@-<A

X n !J n = 0; 1; : : :!K$rBP>]$H$J$k3NN(JQ?t Ns$H$9$k!%$3$l $i $N3NN(JQ?t $N<h$j F@$kCM$OHsIi $N@0?t CM$H$7!$$=$N

=89g$r S $GI= $9!%

Dj5A 14 (N%;6 ;~ 4V%%̂k%3%UO":? ) 3NN(JQ?t NsX n !J n = 0; 1; : : :!K$,

Pr(X n +1 = j n +1 j X k = j k ; k = 0; : : : ; n) = Pr(X n +1 = j n +1 j X n = j n )

$rK~$?$9$H$- !$ 3NN(JQ?t NsX n !J n = 0; 1; : : :!K$ON%;6 ;~ 4V%%̂k%3%UO":? !J discrete-time Markov chain!K$H8F$P$l

$k!%

N%;6;~4V%%̂k%3%UO":?$G$O>-Mh$N5sF0X n +1 $,8=:_$N>uBVX n $N$_$GDj$^$j !$$=$l 0JA0$N>uBVX k (k = 0; : : : ; n� 1)

$H$OFHN)$G$"$k!%$3$N@-<A$r %%̂k%3%U@-(Mark ovian property) $r$$$&!%
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?^ 17: >uBVA+0\ ?^$NNc!J S = f 0; 1; 2; 3g!K

4.1.1 N%;6 ;~ 4V%%̂k%3%UO":? $NA+0\ 3NN(

N%;6 ;~ 4V%%̂k%3%UO":? $K$*$1$k Pr(X n +1 = j j X n = i ) $O>uBVi $+$i >uBVj $X$NA+0\ 3NN($"$k$$$O?d0\ 3NN(

!J transition probabilit y!K$H8F$P$l $k!%0J2<$G$O!$ A+0\ 3NN( Pr(X n +1 = j j X n = i ) $, n $K0MB8$7$J$$$H2>Dj$7!$

pi;j = Pr(X n +1 = j j X n = i ); i; j 2 S

$H$9$k!%N%;6 ;~ 4V%%̂k%3%UO":? $r I= $90l $D$NJ} K!$K>uBVA+0\ ?^!J state transition diagram!K$, $"$k!%>uBVA+0\ ?^

$O;^ $K=E$_$, IU$$$?M-8z%0%i%U$G$"$j !$%N!< %I$O>uBV$rI= $9!%$5$i $K!$%N!<%I i $+$i %N!<%I j $X$NM-8~;^ $O>uBVi

$+$i >uBVj $XD>@\A+0\ 2DG=!J $9$J$o$Api;j > 0!K$G$"$k$3$H$r<($7!$ =E$_ pi;j $, IU2C$5$l $k!J ?^ 17 ;2 >H!K!%

(i; j ) MWAG$, pi;j $GM?$($i $l $k9TNsP = (pi;j ) $r9M$($k!%P $OA+0\ 3NN(9TNs$"$k$$$O?d0\ 3NN(9TNs!J transition

probabilit y matrix !K$H8F$P$l $k!%9TNs P $N3F9T$O!$ X n $NCM$, M?$($i $l $?$H$$$&>r7o$N2<$G$NX n +1 $N3NN(J,

I[ $r I= $7$F$$$k!%$h$C$F 9TNsP $O3FMWAG$, HsIi $G$"$j !$ $+$D!$ 3F9T$NAmOB$, 1 $H$J$k@5J} 9TNs$G$"$k!%Nc$($P!$

?^ 17$GI= $5$l $kN%;6 ;~ 4V%%̂k%3%UO":? $N>l 9g!$ <!$N$h$&$K$J$k!%

P =

0

B
B
B
B
@

0 1 2 3

0 0:7 0 0 0:3

1 0:9 0 0:1 0

2 0 1 0 0

3 0 0 0:5 0:5

1

C
C
C
C
A

$5$i $K (i; j ) MWAG$,

p[n ]
i;j = Pr(X n = j j X 0 = i )

$GM?$($i $l $k@5J} 9TNs P [n ] = (p[n ]
i;j ) $r n %9%F%C%WA+0\ 3NN(9TNs$H8F$V!%FC$K P [1] = P $G$"$k$3$H$KCm0U$9$k!%

%%̂k%3%U@-$h$j !$ n; m = 1; 2; : : : $KBP$7$F

p[n + m ]
i;j = Pr(X n + m = j j X 0 = i )

=
X

k2S

Pr(X n + m = j; X n = k j X 0 = i )

=
X

k2S

Pr(X n + m = j j X n = k; X 0 = i ) Pr(X n = k j X 0 = i )

=
X

k2S

Pr(X n + m = j j X n = k) Pr(X n = k j X 0 = i )

=
X

k2S

p[n ]
i;k p[m ]

k ;j

$H$J$k!%$3$l $r9TNs$rMQ$$$FI= 8=$9$k$H

P [n + m ] = P [n ]P [m ]

$G$"$k!%FC$Km = n = 1 $H$9$l $PP [2] = P 2 $H$J$k$N$G!$ m = 1 $H$7$F5"G<K!$rMQ$$$k$Hn %9%F%C%WA+0\ 3NN(

9TNsP [n ] $O

P [n ] = P n
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$GM?$($i $l $k$3$H$, J, $+$k!%

$3$3$G;~ E@n $K$*$$$F>uBV$, i $G$"$k3NN($r � [n ]
i = Pr(X n = i ) (i 2 S) $H$7!$ X n $N3NN(J, I[ � [n ] $r<! <0$G

Dj5A$9$k!%

� [n ] = (� [n ]
0 ; � [n ]

1 ; : : :); n = 0; 1; : : :

$3$N$H$-

Pr(X n = j ) =
1X

i =0

Pr(X n = j; X 0 = i )

=
1X

i =0

Pr(X n = j j X 0 = i ) Pr(X 0 = i )

$G$"$k$N$G� [n ] = � [0] P [n ] $H$J$j !$ <! $NDjM}$rF@$k!%

DjM} 15 N%;6 ;~ 4V%%̂k%3%UO":? $N;~ E@n $K$*$1$k3NN(J, I[ � [n ] $O!$ =i 4| >uBV3NN(J, I[ � [0] $J$i $S$KA+0\ 3NN(9T

NsP $K$h$C$F!$ 0J2<$N$h$&$K0l 0U$KDj$^$k!%

� [n ] = � [0]P n

Nc 16 Nc$($P!$?^ 17$GI=$5$l $kN%;6 ;~ 4V%%̂k%3%UO":? $K$D$$$F!$=i 4| >uBV$r � [0] = (1; 0; 0; 0) $H$7!$ � [n ] $r7W;;

$9$k$H0J2<$N$h$&$K$J$k!%

� [0] = (1:000 0:000 0:000 0:000) � [4] = (0:37510 0:18000 0:17850 0:26640)

� [1] = (0:700 0:000 0:000 0:300) � [5] = (0:42457 0:17850 0:15120 0:24573)

� [2] = (0:490 0:000 0:150 0:360)
...� [3] = (0:343 0:150 0:180 0:327)

4.1.2 :F5";~ 4V$H>uBV$NJ, N`

%%̂k%3%UO":? $N3F>uBV$O!$0J2<$K<($9$h$&$J4v$D$+$N5, =`$K$h$C$FJ, N`$9$k$3$H$, $G$-$k!%$=$N$?$a$K!$$^$: :G

=i $KO"7k!J communicate!K$H$$$&9M$(J} $rF3F~$9$k!%$^$: !$ $"$k n !J n = 1; 2; : : :!K$KBP$7$F p[n ]
i;j > 0 $J$i $P!$ >u

BVj $O>uBVi $+$i E~C#2DG=$H$$$&!%$5$i $K>uBVi $Hj $, 8_$$$KE~C#2DG=$G$"$k;~ !$ >uBVi $Hj $OO"7k$7$F$$$k$H

$$$&!%FC$K!$ >uBVi $O$=$l <+?H$HO"7k$G$"$k$H$9$k!%$3$N$H$- !$ %%̂k%3%UO":? $NA4>uBV$N=89g S $NCf$+$i 0l $D$N

>uBV$rA*$S!$ $=$l $HO"7k$7$F$$$kA4$F$N>uBV$r=8$a$F=89g S $NIt J, =89g C1 $r :n $j !J $3$l $rO"7k%/%i%9$H$$$&!K!$

$5$i $KC1 $K4^$^$l $F$$$J$$>uBV$r0l $DA*$S!$ $=$l $HO"7k$7$F$$$kA4$F$N>uBV$r=8$a$FO"7k%/%i%9C2 $r :n $k!$ $H

$$$&<j B3$-$r7+$j JV$9$H!$ >uBV=89g S $O

S = C1 [ C2 [ � � �

$N$h$&$K8_$$$KAG$JJ#?t 8D$NO"7k%/%i%9$NOB=89g$G=q$/ $3$H$, $G$-$k!%>uBV?t $, L58B$N>l 9g$O!$ O"7k%/%i%9$bL5

8B8DI, MW$H$J$k>l 9g$, $"$k!%

Nc 17 ?^ 18$NN%;6 ;~ 4V%%̂k%3%UO":? $NNc$KBP$7$F>e5-<j =g$r9T$C$F$_$k!%$^$: !$ >uBV0 $HO"7k$J>uBV$O1, 2 $J

$N$G!$ C1 = f 0; 1; 2g $H$J$k!%<! $K>uBV3 $rA*$V$H!$ $3$l $HO"7k$7$F$$$k$N$O>uBV4, 5 $J$N$GC2 = f 3; 4; 5g $rF@

$k!%<!$K>uBV6 $rA*$V$H!$$3$l $HO"7k$7$F$$$k>uBV$O$J$$$N$GC3 = f 6g $H$J$k!%>uBV7 $bF1MM$G$"$j !$C4 = f 7g

$rF@$k!%:G8e$K>uBV8 $rA*$V$H!$ $3$l $O>uBV9 $HO"7k$7$F$$$k$N$GC5 = f 8; 9g $G$"$k!%0J>e$h$j !$ >uBV6u4V

S = f 0; 1; 2; 3; 4; 5; 6; 7; 8; 9g $O8^$D$NO"7k%/%i%9$NOB=89g$GI= 8=$5$l $k!%

$"$k;~ E@$GN%;6 ;~ 4V%%̂k%3%UO":? $, >uBVi $K$"$j !$ $3$l 0J9_=i $a$F>uBVj $KE~C#$9$k$^$G$NA+0\ 2s?t Ti;j $r

>uBVi $+$i >uBVj $X$N=i E~C#;~ 4V!J �rst passagetime!K$H$$$&!%FC$K i = j $N$H$- !$ Tj;j $O>uBVj $N:F5";~ 4V
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?^ 18: 0l HLE*$JN%;6 ;~ 4V%%̂k%3%UO":? $NNc!J A+0\ 3NN($O>JN,!K

!J recurrencetime!K$H8F$P$l $k!%>uBVi $+$i >uBVj $X$N=i E~C#;~ 4V$, n $G$"$k3NN( Pr(Ti;j = n) $r f [n ]
i;j $H$9$k!%

$9$J$o$A

f [n ]
i;j = Pr(X n = j; X n � 1 6= j; : : : ; X 1 6= j j X 0 = i ); n = 1; 2; : : :

$G$"$k!%$5$i $K!$ f [n ]
i;j $NAmOB$r f i;j $H$9$k!%

f i;j =
1X

n =1

f [n ]
i;j

f i;j $O>uBVi $+$i =PH/$7!$ $$$: $l $O>uBVj $KE~C#$9$k3NN($G$"$k!%$b$7 f j;j = 1 $G$"$k$J$i $P>uBVj $O:F5"E*

!J recurrent !K$H8F$P$l !$ f j;j < 1 $J$i $P>uBVj $O2aEOE*$^$?$O0l ;~ E*!J transient !K$H8F$P$l $k!%?^ 18 $NN%;6 ;~ 4V

%%̂k%3%UO":? $G$O!$ >uBV0, 1, 2, 6, 8, 9 $, :F5"E*$G$"$j !$ >uBV3, 4, 5, 7 $O2aEOE*$G$"$k!%

$^$: !$ >uBVi $, :F5"E*$G$"$k$+2aEOE*$G$"$k$+$rH=Dj$9$k>r7o$r p[n ]
j;j $rMQ$$$FI= $9$3$H$r9M$($k!%$3$3$G>uBVi $+$i =P

H/$9$k$H$$$&>r7o$N2<$Gn %9%F%C%WL\ $K>uBVj $K$"$k3NN($r !$ :G=i $K>uBVj $KK,$l $?;~ E@$r m $H$7$FGSH?$J;v >] $KJ,
$1$k$H

p[n ]
i;j =

nX

m =1

f [m ]
i;j p[n � m ]

j;j (27)

$rF@$k!%$?$@$7 p[0]
j;j = 1 $G$"$k!%$=$3$G!$ <0 (27) $K$*$$$F i = j $H$7!$ N>JU$r n $K$D$$$FOB$r$H$k$H

1X

n =1

p[n ]
j;j =

1X

n =1

nX

m =1

f [m ]
j;j p[n � m ]

j;j =
1X

m =1

1X

n = m

f [m ]
j;j p[n � m ]

j;j = f j;j

1X

n =0

p[n ]
j;j

= f j;j + f j;j

1X

n =1

p[n ]
j;j

$H$J$k$N$G!$ 7A<0E*$K
1X

n =1

p[n ]
j;j =

f j;j

1 � f j;j

$rF@$k!%$3$l $h$j !$ >uBVj $O
P 1

n =1 p[n ]
j;j $, H/;6 $9$l $P:F5"E*$G$"$j !$ M-8B$G$"$l $P2aEOE*$G$"$k$3$H$, $o$+$k!%

<! $K:F5"E*$J>uBVj $KBP$7$FJ?6Q:F5";~ 4V � j = E[Tj;j ] $r9M$($k!%L@$i $+$K

� j =
1X

n =1

nf [n ]
j;j

$G$"$k!%$b$7!$ f j;j = 1 $+$D � j < 1 $J$i $P>uBV j $O@5:F5"E*!J positive recurrent !K$H8F$P$l !$ f j;j = 1 $+$D

� j = 1 $J$i $PNm:F5"E*!J null recurrent !K$H8F$P$l $k!%$J$*!$ %%̂k%3%UO":? $N>uBV?t $, M-8B$J$i $P!$ Nm:F5"E*$J

>uBV$OB8:_ $7$J$$!J $9$J$o$A!$ L58B8D$N>uBV$, $"$k>l 9g$N$_Nm:F5"E*$J>uBV$, B8:_ $9$k2DG=@-$, $"$k!K!%

Dj5A$h$j !$G$0U$KA*$P$l $?O"7k%/%i%9C $K4^$^$l $kFs$D$N>uBVi $Hj $KBP$7$F!$p[n ]
j;i > 0!$p[m ]

i;j > 0 $J$k n!$m $, B8:_
$9$k!%$5$i $K

p[n + l + m ]
j;j � p[n ]

j;i p[ l ]
i;i p[m ]

i;j (28)

$, @.N)$9$k$N$G!$ N>JU$r l $K$D$$$FOB$r$H$l $P

1X

l =1

p[ l ]
j;j �

1X

l =1

p[n + l + m ]
j;j � p[n ]

j;i

 
1X

l =1

p[ l ]
i;i

!

p[m ]
i;j

$rF@$k!%$3$l $h$j <!$N$3$H$, J, $+$k!%$b$7!$>uBVi $, :F5"E*$J$i $P!J $9$J$o$A
P 1

l =1 p[ l ]
i;i = 1 !K!$F1$8O"7k%/%i%9$KB0$9$k

B>$N>uBVj $b$^$?:F5"E*$G$"$k!J $9$J$o$A
P 1

l =1 p[ l ]
j;j = 1 !K!%5U$K>uBVj $, 2aEOE*$J$i $P!J $9$J$o$A

P 1
l =1 p[ l ]

j;j < 1 !K!$

F1$8O"7k%/%i%9$KB0$9$kB>$N>uBVi $b2aEOE*$G$"$k!%
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$"$kO"7k%/%i%9$KB0$9$k>uBVi $, @5:F5"E*!J Nm:F5"E*!K$G$"$k$J$i $P!$ F1$8O"7k%/%i%9$KB0$9$kB>$N>uBVj $b

$^$?@5:F5"E*!J Nm:F5"E*!K$G$"$k$3$H$r<($9$3$H$, $G$-$k!%FC$K:F5"E*$JO"7k%/%i%9$K4^$^$l $k>uBV?t $, M-8B$N

>l 9g!$ $3$l $i $N>uBV$OA4$F@5:F5"E*$G$"$k!%

:F5"E*$JO"7k%/%i%9C $NG$0U$KA*$P$l $?>uBVi $KBP$7$F!$ p[l ]
i;i > 0 $H$J$k l $N:GBg8xLs?t di $r9M$($k!%di $O

>uBV i $N<~4| $H8F$P$l $k!%F1$8O"7k%/%i%9$KB0$9$k>uBV$OF1$8<~4| $r ;} $D$3$H$r2<5-$N$h$&$K<($9$3$H$, $G$- !$

d = 1 $N;~ !$ O"7k%/%i%9$OHs<~4| E*!J aperiodic!K$"$k$$$O%(%k%4!< %IE*!J ergodic!K$G$"$k$H8F$P$l !$ d � 2 $N$H

$-<~4| E*!J periodic!K$G$"$k$H8F$P$l $k!%

$^$: !$ i $H$O0[ $J$k>uBVj 2 C $KBP$7$F!$p[n ]
j;i > 0!$p[m ]

i;j > 0 $J$k n!$m $rA*$V!%Dj5A$h$j n + m $Odj $NG\?t $G$"$k!%

$5$F!$p[ l ]
i;i > 0!$$9$J$o$A l $, di $NG\?t $J$i $P!$<0 (28) $N1&JU$O@5$H$J$k!%$h$C$F!$p[n + l + m ]

j;j > 0 $G$"$j !$n + l + m $O

dj $NG\?t $G$"$j !$n + m $Odj $NG\?t $J$N$Gl $b dj $NG\?t $G$J$1$l $P$J$i $J$$!%0J>e$N5DO@$h$j !$ p[n ]
j;i > 0!$ p[m ]

i;j > 0

$J$k n!$ m $KBP$7$F!$ l $, di $NG\?t $G$"$k$3$H$O!$ p[n + l + m ]
j;j > 0 $N==J, >r7o$H$J$C$F$$$k$3$H$, J, $+$k!%

0l J} !$ l $, dj $NG\?t $G$"$k$3$H$Op[n + l + m ]
j;j > 0 $NI, MW==J, >r7o$G$"$k!%$h$C$F!$dj � di $rF@$k!%$3$3$G>uBVi !$ j $N

A*$SJ} $OG$0U$G$"$k$N$G!$ $3$N5DO@$r i $H j $r5U$K$7$F$b@.$j N)$D!%$9$J$o$A di � dj $bF1MM$K@.N)$9$k!%$3$l $h$j !$

di = d!J i 2 C!K$, @.N)$9$k!%

?^ 18 $NN%;6 ;~ 4V%%̂k%3%UO":? $G$O!$ :F5"E*$JO"7k%/%i%9C1 = f 0; 1; 2g $K4^$^$l $k>uBV$O<~4| E*$G$"$j !$ :F5"E*

$JO"7k%/%i%9C3 = f 6g $J$i $S$KC5 = f 8; 9g $K4^$^$l $k>uBV$OHs<~4| E*$G$"$k!%

0J>e$r$^$H$a$F<! $NDjM}$rF@$k!%

DjM} 18 O"7k%/%i%9Fb$N3F>uBV$OA4$F@5:F5"E*$+!$A4$FNm:F5"E*$+!$$"$k$$$OA4$F2aEOE*$+$N$$$: $l $+$G$"$k!%$^

$?!$ :F5"E*$JO"7k%/%i%9$KB0$9$k$"$k>uBV$, <~4| E*$G$"$k$J$i $P!$ $=$N>uBV$HF1$8O"7k%/%i%9$KB0$9$kA4$F$N>u

BV$OF1$8<~4| $r$b$D!%

4.1.3 4{Ls$JN%;6 ;~ 4V%%̂k%3%UO":? $N6K8B3NN($HDj>o>uBVJ, I[

A4$F$N>uBVi 2 S $, 0l $D$NO"7k%/%i%9$K4^$^$l $k$h$&$J%%̂k%3%UO":? $O4{Ls!J irreducible!K$H8F$P$l $k!%Dj5A$h

$j !$ 4{Ls$J%%̂k%3%UO":? $NG$0U$KA*$P$l $?>uBVi; j 2 S $KBP$7$F!$ p[n ( i;j )]
i;j > 0 $H$J$k$h$&$J<+A3?t n(i; j ) $, B8

:_ $9$k!%

4{Ls$G@5:F5"E*$J%%̂k%3%UO":? $KBP$7$F$O

� j =
X

i 2S

� i pi;j ;
X

j 2S

� j = 1 (29)

$rK~$?$9@5?t � j !J j = 0; 1; : : :!K$, M#0l Dj$^$k!%Nc$($P!$ ?^ 17$GI= $5$l $kN%;6 ;~4V%%̂k%3%UO":? $G$O� 0 = 15=34,

� 1 = � 2 = 5=34, � 3 = 9=34 $G$"$k!%

� = (� 0; � 1; : : :) $H$7$?$H$- !$ <0 (29) $N:G=i $N<0$O� = � P $HEy2A$G$"$k$3$H$KCm0U$9$k!%� j $r>uBVj $NDj

>o>uBV3NN( (steady state probabilit y) $H$$$$!$ � $rDj>o>uBVJ, I[ !J steady state distribution !K$H$$$&!%Dj5A$h$j !$

$b$7 � [0] = � $J$i $P � [1] = � P = � $G$"$k$N$G!$ 5"G<K!$K$h$j

� [n ] = � [n � 1]P = � ; n = 1; 2; : : :

$rF@$k!%$9$J$o$A=i 4| >uBVJ, I[ � [0] $, Dj>o>uBVJ, I[ � $KEy$7$1$l $P!$ G$0U$KA*$P$l $?;~ E@n $G$N>uBVJ, I[ � [n ]

$ODj>o>uBVJ, I[ � $KEy$7$$!%

Dj>o>uBVJ, I[ $O;~ 4VJ?6QJ, I[ $HL)@\$J4X78$, $"$k!%4{Ls$G@5:F5"E*$J%%̂k%3%UO":? $r ;~ 9o 0 $+$i N � 1 $N4V!$ 4Q;! $7
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$?$H$- !$ >uBVj $K$"$k;~ 4VJ?6Q$r gj (N ) $H$9$k!%

gj (N ) =
1
N

N � 1X

n =0

� [n ]
j

$3$3$Gg(N ) = (g0(N ); g1(N ); : : :) $H$9$k$H

g(N ) =
1
N

N � 1X

n =0

� [n ] =
1
N

N � 1X

n =0

� [0] P n

$rF@$k!%I $rC10L9TNs!$e $rA4$F$NMWAG$, #1$G$"$kNs%Y%/%H%k$H$7!$$3$NN>JU$KI � P + e� $r3] $1!$P e = e!$� [0] e = 1
$KCm0U$9$k$H

g(N )[I � P + e� ] =
1
N

� [0] (I � P N + N e� ) = � [0] I � P N

N
+ �

$H$J$k!%$5$i $K I � P + e� $, @5B'$G$"$j !$ � (I � P + e� ) � 1 = � $KCm0U$9$k$H

g(N ) = � [0] I � P N

N
(I � P + e� ) � 1 + �

$rF@$k!%$3$3$GN ! 1 $N6K8B$r9M$($k$H lim N !1 (I � P N )=N = lim N !1 (I � P [N ] )=N = O $H$J$k$N$G!$

lim
N !1

g(N ) = �

$, F@$i $l $k!%

$5$i $K!$>uBVj $+$i =PH/$7!$ J?6Q� j %9%F%C%W$G:F$S>uBVj $KLa$C$FMh$k$J$i $P!$J?6Q$7$F � j 2s$K0l 2s!$>uBV

j $rK,$l $k$3$H$K$J$k$N$G!$ Dj>o>uBVJ, I[ � $OJ?6Q:F5";~ 4V$N5U?t 1=� j $KEy$7$/ $J$k!%0J>e$h$j !$ <! $NDjM}$r

F@$k!%

DjM} 19 (%%̂k%3%UO":? $NDj>o>uBV3NN($H;~ 4VJ?6Q) 4{Ls$G@5:F5"E*$J%%̂k%3%UO":? $O<0 (29) $rK~$?$9M#0l $NDj

>o>uBV3NN($r$b$A!$$=$l $OJ?6Q:F5";~4V$N5U?t $KEy$7$$!%$^$?!$ ;~4VJ?6QJ, I[ $ODj>o>uBVJ, I[ $HEy$7$/ !$=i 4| >uBV

J, I[ $H$OFHN)$G$"$k!%

0l J} !$ 4{Ls!$ @5:F5"E*!$ $+$D!$ Hs<~4| E*$J%%̂k%3%UO":? $KBP$7$F$O<! <0$, @.N)$9$k!%

lim
n !1

p[n ]
i;j = lim

n !1
� [n ]

j = � [1 ]
j

>e<0$O!$n ! 1 $N6K8B$K$*$$$F%%̂k%3%UO":? $, $"$k>uBVj $K$"$k3NN($, =i 4| >uBVJ, I[ $H$OFHN)$G$"$k$3$H$r<($7

$F$$$k!%3NN( � [1 ]
j $O6K8B3NN( (limiting probabilit y) $H8F$P$l $k!%6K8B3NN($K4X$7$F$O<!$NDjM}$, CN$i $l $F$$$k!%

DjM} 20 (%%̂k%3%UO":? $N6K8B3NN() 4{Ls$J%%̂k%3%UO":? $, 2aEOE*$"$k$$$ONm:F5"E*$G$"$k>l 9g!$A4$F$N>uBVj 2 S

$KBP$7$F � [1 ]
j = 0 $G$"$k!%$^$?!$@5:F5"E*$+$DHs<~4| E*$G$"$k>l 9g!$6K8B3NN( � [1 ]

j $ODj>o>uBV3NN( � j $KEy$7$$!%

4.2 BT$A9TNs%b%G%k$N7OFb5R?t J, I[

0J2<$G07$o$l $kBT$A9TNs%b%G%k$O!$ $=$l $>$l !$ $"$k;v >] $, 5/ $3$C$?;~ E@$K$N$_CmL\ $9$k$H!$ 7OFb5R?t $K4X$9$k

N%;6 ;~ 4V%%̂k%3%UO":? $rF@$k$3$H$, $G$-$k!%$5$i $KF@$i $l $?%%̂k%3%UO":? $NDj>o>uBV3NN($rMQ$$$FDj>o>uBV$K$*

$1$k7OFb5R?t J, I[ $rF3=P$9$k<j K!$K$D$$$F2r@b$9$k!%

4.2.1 M =G=1 $N7OFb5R?t J, I[

E~CeN( � !$ %5!< %S%9;~ 4VJ, I[ 4X?t H (x)!$ J?6Q%5!< %S%9;~ 4Vb $r$b$DM =G=1 $r9M$($k!%
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p
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;~ 4V

5R$NE~Ce

c!' 5R$NN%C&D>8e

?^ 19: M =G=1 $N7OFb5R?t $NJQ2=

Nc 21 ==J, $KBg$-$J%P%C%U%!$r$b$D%k!< %?$, $"$j !$ =PNO2s@~$NMFNL$OC bps $G$"$k$H$9$k!%%Q%1%C%H$NE~Ce$, N(

� $N%]%o%=%s2aDx$K=>$$!$ %Q%1%C%HD9!J byte!K$NJ, I[ 4X?t $OG(x) $G$"$k$H$9$k!%$3$N$H$- !$ %k!< %?Fb$N%Q%1%C

%H?t $N?6Iq $$$O!$ E~CeN( � !$ %5!<%S%9;~ 4VJ, I[ 4X?t H (x) = G(8x=C) $r$b$DM =G=1 $G%b%G%k2=$G$-$k!%

0J2<$G$OMxMQN( � = �b $, � < 1 $G$"$k$H2>Dj$9$k!%Dj>o>uBV$K$*$1$k7OFb5R?t J, I[ $r5a$a$k$?$a!$ 5R$NN%C&

D>8e$KCmL\ $9$k!%n HVL\ $N5R$NN%C&D>8e$N7OFb5R?t $r X n $H$7!$ An $r n HVL\ $N5R$N%5!< %S%9;~ 4V$N4V$K?7$?$K

E~Ce$9$k5R?t $H$9$k!%

?^ 19 $K7OFb5R?t $NJQ2=$r<($9!%X n = 0 $J$i $P!$ $3$N8e!$ ;C$/ $N4V%5!< %P$O5Y;_ $7$F$*$j !$ <! $N5R$, E~Ce$9$k

$H%5!< %S%9$r3+;O$9$k!%$=$7$F!$ $3$N5R$N%5!< %S%9$, =*N;$7N%C&$, 5/ $3$C$?D>8e$N7OFb5R?t $O!$ $3$N5R$N%5!< %S

%9Cf$K?7$?$KE~Ce$7$?5R?t $KEy$7$$!%$9$J$o$AX n = 0 $J$i $PX n +1 = An +1 $H$J$k!%

0l J} !$ X n = i (i � 1) $J$i $P!$ 5R$NN%C&$N8e!$ D>$A$K<! $N%5!< %S%9$, 3+;O$5$l $k!%$3$N%5!< %S%9$N=*N;D>8e$K

$*$1$k7OFb5R?t $O!$%5!<%S%93+;O;~ E@$G4{$K7OFb$K$$$? i � 1 ?M$N5R$H%5!<%S%9Cf$K?7$?$KE~Ce$7$?5R?t $NOB$GM?

$($i $l $k!%$9$J$o$AX n � 1 $J$i $PX n +1 = X n � 1 + An +1 $G$"$k!%$h$C$F

X n +1 = max(X n � 1; 0) + An +1 (30)

$, @.N)$9$k!%

$5$i $K!$ 0l ?M$N5R$N%5!<%S%9;~4V$N4V$Kk ?M$N5R$, E~Ce$9$k3NN($r ak = Pr(An = k) $H$9$k$H!$ %]%o%=%sE~Ce

$N2>Dj$h$j ak $O

ak =
Z 1

0
e� �x (�x )k

k!
dH (x); k = 0; 1; : : : (31)

$GM?$($i $l !$ n $H$OFHN)$G$"$k!%

Nc 22 H (x) $, %Q%i%a%?� $N;X?t J, I[ $K=>$&$H$- !$ J, I[ 4X?t $O H (x) = 1 � exp(� �x ) $G$"$j !$ L)EY4X?t $O

h(x) = dH (x)=dx = � exp(� �x ) $H$J$k!%$h$C$F k = 0 $N>l 9g

a0 =
Z 1

0
e� �x �e � �x dx = �

Z 1

0
e� ( � + � )x dx =

�
� + �

$G$"$j !$ k � 1 $KBP$7$F$OIt J, @QJ, $9$k$3$H$G

ak =
Z 1

0
e� �x (�x )k

k!
�e � �x dx =

� k

k!
�

Z 1

0
xk e� ( � + � )x dx

=
� k

k!
�

��
�

xk

� + �
e� ( � + � )x

� 1

0
+

k
� + �

Z 1

0
xk � 1e� ( � + � )x dx

�
=

�
� + �

Z 1

0

(�x )k � 1

(k � 1)!
�e � ( � + � )x dx

=
�

� + �
ak � 1 =

�
�

� + �

� 2

ak � 2 = � � � =
�

�
� + �

� k

a0
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?^ 20: M/G/1 BT$A9TNs$KBP$9$k1#$l %%̂k%3%UO":? $N>uBVA+0\ ?^!J X n = 0!K
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a1

-a2

q
a3

R

a4

?^ 21: M/G/1 BT$A9TNs$KBP$9$k1#$l %%̂k%3%UO":? $N>uBVA+0\ ?^!J X n = i � 1!K

$H$J$j !$ :G=*E*$K

ak =
�

�
� + �

� k �
� + �

; k = 0; 1; : : :

$rF@$k!%

0J>e$N5DO@$+$i !$ n + 1 HVL\ $N5R$NN%C&D>8e$N7OFb5R?t X n +1 $N3NN(J, I[ $On HVL\ $N5R$NN%C&D>8e$N7OFb5R?t

X n $N$_$K0MB8$7$F$*$j !$ $=$l 0JA0$N5R$NN%C&;~ E@$G$N7OFb5R?t $H$OFHN)$H$J$k!%$9$J$o$A!$ X n $O%%̂k%3%U@-$r

$b$D$3$H$, $o$+$k!%$3$N$h$&$K7OFb5R?t $, CmL\ $9$k;~ E@$G%%̂k%3%U@-$r$b$D$H$- !$ $3$l $i $N;~ E@$r1#$l %%̂k%3%U

E@!J imbeddedMarkov point !K$H$$$$!$ $=$N$h$&$J;~ E@$N$_$KCmL\ $7$F9=@.$5$l $?%%̂k%3%UO":? X n $r1#$l %%̂k

%3%UO":? !J imbeddedMarkov chain!K$H8@$&!%

Dj>o>uBV$K$*$1$kN%C&D>8e$N7OFb5R?t J, I[ $r5a$a$k$?$a!$ 1#$l %%̂k%3%UO":? X n $NA+0\ 3NN( pi;j = Pr(X n +1 =

j j X n = i ) $r9M$($k!%<0 (30) $h$j X n = 0 $J$i $PAn +1 = X n +1 $J$N$G

p0;j = aj ; j = 0; 1; : : :

$rF@$k!J ?^ 20 ;2 >H!K!%$^$?!$ X n = i � 1 $J$i $PAn +1 = X n +1 � X n + 1 $J$N$G

pi;j =

(
aj � i +1 ; j = i � 1; i; : : :

0; j = 0; : : : ; i � 2

$rF@$k!J ?^ 21 ;2 >H!K!%0J>e$h$j !$ 5R$NN%C&D>8e$N7OFb5R?t $NA+0\ 3NN(9TNsP $O

P =

0

B
B
B
B
B
B
B
B
B
@

a0 a1 a2 a3 a4 : : :

a0 a1 a2 a3 a4 : : :

0 a0 a1 a2 a3 : : :

0 0 a0 a1 a2 : : :

0 0 0 a0 a1 : : :
...

...
...

...
...

. . .

1

C
C
C
C
C
C
C
C
C
A

$GM?$($i $l $k!%>uBV0 $+$i $O#1%9%F%C%W$GG$0U$N>uBVj $KE~C#2DG=$G$"$j !$ $+$D!$ G$0U$N>uBVj (j = 1; 2; : : :) $+

$i $Oj %9%F%C%W$G>uBV0 $KE~C#2DG=$J$N$G!J $=$N$h$&$J3NN($Oaj
0!K!$ %%̂k%3%UO":? X n $O4{Ls$G$"$k$3$H$, J, $+

$k!%$h$C$F0J2<$G$OX n $NDj>o>uBV3NN($, B8:_ $9$k$H2>Dj$9$k!%

5R$NN%C&D>8e$K$*$1$k7OFb5R?t $, k ?M$G$"$kDj>o>uBV3NN($r � k $H$9$k!%$3$N$H$-Dj>o>uBVJ, I[ � = (� j ) $O

� = � P ;
1X

j =0

� j = 1
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$rK~$?$9!%� = � P $rMWAGKh$K=q$-2<$; $P

� j = � 0aj +
j +1X

i =1

� i aj +1 � i ; j = 0; 1; : : : (32)

$G$"$k!%

$3$3$G<0 (32) $NN>JU$r j = 0 $+$i k � 1 $^$G2C$($k$H

k � 1X

j =0

� j = � 0

k � 1X

j =0

aj +
k � 1X

j =0

j +1X

i =1

� i aj +1 � i

= � 0

k � 1X

j =0

aj +
kX

i =1

k � 1X

j = i � 1

� i aj +1 � i

= � 0

k � 1X

j =0

aj +
kX

i =1

� i

k � iX

j =0

aj

= � 0

k � 1X

j =0

aj +
k � 1X

i =1

� i

k � iX

j =0

aj + � k a0

$rF@$k!%$3$l $r � k $K$D$$$F2r$/ $H

� k a0 = � 0

0

@1 �
k � 1X

j =0

aj

1

A +
k � 1X

i =1

� i

0

@1 �
k � iX

j =0

aj

1

A (33)

$H$J$k!%0l 2s$NA+0\ $G9b!9 0l $D$7$+7OFb5R?t $, 8: $i $J$$$3$H$KCm0U$9$k$H!$<0 (33) $N:8 JU$O7OFb5R?t $, k 0J>e$+

$i k � 1 0J2<$K8: >/$9$k3NN(%U%m!< $NNL$H8+$J$9$3$H$, $G$- !$ 0l J} !$ 1&JU$O7OFb5R?t $, k � 1 0J2<$+$i k 0J>e$K

$J$k3NN(%U%m!< $NNL$H8+$J$9$3$H$, =PMh$k!%0l HL$K!$ Dj>o>uBV$G$O7OFb5R?t $, k $Hk � 1 $N4V$r2#@Z$k%U%m!< $N

NL$OEy$7$/ $J$k!%

Dj>o>uBV$K$*$$$FG$0U$KA*$P$l $?;~E@$G7OFb5R?t $, k ?M$G$"$k3NN($r pk $H$9$k!%� k $O5R$NN%C&D>8e$K$*$1$k

7OFb5R?t J, I[ $G$"$j !$ 0l HL$K$Opk $H$O0[ $J$k$, !$ M =G=1 $K$*$$$F$ON><T$, 0l CW$9$k (Gross and Harris 1998)!%

JdBj 23 5R$NE~Ce$J$i $S$KN%C&$, =g=x@-$r$b$DDj>o>uBV$K$"$kBT$A9TNs%b%G%k$K$*$$$F!$ 5R$NE~CeD>A0$N7OFb5R

?t J, I[ $H5R$NN%C&D>8e$N7OFb5R?t J, I[ $OEy$7$$!%$5$i $K!$ $3$N$H$- !$ C10L;~ 4VEv$?$j $K7OFb5R?t $, k $+$i k + 1

$XJQ2=$9$kJ?6Q2s?t $OC10L;~4VEv$?$j $K7OFb5R?t $, k + 1 $+$i k $XJQ2=$9$kJ?6Q2s?t $KEy$7$$!%

$^$: !$ 7OFb5R?t $r ;~4V$N4X?t $H$7$FD/$a$k$H0l 2s$NJQ2=$G9b!9 1 $7$+F0$+$J$$3, CJ4X?t $G$"$k!J ?^ 19 ;2 >H!K!%$=$3$G!$
A k (t ) $r ;~ 4V6h4V (0; t ] $N4V$K7OFb5R?t $, k $+$i k + 1 $KA}2C$7$?;~ E@$N?t $H$7!$ D k (t ) $r ;~ 4V6h4V (0; t ] $N4V$K7OFb
5R?t $, k + 1 $+$i k $K8: >/ $7$?;~ E@$N?t $H$9$k!%$3$N$H$- A(t) =

P 1
k =0 A k (t ) $O;~ 4V6h4V (0; t ] $N4V$KE~Ce$9$kAm5R

?t $r I= $7!$ D (t) =
P 1

k =0 D k (t ) $O;~ 4V6h4V (0; t ] $N4V$KN%C&$7$?Am5R?t $r I= $9$3$H$KCm0U$9$k!%Dj5A$h$j

� k = lim
t !1

D k (t )
D (t)

$G$"$k!%$3$3$GL (t) $r ;~9o t $K$*$1$k7OFb5R?t $H$9$k$HL (t) = L (0) + A(t) � D (t) $, @.N)$9$k!%$h$C$F

lim
t !1

D k (t )
D (t)

= lim
t !1

A k (t )
A(t)

�
A(t)

A(t) + L (0) � L (t)
+ lim

t !1

D k (t ) � A k (t )
D (t)

$rF@$k!%$5$i $KL (0) < 1 !$$+$D!$L (t) $,6K8BJ, I[ $r$b$D$H2>Dj$9$k$H!$t ! 1 $N6K8B$G$OA(t)=[A(t)+ L (0) � L (t)] ! 1
$H$J$j !$ 0l J} !$ jA k (t ) � D k (t )j � 1 $G$"$k$N$G[D k (t ) � A k (t )]=D(t) ! 0 $H$J$k!%$9$J$o$A

lim
t !1

D k (t )
D (t)

= lim
t !1

A k (t )
A(t)

(34)

$, @.N)$9$k!%<0 (34) $O5R$NN%C&D>8e$N7OFb5R?t J, I[ $, 5R$NE~CeD>A0$N7OFb5R?t J, I[ $HEy$7$$$H$$$&$3$H$r<($7$F$$$k!%
$^$?<0 (34) $r

lim
t !1

D k (t )
t

t
D (t)

= lim
t !1

A k (t )
t

t
A(t)
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?^ 22: M =D=1 $N7OFb5R?t $N?~LnJ, I[ !J b = 1!K

$N$h$&$KJQ7A$7!$ lim t !1 A(t)=t = lim t !1 D (t)=t $KCm0U$9$k$H

lim
t !1

D k (t )
t

= lim
t !1

A k (t )
t

(35)

$rF@$k!%<0 (35) $OC10L;~ 4VEv$?$j $K>uBVk $r8+$kJ?6QE~Ce5R?t $, N%C&D>8e$K>uBVk $r8+$kJ?6QN%C&5R?t $KEy$7$$$3$H

$r<($7$F$$$k!%0J>e$r$^$H$a$FJdBj 23 $rF@$k!%

0l J} !$ 5R$NE~Ce$, %]%o%=%s2aDx$K=>$&$J$i $P!$ Dj>o>uBV$K$*$$$F5R$NE~CeD>A0$N7OFb5R?t J, I[ $ODj>o>uBVJ, I[

$KEy$7$$!%$=$l $f $(JdBj 23 $h$j !$ N%C&D>8e$N7OFb5R?t J, I[ $ODj>o>uBVJ, I[ $KEy$7$/ $J$k!%FC$K � 0 = p0 $G$"$j !$

p0 $O%5!< %P$, 2TF/$7$F$$$J$$3NN($J$N$G!$ � 0 = p0 = 1 � � $rF@$k!%

$3$N$h$&$K!$ <0 (33) $h$j � k $, =g<!5a$^$j !$N%C&D>8e$N7OFb5R?t J, I[ f � k ; k = 0; 1; : : :g $ODj>o>uBV$K$*$1$k7O

Fb5R?t J, I[ f pk ; k = 0; 1; : : :g $KEy$7$$!%0J>e$r$^$H$a$F<! $NDjM}$rF@$k!%

DjM} 24 � < 1 $N$H$- !$ M =G=1 $NDj>o>uBV$K$*$1$k7OFb5R?t J, I[ f pk ; k = 0; 1; : : :g $O<!<0$K$h$j 7W;; $5$l $k!%

p0 = 1 � �

pk =
1
a0

2

4p0

0

@1 �
k � 1X

j =0

aj

1

A +
k � 1X

i =1

pi

0

@1 �
k � iX

j =0

aj

1

A

3

5 ; k = 1; 2; : : :

?^ 22 $O%5!< %S%9;~ 4V$, 1 $G$"$k M =D=1 $N7OFb5R?t L $N?~LnJ, I[ !J tail distribution !K Pr(L > k) $rBP?t <4

$G<($7$F$$$k!%?^$h$j !$ Bg$-$J k $NCM$KBP$7$F$OPr(L > k) $O0l Dj$NN($G8: >/ $9$k$3$H$, $o$+$k!%$9$J$o$A!$ ==

J, Bg$-$J k $KBP$7$F7OFb5R?t $N?~LnJ, I[ $Od > 0!$0 < r < 1 $J$kDj?t d!$ r $rMQ$$$F Pr(L > k) � drk $H$J$C$F

$$$k!%

<!$K7OFb5R?tJ, I[ $N@QN($r7W;; $9$kJ}K!$r9M$($k!%$=$N=`Hw$H$7$F3NN(Jl 4X?t!J probabilit y generatingfunction !K

$rF3F~$9$k!%8HsIi $N@0?t CM$r<h$k3NN(JQ?t X $KBP$7$F

G� (z) = E
�
zX �

=
1X

j =0

Pr(X = j )zj ; jzj � 1

$r X $N3NN(Jl 4X?t $H$$$&!%3NN(Jl 4X?t G� (z) $O<! $N@-<A$r$b$D!%

1. G� (z) $Ojzj � 1 $G<}B+$7!$ jzj < 1 $G2?2s$G$bHyJ, 2DG=$G$"$k!%

83NN(Jl 4X?t $OZ JQ49$H$b8F$P$l $k!%
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2. G(n ) (z) $r G� (z) $Nn 3, F34X?t $H$9$k$H!$ E[X n ] < 1 $J$i $PG(n ) (1) = E[X (X � 1) � � � (X � n + 1)] $G

$"$j !$ $3$l $On <!$N3, >h@QN(!J factorial moment !K$H8F$P$l $k!%FC$KX $NJ?6QE[X ] $OG(1) (1) $GM?$($i

$l !$ 2 <! @QN( E[X 2] $OG(2) (1) + G(1) (1) $GM?$($i $l $k!%

3. 3NN(J, I[ $H3NN(Jl 4X?t $O#1BP#1$KBP1~$7$F$$$k!%

4. FHN)$JFs$D$N3NN(JQ?t X !$ Y $N3NN(Jl 4X?t $r$=$l $>$l G�
X (z)!$ G�

Y (z) $H$9$k$H!$ $3$l $i $NOBZ = X + Y

$N3NN(Jl 4X?t G�
Z (z) $OG�

Z (z) = G�
X (z)G�

Y (z) $GM?$($i $l $k!%

0l J} !$HsIi $NCM$r<h$k!J O"B3!K3NN(JQ?t X $KBP$7$F$O%i%W%i%9!&%9%F%#%k%A%'%9JQ49!J Laplace-Stieltjestransform!K

$, $"$k!%9HsIi $N3NN(JQ?t X $NJ, I[ 4X?t $r G(x) $H$7$?$H$-!$ 3NN(JQ?t X $KBP$9$k%i%W%i%9!&%9%F%#%k%A%'%9JQ

49 G� (s) $O

G� (s) = E
�
e� sX �

=
Z 1

0
e� sx dG(x); Re(s) > 0

$GM?$($i $l $k!%X $NL)EY4X?t g(x) = dG(x)=dx $, B8:_ $9$k>l 9g$O!$

G� (s) =
Z 1

0
e� sx g(x)dx

$G$"$j !$L)EY4X?t $KBP$9$kDL>o$N%i%W%i%9JQ49$HEy2A$G$"$k!%%i%W%i%9!&%9%F%#%k%A%'%9JQ49$OL)EY4X?t $, B8:_ $7

$J$$$h$&$J>l 9g$KDL>o$N%i%W%i%9JQ49$r3HD%$7$?$b$N$H8+$k$3$H$, $G$-$k!%%i%W%i%9!&%9%F%#%k%A%'%9JQ49$O<!

$N@-<A$r$b$D!%

1. G� (s) $ORe(s) � 0 $G<}B+$7!$ Re(s) > 0 $G2?2s$G$bHyJ, 2DG=$G$"$k!%

2. G� (n ) (s) $r G(s) $Nn 3, F34X?t $H$9$k$H!$E[X n ] < 1 $J$i $PG� (n ) (0) = (� 1)n E[X n ] $H$J$k!%FC$KX $N

J?6QE[X ] $O� G� (1) (0) $GM?$($i $l !$ 2 <! @QN( E[X 2] $OG� (2) (0) $GM?$($i $l $k!%

3. 3NN(J, I[ $H%i%W%i%9!&%9%F%#%k%A%'%9JQ49$O#1BP#1$KBP1~$7$F$$$k!%

4. FHN)$J3NN(JQ?t X !$ Y $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49$r$=$l $>$l G�
X (s)!$ G�

Y (s) $H$9$k$H!$ $=$l $i $NOB

Z = X + Y $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49 G�
Z (s) $OG�

Z (s) = G�
X (s)G�

Y (s) $GM?$($i $l $k!%

0J>e$N=`Hw$N$b$H$GM =G=1 $N5R$NN%C&;~ E@$K$*$1$k7OFb5R?t J, I[ $N3NN(Jl 4X?t

L � (z) =
1X

j =0

� j zj

$rF3$/ !%L � (z) $ODj>o>uBV$K$*$1$k7OFb5R?t J, I[ $N3NN(Jl 4X?t $KEy$7$$$3$H$KCm0U$9$k!%<0 (32) $NN>JU$Kzj $r

3] $1!$ j = 0 $+$i L58BBg$^$GOB$r<h$k$H

L � (z) = � 0

1X

j =0

aj zj +
1X

j =0

j +1X

i =1

� i aj +1 � i zj

= � 0A � (z) +
1
z

1X

i =1

� i zi
1X

j = i � 1

aj +1 � i zj +1 � i

= � 0A � (z) +
1
z

(L � (z) � � 0) A � (z) (36)

$rF@$k!%$?$@$7 A � (z) $OG$0U$KA*$P$l $?5R$N%5!<%S%9;~4V$N4V$KE~Ce$9$k5R?t $N3NN(J, I[ f ak ; k = 0; 1; : : :g $N3N

N(Jl 4X?t $G$"$j

A � (z) =
1X

k=0

ak zk =
1X

k=0

Z 1

0
e� �x (�x )k

k!
dH (x)zk

=
Z 1

0
e� �x

1X

k=0

(�z x)k

k!
dH (x) =

Z 1

0
e� � (1 � z)x dH (x)

9%i%W%i%9!&%9%F%#%k%A%'%9JQ49$ON%;6 3NN(JQ?t $KBP$7$F$bDj5A$G$-$k$, !$ N%;6 3NN(JQ?t $KBP$7$F$O!$ DL>o!$ 3NN(Jl 4X?t $rMQ$$$k!%
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$GM?$($i $l $k!%$3$3$G!$ %5!<%S%9;~ 4VJ, I[ $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49

H � (s) =
Z 1

0
e� sx dH (x)

$rMQ$$$l $P

A � (z) = H � (� � �z )

$H$J$k!%<0 (36) $r L � (z) $K$D$$$F2r$/ $H

L � (z) =
� 0(z � 1)H � (� � �z )

z � H � (� � �z )

$rF@$k!%1&JU$K8=$l $kL$CN?t � 0 $O@55, 2=>r7o L � (1) =
P 1

j =0 � j = 1 $rMQ$$$FDj$a$k$3$H$, $G$-$k!%$9$J$o$A

1 = lim
z! 1�

L � (z) =
� 0

1 � �
(37)

$H$J$k$N$G!$ � 0 = 1 � � $, F@$i $l L � (z) $, 40A4$K7hDj$5$l $k!%

DjM} 25 (M =G=1 $N7OFb5R?t J, I[ $NJl 4X?t ) � < 1 $N$H$- !$ M =G=1 $N7OFb5R?t J, I[ f pk ; k = 0; 1; : : :g $N3NN(Jl

4X?t L � (z) $O

L � (z) =
(1 � � )(z � 1)H � (� � �z )

z � H � (� � �z )
(38)

$GM?$($i $l $k!%

3NN(Jl 4X?t $N@-<A$h$j !$L � (z) $rHyJ, $9$k$3$H$G7OFb5R?t J, I[ $N3, >h@QN($r5a$a$k$3$H$, $G$-$k!%Dj>o>uBV$K$*

$1$k7OFb5R?t J, I[ $Nn <! $N3, >h@QN($r L (n ) $H$7!$ b(n ) $r%5!< %S%9;~4VJ, I[ $Nn <! @QN($H$9$k!%<0(38) $NN>JU$r

n 2sHyJ, $7!$ z ! 1 $H$9$l $P!$ 7OFb5R?t J, I[ $N3, >h@QN($O<! $N:F5"<0$rK~$?$9$3$H$r<($9$3$H$, $G$-$k!%

L (n ) =
n � 1X

k=0

�
n + 1

k

�
� n +1 � k b(n +1 � k ) L (k )

(n + 1)(1 � � )
+ � n b(n ) ; n = 1; 2; : : :

$?$@$7 L (0) = 1 $H$7$?!%FC$KJ?6Q7OFb5R?t E[L ] = L (1) $O

E[L ] =
� 2b(2)

2(1 � � )
+ �

$GM?$($i $l $k!%$5$i $K%j%H%k$N8x<0$h$j !$ J?6QBZ:_ ;~ 4VE[W ] $O

E[W ] =
�b (2)

2(1 � � )
+ b

$H$J$k!%?^ 23 $OMxMQN( � $KBP$7$FJ?6Q7OFb5R?t $r<($7$?$b$N$G$"$k!%J?6Q7OFb5R?t $OMxMQN( � $N$_$J$i $: !$%5!<

%S%9$NJQF0MW0x b(2) $K$b0MB8$9$k$3$H$KCm0U$9$k!%FC$K � $, Hf3SE*Bg$-$$>l 9g!$ b(2) $N1F6A$, 82Cx$K$J$k!%$^$?!$

$$$: $l $N>l 9g$b � $, 1 $K6aIU$/ $HJ?6Q7OFb5R?t $, 5^7c$KA}Bg$9$k$3$H$, J, $+$k!%

4.2.2 M =G=1=K $N7OFb5R?t J, I[

E~CeN( � !$%5!<%S%9;~4VJ, I[ 4X?t H (x)!$ J?6Q%5!<%S%9;~4Vb $r$b$DM =G=1=K $r9M$($k!%%7%9%F%M̀FNL$, K

$J$N$G!$ $"$k5R$NE~Ce;~ $K7OFb5R?t $, K ?M$G$"$l $P!$ $3$N5R$O4~5Q$5$l 8FB;$H$J$k!%Nc21 $K$*$$$F!$ %k!< %?$N

%P%C%U%!$, 9b!9 K %Q%1%C%H$7$+J] ;} $G$-$J$$$H2>Dj$9$l $P!$ $=$N$h$&$J%k!<%?$N?6Iq $$$OM =G=1=K $G%b%G%k

2=$G$-$k!%

Dj>o>uBV$K$*$1$k7OFb5R?t J, I[ $rF3$/ $?$a!$ M =G=1 $N>l 9g$HF1$8$/ !$ 5R$NN%C&D>8e$KCmL\ $9$k!%X n $r n HV

L\ $N5R$NN%C&D>8e$N7OFb5R?t $H$7!$ An $r n HVL\ $N5R$N%5!< %S%9Cf$K?7$?$KE~Ce$9$k5R?t $H$9$k!%%7%9%F%$̀K$O
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?^ 23: M =G=1 $NJ?6Q7OFb5R?t !J b = 1!K

9b!9 K ?M$N5R$7$+B8:_ $7F@$J$$$N$G!$ N%C&D>8e$N7OFb5R?t $O9b!9 K � 1 $G$"$k$3$H$KCm0U$9$k!%M =G=1=K $N

7OFb5R?t $N?6Iq $$$O!$ $3$NE@$r=| $1$PM/G/1 $HF1$8$G$"$k$N$G!$ M =G=1 $K$*$$$F5R?t $, K � 1 0J>e$KA+0\ $9

$k>l 9g$O!$ M =G=1=K $G$OA4$F>uBVK � 1 $KA+0\ $9$k$3$H$K$J$k!%$9$J$o$A

X n +1 = min(max(X n � 1; 0) + An +1 ; K � 1)

$, @.N)$9$k!%$3$N<0$h$j M =G=1 $N>l 9g$HF1MM$KX n $O%%̂k%3%U@-$r$b$A!$ 5R$NN%C&D>8e$O1#$l %%̂k%3%UE@$H$J

$k$3$H$, $o$+$k!%

$5$i $KM =G=1 $N>l 9g$HF1MM$N5DO@$K$h$j !$ A+0\ 3NN( pi;j !J i; j = 0; 1; : : : ; K � 1!K$O<! <0$GM?$($i $l $k!%

p0;j =

(
aj ; j = 0; 1; : : : ; K � 2;

aK � 1; j = K � 1

pi;j =

8
><

>:

0; i = 1; : : : ; K � 1; j = 0; : : : ; i � 2;

aj +1 � i ; i = 1; : : : ; K � 1; j = i � 1; : : : ; K � 2;

aK � i ; i = 1; : : : ; K � 1; j = K � 1

$?$@$7

aj =
1X

i = j

ai = 1 �
j � 1X

i =0

ai

$G$"$k!%$h$C$F5R$NN%C&D>8e$N7OFb5R?t $NA+0\ 3NN(9TNsP (K ) $O

P (K ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
@

a0 a1 a2 a3 : : : aK � 2 aK � 1

a0 a1 a2 a3 : : : aK � 2 aK � 1

0 a0 a1 a2 : : : aK � 3 aK � 2

0 0 a0 a1 : : : aK � 4 aK � 3

0 0 0 a0 : : : aK � 5 aK � 4

...
...

...
...

. . .
...

...

0 0 0 0 : : : a0 a1

1

C
C
C
C
C
C
C
C
C
C
C
C
A

$GM?$($i $l !$ Dj>o>uBVJ, I[ � (K ) = (� (K )
j ) $O

� (K ) = � (K ) P (K ) ;
K � 1X

j =0

� (K )
j = 1
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$rK~$?$9!%� (K ) = � (K ) P (K ) $rMWAGKh$K=q$-2<$; $P

� (K )
j = � (K )

0 aj +
j +1X

i =1

� (K )
i aj +1 � i ; j = 0; : : : ; K � 2 (39)

� (K )
K � 1 = � (K )

0 aK � 1 +
K � 1X

i =1

� (K )
i aK � i

$G$"$k!%� (K )
j $, K~$?$9$Y$-J} Dx<0$O� (K ) = � (K ) P (K ) $+$i K 8DF@$i $l $k$, !$ 9TNsP (K ) $N%i%s%/$OK � 1 $G

$"$k$N$G!$ $=$NFb0l $D$O>i D9$G$"$k!%$h$C$F!$ Nc$($P!$ >e$K5s$2$?<0 (39) $H@55, 2=>r7o
P K � 1

j =0 � (K )
j = 1 $K$h$C

$F � (K )
j $O0l 0U$K7hDj$5$l $k!%

$3$3$Gj = 0; : : : ; K � 2 $N>l 9g!$ � (K )
j $OM =G=1 $HF1$8<0$K;YG[$5$l $F$$$k$3$H$KCm0U$9$k!%$3$l $h$j !$ � (K )

0

$KBP$7$FE,Ev$JHsIi $N=i 4| CM$rM?$(!$ =g<! � (K )
j !J j = 1; : : : ; K � 1!K$r<0 (33) $h$j 7W;; $7!$ 3NN($NAmOB$, #1$H$J

$k$h$&$K@55, 2=$7$F$d$l $P5R$NN%C&;~ E@$K$*$1$kDj>o>uBV3NN($r5a$a$k$3$H$, $G$-$k!%

<!$K!$Dj>o>uBV$K$*$$$FG$0U$KA*$P$l $?;~ E@$K$*$1$k7OFb5R?t J, I[ f p(K )
j ; j = 0:1: : : : ; K g $r5a$a$k!%5R$NN%C&

D>8e$N7OFb5R?t $O9b!9 K � 1 $G$"$k$, !$ G$0U$KA*$P$l $?;~ E@$K$*$1$k7OFb5R?t $OK $G$"$k2DG=@-$, $"$k$3$H$K

Cm0U$9$k!%5R$NE~Ce$O%]%o%=%s2aDx$K=>$C$F$$$k$?$a!$ 8FB;N($O7OFb$KK ?M$N5R$, $$$kDj>o>uBV3NN( p(K )
K $KEy

$7$$!%$5$i $KE~Ce$7$?5R$, 7OFb$K<}MF$5$l $k$H$$$&>r7o$N2<$G!$ $=$N5R$, E~CeD>A0$K8+$k5R?t J, I[ $ON%C&D>8e$N

5R?t J, I[ $KEy$7$$$?$a!$
p(K )

j

1 � p(K )
K

= � (K )
j ; j = 0; : : : ; K � 1 (40)

$rF@$k!%FC$K j = 0 $r9M$($k$H

p(K )
0 =

�
1 � p(K )

K

�
� (K )

0 (41)

$, @.N)$9$k!%

0l J} !$C10L;~4VEv$?$j $K%5!<%S%9$r3+;O$9$kJ?6Q5R?t $O
�

1 � p(K )
K

�
� $G$"$j !$%5!<%P$G$NJ?6QBZ:_ ;~4V$Ob $J$N

$G!$� = �b $H$9$k$H%j%H%k$N8x<0$h$j %5!<%P$K$$$kJ?6Q5R?t !$$9$J$o$A%5!<%P$, 2TF/$7$F$$$k3NN($O
�

1 � p(K )
K

�
�

$GM?$($i $l $k!%$h$C$F

p(K )
0 = 1 �

�
1 � p(K )

K

�
� (42)

$, @.N)$9$k!%$5$i $K!$ <0 (41) 5Z$S<0 (42) $h$j
�

1 � p(K )
K

�
� (K )

0 = 1 �
�

1 � p(K )
K

�
� (43)

$H$J$j !$$3$l $r p(K )
K $K$D$$$F2r$1$Pp(K )

K $,F@$i $l $k!%0l J} !$<0 (40) $h$j p(K )
j = (1� p(K )

K )� (K )
j (j = 0; : : : ; K � 1)

$J$N$G<!$NDjM}$rF@$k!%

DjM} 26 � (K )
j (j = 0; : : : ; K � 1) $r<0 (33) $rK~$?$7!$ $+$D!$ OB$, #1$G$"$k@5?t $H$9$k!%$3$N$H$- M =G=1=K $N

7OFb5R?t J, I[ f p(K )
j ; j = 0; : : : ; K g $O

p(K )
j =

� (K )
j

� (K )
0 + �

; j = 0; : : : ; K � 1

p(K )
K = 1 �

1

� (K )
0 + �

$GM?$($i $l $k!%

$b$7 � < 1 $J$i $P!$ M =G=1=K $NN%C&D>8e$N7OFb5R?t J, I[ $O!$ M =G=1 $K$*$$$FN%C&D>8e$N7OFb5R?t $, K � 1 0J2<$G
$"$k$H$$$&>r7o$N2<$G$NN%C&D>8e$N>r7oIU$-7OFb5R?t J, I[ $KEy$7$$$3$H$, $o$+$k!%$J$<$J$i $P!$ <0 (33) $ON>J} $N%b%G
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?^ 24: M =D=1=K $N8FB;N(!J b = 1!K

%k$KBP$7$F@.N)$7!$ $3$N<0$K$h$C$F � j $J$i $S$K � ( K )
j !J j = 0; : : : ; K � 1!K$NHf$, 40A4$K7hDj$5$l $k$+$i $G$"$k!%$5$i

$K!$ � j = pj $G$"$k$N$G<! <0$rF@$k!%

� ( K )
j =

pj

K � 1X

k =0

pk

; j = 0; : : : ; K � 1

$3$N$h$&$K � < 1 $N>l 9g!$ Dj>o>uBV$K$*$1$k M =G=1=K $N7OFb5R?t J, I[ $O!$ BP1~$9$k M =G=1 $NDj>o>uBV7OFb5R?t J,
I[ $rMQ$$$FI= $9$3$H$, $G$-$k!%
$5$i $K!$ � < 1 $N2>Dj$N2<$G!$ BP1~$9$k M =G=1 $K$*$1$k5R?t $N?~LnJ, I[ pK $r<!<0$GDj5A$9$k!%

pK =
1X

j = K

pj = 1 �
K � 1X

j =0

pj

pK $OM =G=1 $K$*$$$F7OFb5R?t $, K 0J>e$G$"$kDj>o>uBV3NN($G$"$k!%p0 = 1 � � $J$i $S$K � ( K )
0 = p0=(1 � TK ) $K

Cm0U$7$F8FB;N( p( K )
K $r=q$-49$($k$H

p( K )
K = 1 �

1
1 � �

1 � pK
+ �

= 1 �
1 � pK

1 � � pK
=

(1 � � )pK

1 � � pK
(44)

$rF@$k!%$3$N$h$&$K � < 1 $N>l 9g!$ M =G=1=K $N8FB;N( p( K )
K $OBP1~$9$k M =G=1 $NMxMQN( � $H?~LnJ, I[ pK $rMQ$$

$FI= 8=$G$-$k!%

?^ 24 $O%5!<%S%9;~4V$, 1 $G$"$k M =D=1=K $N8FB;N( p(K )
K $rBP?t <4$G<($7$F$$$k!%?^$h$j !$Bg$-$J K $NCM$K

BP$7$F8FB;N($O%7%9%F%M̀FNL$KBP$7$F0l Dj$NN($G8: >/ $9$k$3$H$, $o$+$k!%$3$N@-<A$O<! $N$h$&$K@bL@$G$-$k!%$^

$: !$ ?^ 22 $G@bL@$7$?$h$&$KB?$/ $NC10l %5!< %PBT$A9TNs%b%G%k$G$O?~LnJ, I[ pK $OEyHf5i ?t E*$K8: >/ $9$k!%0l J} !$

<0 (44) $h$j p(K )
K = (1 � � )pK + o(pK ) $G$"$k$N$G!$==J, >.$5$J8FB;N($KBP$7$F$Op(K )

K � (1 � � )pK $H$J$k!%$h$C

$F K $, Bg$-$/ $J$k$H8FB;N($bEyHf5i ?t E*$K8: >/ $9$k!%$3$N@-<A$O!$ %k!< %?$, M =G=1=K $G%b%G%k2=2DG=$G$"$l

$P!$ %k!<%?$N%P%C%U%!MFNL$r#2G\$K$9$k$3$H$G8FB;N($r$*$h$=0l 7e>. $5$/ $G$-$k$3$H$r<($7$F$$$k!%

4.2.3 GI =M =1 $N5R?t J, I[

E~Ce4V3V$, J?6Q� � 1 $r$b$DFHN)F10l $JJ, I[ 4X?t G(x) $K=>$$!$ %5!< %S%9;~ 4V$, %Q%i%a%?� $N;X?t J, I[ $K=>$&

GI =M =1 $r9M$($k!%

Nc 27 ==J, $KBg$-$J%P%C%U%!$r$b$D%k!< %?$, $"$j !$ =PNO2s@~$NMFNL$OC bps$G$"$k$H$9$k!%%Q%1%C%H$NE~Ce4V3V

!J IC!K$, FHN)F10l $JJ, I[ 4X?t G(x) $K=>$$!$%Q%1%C%HD9!J byte!K$O%Q%i%a%?� $N;X?t J, I[ $K=>$&$H$9$k!%$3$N$H$-!$
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pp
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pp
pp
pp

;~ 4V

c!' 5R$NE~CeD>A0

5R$NE~Ce

?^ 25: GI =M =1 $N5R?t $NJQ2=

%k!<%?Fb$N%Q%1%C%H?t $N?6Iq $$$O!$E~Ce4V3VJ, I[ 4X?t G(x) $H%Q%i%a%?�C =8 $N;X?t %5!<%S%9$r$b$DGI =M =1 $G

%b%G%k2=$G$-$k!%

0J2<$G$OMxMQN($r � = �=� $H$7!$ � < 1 $G$"$k$H2>Dj$9$k!%Dj>o>uBV$K$*$1$k7OFb5R?t J, I[ $rF3$/ $?$a!$ 5R$N

E~CeD>A0$N7OFb5R?t $KCmL\ $9$k!%Yn $r n HVL\ $N5R$NE~CeD>A0$N7OFb5R?t $H$7!$ Bn $r n � 1 HVL\ $Hn HVL\ $NE~

Ce$N4V$KN%C&$7$?5R?t $H$9$k!%?^ 25 $KGI =M =1 $N5R?t $NJQ2=$r<($9!%

n HVL\ $N5R$NE~CeD>8e$N7OFb5R?t $OYn + 1 $G$"$j !$$3$N8e!$<!$NE~Ce$^$G$KBn +1 ?M$N5R$, N%C&$9$k$N$G!$Yn

$O<! <0$rK~$?$9!%

Yn +1 = Yn + 1 � Bn +1 ; n = 1; 2; : : :

$5$i $K Yn = i (i = 0; 1; : : :) $H$$$&2>Dj$N2<$G!$ $"$k5R$NE~CeD>A0$+$i <! $N5R$NE~CeD>A0$^$G$N4V$K k ?M

!J k = 0; : : : ; i !K$N5R$, %5!< %S%9$r<u$1$FN%C&$9$k3NN($r bk $H$9$k!%$b$7E~Ce4V3V$, x $G$"$l $P!$ bk $Ox $N4V$K

N( � $Gk ?M$N5R$N%5!< %S%9$, =*N;$9$k3NN($H$J$j !$ $3$l $OJ?6Q�x $N%]%o%=%sJ, I[ $K=>$&!%$h$C$F Yn = i $N$H

$- bk !J k = 0; : : : ; i !K$O

bk =
Z 1

0
e� �x (�x )k

k!
dG(x)

$GM?$($i $l !$ $3$N$H$- Yn +1 = i + 1 � k $H$J$k!%0l J} !$ i + 1 ?MA4$F$N%5!<%S%9$, =*N;$9$k>l 9g!$ Yn +1 = 0 $H$J

$j !$$3$N$h$&$J;v >]$O3NN( 1�
P i

k=0 bk $G5/ $3$k!%0J>e$N5DO@$h$j !$5R$NE~CeD>A0$N7OFb5R?t $KBP$9$kA+0\ 3NN($O

pi;j =

8
><

>:

bi +1 j = 0

bi +1 � j ; j = 1; : : : ; i + 1

0; j = i + 2; i + 3; : : :

$GM?$($i $l $k!%$?$@$7

bk =
1X

i = k

bi

$G$"$k!%$h$C$FA+0\ 3NN(9TNsP $O

P =

0

B
B
B
B
B
B
B
B
B
@

b1 b0 0 0 0 0 : : :

b2 b1 b0 0 0 0 : : :

b3 b2 b1 b0 0 0 : : :

b4 b3 b2 b1 b0 0 : : :

b5 b4 b3 b2 b1 b0 : : :
...

...
...

...
...

...
. . .

1

C
C
C
C
C
C
C
C
C
A

$H$J$j !$ E~CeD>A0$N5R?t $NDj>o>uBV3NN(%Y%/%H%k� = (� j ) $O

� = � P ;
1X

j =0

� j = 1
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$rK~$?$9!%� = � P $rMWAGKh$K=q$-2<$; $P

� 0 =
1X

i =0

� i bi +1 ; � j =
1X

i = j � 1

� i bi +1 � j ; j = 1; 2; : : : (45)

$G$"$k!%

$5$F!$ <0 (45) $N#2HVL\ $N<0$r 
 G\$7$?$b$N$H#2HVL\ $N<0$G� j +1 $KBP1~$9$k$b$N$N:9 $r<h$k$H


 � j � � j +1 =
1X

i = j � 1

(
 � i � � i +1 )bi +1 � j ; j = 1; 2; : : : (46)

$, @.N)$9$k!%$h$C$F!$ $b$7 0 < 
 < 1 $J$k 
 $KBP$7$F


 � j = � j +1 (47)

$G$"$k$J$i $P!$ <0 (46) $NN>JU$OEy$7$/ $J$k$?$a!$ <0 (45) $N#2HVL\ $N<0$, @.N)$7!$
P 1

j =0 � j = 1 $h$j

� j = (1 � 
 )
 j ; j = 0; 1; : : : (48)

$H$J$k!%$5$i $K!$$b$7!$<0 (48) $GM?$($i $l $k � j $, <0 (45) $N#1HVL\ $N<0$rK~$?$; $P!$Dj>o>uBV3NN($r;YG[$9$kA4

$F$N@)Ls$rK~$?$9$3$H$K$J$k!%Dj>o>uBV$, B8:_ $9$l $P$=$l $OM#0l $NDj>o>uBV3NN($r$b$D$?$a!$ $3$N$H$-<0 (48) $G

M?$($i $l $k � j $ODj>o>uBV3NN($KB>$J$i $J$$!%

$h$C$F!$ 0J2<$G$O<0 (48) $r2>Dj$7!$ 
 $r5a$a$k$3$H$r9M$($k!%<0 (45) $N#1HVL\ $N<0$K<0 (48) $rBeF~$9$k$H

1 � 
 =
1X

i =0

(1 � 
 )
 i bi +1

$H$J$j !$ $3$l $h$j

1 =
1X

i =0


 i bi +1 =
1 � G� (� � �
 )

1 � 

(49)

$rF@$k!%$?$@$7 G� (s) $OJ, I[ 4X?t G(x) $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49$G$"$j

G� (s) =
Z 1

0
e� sx dG(x)

$GM?$($i $l $k!%$=$l $f $( !$ $b$7


 = G� (� � �
 ) (50)

$J$k 0 < 
 < 1 $, B8:_ $9$l $P!$ E~CeD>A0$NDj>o>uBV3NN( � j $O<0 (50) $rK~$?$9 
 $rMQ$$$F<0 (48) $GM?$($i $l $k

$3$H$K$J$k!%

0 < 
 < 1 $J$k 
 $, B8:_ $9$k$?$a$N>r7o$O<! $N$h$&$K$7$FF@$i $l $k!%f (z) = G� (� � �z ) $H$*$/ $H!$ f (0) > 0!$

f (1) = 1 $G$"$j !$ df (z)=dz = � �dG � (s)=ds > 0 $+$Dd2f (z)=dz2 = � 2d2G� (s)=ds2 > 0 $G$"$k$N$G!$ z = f (z)

$, 6h4V (0,1) Fb$K2r$r ;} $D$?$a$N>r7o$Odf (z)=dzjz=1 � > 1 $G$"$k!J ?^ 26 ;2 >H!K!%$3$3$G

d
dz

f (z)jz=1 = � �
d
ds

G� (s)js=0 = � � � � � � 1 = � � 1

$J$N$G!$ � < 1 $J$i $Pdf =dzjz=1 � > 1 $G$"$j !$ <0 (50) $rK~$?$9 
 $O6h4V (0,1) Fb$KM#0l B8:_ $9$k!%

<! $KDj>o>uBV$K$*$1$kG$0U$KA*$P$l $?;~ E@$G7OFb5R?t $, j ?M$G$"$k3NN( pj $rE~CeD>A0$K$*$1$k7OFb5R?t $NDj

>o3NN( � j $rMQ$$$FI=$9$3$H$r9M$($k!%C10L;~4VEv$?$j $KE~Ce$9$kJ?6Q5R?t $O� $GM?$($i $l !$ E~Ce5R$O3NN( � j $G

E~Ce;~ $K j ?M$N5R$r8+$k!%$h$C$F!$ C10L;~ 4VEv$?$j $K7OFb5R?t $, j ?M$+$i j + 1 ?M$XJQ2=$9$kJ?6Q2s?t $O�� j $G

M?$($i $l $k!%0l J} !$ j + 1 ?M$+$i j ?M$X$NJQ2=$O!$$"$k;~E@$Gj + 1 ?M$N5R$, $*$j !$ %5!< %S%9$, =*N;$7$?$H$-5/ $3
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f (z)

z

?^ 26: f (z) = G� (� � �z ) $N5sF0

$k!%$h$C$F!$ C10L;~ 4VEv$?$j $K7OFb5R?t $, j + 1 ?M$+$i j ?M$XJQ2=$9$kJ?6Q2s?t $O�p j +1 $GM?$($i $l $k!%0l J} !$

JdBj 23 $h$j !$ Dj>o>uBV$G$O7OFb5R?t $, j ?M$+$i j + 1 ?M$XJQ2=$9$kJ?6Q2s?t $Oj + 1 ?M$+$i j ?M$XJQ2=$9$kJ?

6Q2s?t $KEy$7$$!%$h$C$F

�� j = �p j +1 ; j = 0; 1; : : :

$, @.N)$7

pj = �� j � 1; j = 1; 2; : : :

$H$J$k!%$^$? p0 = 1 �
P 1

j =1 pj $J$N$Gp0 = 1 � � $H$J$k!%100J>e$r$^$H$a$F<! $NDjM}$rF@$k!%

DjM} 28 � < 1 $N$H$- !$ Dj>o>uBV$K$*$1$k GI =M =1 $N7OFb5R?t J, I[ f pj ; j = 0; 1; : : :g $O<0 (50) $rK~$?$9M#0l $N


 2 (0; 1) $rMQ$$$F

p0 = 1 � �

pj = � (1 � 
 )
 j � 1; j = 1; 2; : : :

$GM?$($i $l $k!%

$^$?!$ DjM} 28 $J$i $S$K%j%H%k$N8x<0$h$j !$ GI =M =1 $NJ?6Q7OFb5R?t E[L ] $HJ?6Q7OFbBZ:_ ;~ 4V E[W ] $O$=$l

$>$l

E[L ] =
�

1 � 

; E [W ] =

1
� (1 � 
 )

$GM?$($i $l $k!%M =G=1 $NJ?6Q7OFb5R?t $J$i $S$KJ?6Q7OFbBZ:_ ;~ 4V$, %5!< %S%9;~ 4VJ, I[ $NJ?6Q$H2 <! @QN($G7h$^

$k$N$KBP$7!$GI =M =1 $G$O
 $, E~Ce4V3VJ, I[ $N4X?t $K$J$C$F$$$k$?$a!$3NN(J, I[ $=$N$b$N$K0MB8$7$F$$$k$3$H$K

Cm0U$9$k!%GI =M =1 $K$*$$$FE~Ce4V3VJ, I[ $, @-G=$KM?$($k1F6A$K$D$$$F$O<! @a$G2~$a$FO@$8$k!%

1i =, LdBj

#4>O$N<x6HFbMF3NG'

Ld 4.1 !! N%;6 ;~4V%%̂k%3%UO":? (1)
0J2<$NLd$$$KEz$($h!%

(1) 3NN(JQ?t NsX n !J n = 0; 1; : : :!K$, $I $N$h$&$J@-<A$r ;} $F$PN%;6 ;~ 4V%%̂k%3%UO":? $H8F$P$l $k$+=R$Y$h!%
(2) %%̂k%3%U@-$H$O$I $N$h$&$J@-<A$r ;X$9$+=R$Y$h!%
(3) N%;6 ;~ 4V%%̂k%3%UO":? $N$"$k>uBV$, :F5"E*$G$"$k$H$O$I $&$$$&0UL#$+!%$^$?2aEOE*$G$"$k$H$O$I $&$$$&0UL#$+!%
(4) $5$i $K:F5"E*$J>uBV$O@5:F5"E*$J$b$N$HNm:F5"E*$J$b$N$KJ, $1$i $l $k!%$=$l $>$l $I $&$$$&0UL#$+!%

10 %7%9%F%$̀, 6u$G$"$k3NN($, 1 � � $G$"$k$3$H$+$i !$ $3$N7k2L$O<+L@$G$"$k!%
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(5) 5, Ls$JN%;6 ;~ 4V%%̂k%3%UO":? $H$O$I $N$h$&$J$b$N$+!%
Ld 4.2 !! N%;6 ;~4V%%̂k%3%UO":? (2)

#2>uBV0, 1 $+$i $J$kN%;6 ;~ 4V%%̂k%3%UO":? X n $r9M$($k!%$"$k 0 < p;q; < 1 $KBP$7$F?d0\ 3NN($, Pr( X n +1 = 1 j X n =
0) = p!$ Pr( X n +1 = 0 j X n = 1) = q $GM?$($i $l $k$H$9$k!%

(1) A+0\ 3NN(9TNsP $r=q$-2<$; !%
(2) Dj>o>uBV3NN( � i !J i = 0; 1!K$r5a$a$h!%
(3) n %9%F%C%WA+0\ 3NN(9TNsP [n ] $r5a$a$h!%
(4) ;~ 9o 0 $K$*$$$F3NN( � $G>uBV0 $K$"$k$H$9$k!J Pr(X 0 = 0) = � !K!%$3$N$H$- !$ Pr(X n = 0) $*$h$S Pr( X n = 1)

!J n = 1; 2; : : :!K$r5a$a$h!%
(5) 6K8BJ, I[ lim n !1 Pr(X n = 0) $*$h$S lim n !1 Pr( X n = 1) $r5a$a!$ Dj>o>uBV3NN($HHf3S$; $h!%

Ld 4.3 !! M =G= 1 $N7OFb5R?t J, I[ (1)
E~CeN( � !$ %5!< %S%9;~ 4V$NL)EY4X?t $, h(x)!$ J?6Q%5!<%S%9;~ 4Vb $NM =G=1 $r9M$($k!%MxMQN( � = �b < 1 $H$9$k!%

(1) 0l $D$N%5!< %S%9;~ 4V$N4V$Kk ?M$N5R$, E~Ce$9$k3NN( ak $r5a$a$h!%FC$K%5!<%S%9;~4V$, %Q%i%a%?� $N;X?t J, I[ $K=>$&>l
9g!$ ak $O$I $N$h$&$K$J$k$+!%

(2) n HVL\ $N5R$NN%C&D>8e$N7OFb5R?t $r X n $H$9$k!%p0;j = Pr(X n +1 = j j X n = 0)!J j = 0; 1; : : :!K$r ak $rMQ$$$FI= $; !%
(3) F1MM$K!$ i = 1; 2; : : : $KBP$7$Fpi;j = Pr( X n +1 = j j X n = i )!J j = 0; 1; : : :!K$r ak $rMQ$$$FI= $; !%
(4) Dj>o>uBV$K$*$$$F5R$NN%C&D>8e$N7OFb5R?t $, j ?M!J j = 0; 1; : : :!K$G$"$k3NN($r � j $H$9$k!%� j $, K~$?$9<0$r<($; !%
(5) 0J2<$N4X78$, @.N)$9$k$3$H$r<($; !%$^$?!$ $3$N<0$O$I $N$h$&$J3NN(E*2r<a$, =PMh$k$+=R$Y$h!%

� k a0 = � 0

 

1 �
k � 1X

j =0

aj

!

+
k � 1X

i =1

� i

 

1 �
k � iX

j =0

aj

!

(6) Dj>o>uBV$K$*$1$kG$0U$N;~ E@$G7OFb5R?t $, j ?M!J j = 0; 1; : : :!K$G$"$k3NN($r pj $H$9$k!%pj = � j $H$J$kM}M3$r=R$Y$h!%
(7) %j%H%k$N8x<0$H(6) $N7k2L$rJ; MQ$7$F � 0 $r7hDj$; $h!%

Ld 4.4 !! Jl 4X?t (1)
0J2<$NLd$$$KEz$($h!%

(1) %Q%i%a%?� $r$b$D;X?t J, I[ $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49 G� (s) $r5a$a$h!%
(2) J?6Q� $N%]%o%=%sJ, I[ $N3NN(Jl 4X?t P � (z) $r5a$a$h!%

Ld 4.5 !! Jl 4X?t (2)
E~CeN( � !$ %5!< %S%9N( � $NDj>o$J M =M =1 $K$*$1$k7OFb5R?t J, I[ $O4v2?J, I[ pj = (1 � � )� j $GM?$( $i $l $k!%$?$@$7

� = �=� < 1 $G$"$k!%
(1) 7OFb5R?t $N3NN(Jl 4X?t L � (z) $r5a$a$h!%
(2) Dj>o>uBV$K$*$1$kJ?6Q7OFb5R?t E [L ] $r5a$a$h!%
(3) Dj>o>uBV$K$*$1$kJ?6QBT$A;~ 4VE [Wq ] $r5a$a$h!%

Ld 4.6 !! M =G= 1 $N7OFb5R?t J, I[ (2)
A0!9 Ld$HF1$8 M =G=1 $r9M$($k!%

(1) %5!< %S%9;~ 4VJ, I[ $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49$r H � (s) $H$9$k!%A0Ld (1) $G5a$a$? ak $N3NN(Jl 4X?t !J Z JQ49!K
A � (z) $r H � (s) $rMQ$$$FI= $; !%

(2) A0Ld (4) $G5a$a$?4X78<0$r85$K!$ � j $N3NN(Jl 4X?t !J Z JQ49!K L � (z) $r � 0 $J$i $S$KA � (z) $rMQ$$$FI= $; !%
(3) 3NN(Jl 4X?t $N@-<AL � (1) = 1 $rMxMQ$7$F � 0 $r7hDj$; $h!%
(4) L � (z) $rHyJ, $9$k$3$H$K$h$j !$ J?6Q7OFb5R?t E [L ] $r5a$a$h!%$?$@$7!$ %5!< %S%9;~ 4V$N#2<! @QN($r b(2) $H$9$k!%
(5) %j%H%k$N8x<0$rMxMQ$7$FJ?6QBT$A;~ 4VE [Wq ] $r5a$a$h!%

Ld 4.7 !! M =G= 1=K (1)
E~CeN( � !$ %5!< %S%9;~ 4V$NL)EY4X?t $, h(x)!$ J?6Q%5!< %S%9;~ 4V b!$ %7%9%F%$̀NMFNL$, K ?M$G$"$k M =G=1=K $r9M$($k!%

� = �b $H$; $h!%
(1) 0l $D$N%5!<%S%9;~4V$N4V$Kk ?M$N5R$, E~Ce$9$k3NN( ak $r5a$a$h!%$5$i $K!$0l $D$N%5!< %S%9;~ 4V$N4V$Kk ?M0J>e$N5R$,

E~Ce$9$k3NN( ak $r5a$a$h!%
(2) n HVL\ $N5R$NN%C&D>8e$N7OFb5R?t $r X n $H$9$k!%X n $N<h$j F@$kHO0O$r<($; !%
(3) p0;j = Pr(X n +1 = j j X n = 0)!J j = 0; 1; : : : ; K � 1!K$r ak !$ ak $rMQ$$$FI= $; !%
(4) F1MM$K!$ i = 1; 2; : : : $KBP$7$Fpi;j = Pr( X n +1 = j j X n = i )!J j = 0; 1; : : : ; K � 1!K$r ak !$ ak $rMQ$$$FI= $; !%
(5) Dj>o>uBV$K$*$$$F7OFb5R?t $, j ?M$G$"$k3NN($r � ( K )

j $H$9$k!%� ( K )
j $, K~$?$9<0$r<($; !%

(6) 0J2<$N4X78$, @.N)$9$k$3$H$r<($; !%$^$?!$ $3$N<0$O$I $N$h$&$J3NN(E*2r<a$, =PMh$k$+=R$Y$h!%

� ( K )
j a0 = � ( K )

0 aj +
j � 1X

i =1

� ( K )
i aj � i +1 ; j = 1; : : : ; K � 1

(7) A0Ld$N7k2L$rMQ$$$F � ( K )
j !J j = 0; 1; : : : ; K � 1!K$r5a$a$k<j =g$K$D$$$F=R$Y$h!%

(8) Dj>o>uBV$K$*$1$kG$0U$N;~E@$G7OFb5R?t $, j ?M!J j = 0; 1; : : : ; K !K$G$"$k3NN($r p( K )
j $H$9$k!%� ( K )

j !J j = 0; 1; : : : ; K !K

$r p( K )
j $rMQ$$$FI= $; !%

(9) %j%H%k$N8x<0$rMQ$$$F%5!< %S%9Cf$G$"$k3NN( 1 � p( K )
0 $, (1 � p( K )

K )� $GM?$($i $l $k$3$H$r<($; !%

(10) A0Ld$N7k2L$J$i $S$K j = 0 $KBP$9$k (8) $N7k2L$rMQ$$$Fp( K )
K $r � ( K )

0 $rMQ$$$FI= $; !%

(11) :G8e$K (8) !$ (10) $N7k2L$rMxMQ$7$F p( K )
j !J j = 0; 1; : : : ; K � 1!K$r � ( K )

j $rMQ$$$FI= $; !%

(12) p( K )
K $, 8FB;N(!J E~Ce$7$?5R$, %7%9%F%$̀KF~$l $J$$3NN(!K$rM?$($kM}M3$r=R$Y$h!%
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Ld 4.8 !! M =G= 1=K (2)
� < 1 $N2>Dj$N2<$G!$ A0Ld$HF1$8 M/G/1/K $HK ! 1 $N>l 9g$KBP1~$9$k M =G=1 $N4V$N4X78$r9M$($k!%M =G=1 $NDj>o

>uBV$K$*$1$k7OFb5R?t L $N3NN(4X?t $r
(1) pj = Pr( L = j )!J j = 0; 1; : : :!K$H$9$k!%

p( K )
j =

pj

K � 1X

k =0

pk

$, @.N)$9$kM}M3$r=R$Y$h!%
(2) M =G=1 $NDj>o>uBV$K$*$1$k7OFb5R?t L $NJdJ, I[ pk $r

pk = Pr(L � k) =
1X

j = k

pj = 1 �
k � 1X

j =0

pj

$GDj5A$9$k!%8FB;N( p( K )
K $r � $HpK $rMQ$$$FI= $; !%

Ld 4.9 !! GI =M =1 $N7OFb5R?t J, I[ (1)
E~Ce4V3V$,J?6Q� � 1 $r$b$DFHN)F10l $JJ, I[ 4X?t G(x) $K=>$$!$%5!<%S%9;~4V$, %Q%i%a%?� $N;X?tJ, I[ $K=>$&Dj>o$J GI =M =1

$r9M$($k
(1) %5!< %S%9Cf$G$"$k3NN(!J MxMQN(!K� $r5a$a$h!%
(2) ==J, $J?t $N%5!< %S%9$rBT$C$F$$$k5R$, $$$k>l 9g!$ 5R$NE~Ce4V3V$N4V$Kk ?M$N5R$N%5!<%S%9$, =*N;$9$k3NN( bk $r5a$a$h!%
(3) n HVL\ $N5R$NE~CeD>A0$N7OFb5R?t $r X n $H$9$k!%i = 0; 1; : : : $KBP$7$Fpi;j = Pr( X n +1 = j j X n = i )!J j = 0; 1; : : :!K

$r bk $J$i $S$Kbk =
P 1

i = k $rMQ$$$FI= $; !%
(4) Dj>o>uBV$K$*$$$F5R$NE~CeD>A0$N7OFb5R?t $, j ?M!J j = 0; 1; : : :!K$G$"$k3NN($r � j $H$9$k!%� j $, K~$?$9<0$r<($; !%
(5) $"$k%Q%i%a%?
 (0 < 
 < 1) $rMQ$$$F!$ � j = � 0 
 j !J j = 0; 1; : : :!K$G$"$k$H2>Dj$9$k!%$3$N$H$- � 0 $r 
 $rMQ$$$FI=$; !%
(6) � j = � 0 
 j !J j = 0; 1; : : :!K$G$"$k$H2>Dj$7$?$H$- !$ 
 $, K~$?$9$Y$-J} Dx<0$rF3$1!%
(7) A0Ld$NJ} Dx<0$, 0 < 
 < 1 $J$k2r$rM#0l $b$D>r7o$r<($; !%

Ld 4.10 !! GI =M =1 $N7OFb5R?t J, I[ (2)
A0Ld$HF1$8Dj>o$J GI =M =1 $r9M$($kDj>o>uBV$K$*$$$F5R$NE~CeD>A0$N7OFb5R?t $, j ?M!J j = 0; 1; : : :!K$G$"$k3NN($r � j !$

Dj>o>uBV$K$*$1$kG$0U$N;~ E@$N7OFb5R?t $, j ?M!J j = 0; 1; : : :!K$G$"$k3NN($r pj $H$9$k!%
(1) Dj>o>uBV$K$*$$$F!$ C10L;~ 4VEv$?$j $K7OFb5R?t $, j ?M$+$i j + 1 ?M$KJQ2=$9$kJ?6Q2s?t $r5a$a$h!%
(2) Dj>o>uBV$K$*$$$F!$ C10L;~ 4VEv$?$j $K7OFb5R?t $, j + 1 ?M$+$i j ?M$KJQ2=$9$kJ?6Q2s?t $r5a$a$h!%
(3) Dj>o>uBV$K$*$$$F!$ C10L;~4VEv$?$j $K7OFb5R?t $, j ?M$+$i j + 1 ?M$KJQ2=$9$kJ?6Q2s?t $H7OFb5R?t $, j + 1 ?M$+$i j ?M

$KJQ2=$9$kJ?6Q2s?t $OEy$7$/ $J$k!%$^$?!$ � j !J j = 0; 1; : : :!K$O!$ $"$kDj?t 
 !J 0 < 
 < 1!K$rMQ$$$F � j = (1 � 
 )
 j $G
M?$($i $l $k!%$3$l $i $N7k2L$rMxMQ$7$F pj $r 
 $H� $rMQ$$$FI= $; !%

N}=, LdBj

Ld 4.11 !!
%5!< %S%9;~ 4V$, %Q%i%a%?� $N;X?t J, I[ $K=>$&$H$-!J H (x) = 1 � exp(� �x )!K!$<0 (31) $GM?$($i $l $k ak (k = 0; 1; : : :) $r5a

$a$h!%
Ld 4.12 !!

HsIi @0?t CM$r$H$k3NN(JQ?t X $NJl 4X?t $r F (z) =
P 1

k =0 Pr( X = k)zk $H$9$k!%0l J} !$ Zn (n = 1; 2; : : :) $rFHN)F10l $J

Bernoulli 3NN(JQ?t Ns!$ $9$J$o$A!$ Pr( Zn = 0) = 1 � p, Pr( Zn = 1) = p $rK~$?$9$H$9$k!%3NN(JQ?t Y $r Y =
P X

n =1 Zn $H
$7$?$H$-!$

(1) Y $NJl 4X?t $r5a$a$h!%
(2) Y = X $H$$$&>r7o2<$G$NX $NJl 4X?t $r5a$a$h!%
(3) A4$F$Np (0 < p < 1) $KBP$7$F(1) $H(2) $NJ, I[ $,Ey$7$$$H$-!$X $O$I$N$h$&$JJ, I[ $K=>$&$+!J :G=i $KF (1� p)F (p) = F (0)

$r<($7!$ F (1 � p + pz)=F(0) = [F (1 � p)=F(0)] � [F (pz)=F(0)] $rF3$/ !K!%
Ld 4.13 !!

3NN(JQ?t NsX i (i = 1; 2; : : :) $O%i%W%i%9!&%9%F%#%k%A%'%9JQ49 G� (s) = E [e� sX ] $r$b$DFHN)F10l J, I[ $K=>$&$H$9$k!%$3$3
$G!$ J?6Q� $N%]%o%=%sJ, I[ $K=>$&3NN(JQ?t N $rMQ$$$F?7$7$$3NN(JQ?t Y $r9M$($k!%

Y =
NX

i =1

X i

Y $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49 Y � (s) = E [e� sY ] $r5a$a$h!%
Ld 4.14 !!

E~CeN( � $N%]%o%=%s2aDx$K=>$$5R$, E~Ce$7!$ %5!< %S%9;~ 4V$, E~Ce;~ $N%5!< %P$N>uBV$K1~$8$F!$ 2TF/$7$F$$$J$$>l 9g$O3NN(
L)EY4X?t b1(t )!J J?6Qb1 !K!$ 2TF/$7$F$$$k>l 9g$O3NN(L)EY4X?t b2(t )!J J?6Qb2 !K$K=>$&@hCe=g%5!< %S%9M =G=1 $r9M$($k!%3N
N(L)EY4X?t bi (t )!J i = 1; 2!K$N%i%W%i%9JQ49$r B �

i (s) $GI= $9!%
(1) 3NN(L)EY4X?t bi (t )!J i = 1; 2!K$K=>$&%5!<%S%9Cf$Kk ?M$N5R$, E~Ce$9$k3NN($r a( i )

k $H$7$?$H$-!$a( i )
k $N3NN(Jl 4X?t A i (z)

$r B �
i (s) $rMQ$$$F<($; !%
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(2) 5R$NN%C&;~E@$K$*$$$F n ?M$N5R$, %7%9%F%$̀K$$$kDj>o3NN( � n $N3NN(Jl 4X?t �( z) $r � $J$i $S$KA i (z)!$ bi !J i = 1; 2!K
$rMQ$$$FI= $; !%

(3) �( z) $OG$0U;~ E@$K$*$1$k5R?t J, I[ $N3NN(Jl 4X?t $H$_$J$; $kM}M3$r=R$Y$h!%
Ld 4.15 !!

DL>o$NBT$A9TNs$G$O!$ %5!< %S%9$rBT$C$F$$$k5R$, $$$k;~ $O%5!< %P$OI, $: %5!< %S%9$r9T$$!$ %7%9%F%$̀, 6u$N;~ $N$_Dd;_ $9$k!%
$3$3$G$O!$ %5!< %S%9$rBT$C$F$$$k5R$, $$$k>l 9g$G$b!$ %5!< %P$, Dd;_ $9$k!J 5Y2K$r$H$k!K0J2<$N$h$&$JC10l %5!<%P%7%9%F%$̀r9M
$($k!%%7%9%F%F̀b$K5R$, $$$J$/ $J$k$H!$ %5!< %P$OBT$A5R?t $, N ?M!J N � 1!K$K$J$k$^$G5Y2K$r$H$k!%N ?ML\ $N5R$, E~Ce$9$k
$HD>$A$K$=$l $i $N5R$KBP$7$F@hCe=g$G%5!< %S%9$r3+;O$7!$ :F$S%7%9%F%$̀, 6u$K$J$k$^$GO"B3$7$F%5!< %S%9$r9T$$!$ 6u$K$J$k$H
:F$S5Y2K$r$H$k$H$$$&F0:n $r7+$j JV$9!%$3$N$h$&$J%7%9%F%$̀K$*$$$F!$5R$NE~Ce$, N( � $N%]%o%=%s2aDx$K=>$$!$ 5R$N%5!< %S%9
;~ 4V$, FHN)$+$DF10l $J0l HLJ, I[ $K=>$&>l 9g$r9M$($k!%%5!< %S%9;~ 4V$NJ, I[ 4X?t $r B (x)!$ $=$N%i%W%i%9!&%9%F%#%k%A%'%9JQ49
7A$r B � (s)!$ J?6Q$r b $H$7$F!$ (1) $+$i (5) $NLd$$$KEz$($h!%

(1) A $r0l $D$N%5!< %S%9;~ 4V$N4V$K?7$?$KE~Ce$9$k5R$N?t $H$9$k!%A $N3NN(Jl 4X?t A(z) $r � $J$i $S$KB � (s) $rMQ$$$FI=
$; !%

(2) X n $r n HVL\ $N5R$N%5!<%S%9$, =*N;$7$?D>8e$N%7%9%F%F̀b5R?t $H$7!$pi;j = Pr( X n +1 = j j X n = i ) (i; j = 0; 1; : : :) $H
Dj5A$9$k!%i = 0 $H i � 1 $N>l 9g$KJ, $1$F9M$($k$3$H$K$h$j !$ pi;j $r ak $rMQ$$$FI= $; !%

(3) %7%9%F%$̀, Dj>o>uBV$K$"$k$H2>Dj$9$k!%%5!< %S%9=*N;D>8e$N%7%9%F%F̀b5R?t $, k ?M$G$"$kDj>o3NN($r � k $H$7$?$H$- !$
� k $N#ZJQ49

�( z) =
1X

k =0

� k zk

$r !$ � , N , B � (s) $J$i $S$K � 0 $rMQ$$$FI= $; !%
(4) %7%9%F%$̀, Dj>o>uBV$K$"$k$H$N2>Dj$N2<$G!$ � 0 $r7hDj$; $h!%
(5) �( z) $, Dj>o>uBV$K$*$1$kG$0U;~ E@$G$N%7%9%F%F̀b5R?t J, I[ $N3NN(Jl 4X?t $HEy$7$$M}M3$r=R$Y$h!%

Ld 4.16 !!
DL>o$NBT$A9TNs%7%9%F%$̀G$O!$ %5!< %S%9$rBT$C$F$$$k5R$, $$$k;~$O%5!< %P$OI, $: %5!<%S%9$r9T$$!$ %7%9%F%$̀, 6u$N;~ $N$_Dd

;_ $9$k!%$3$3$G$O!$ %5!<%S%9$rBT$C$F$$$k5R$, $"$k>l 9g$G$b!$ %5!< %P$, Dd;_ $9$k!J 5Y2K$r$H$k!K0J2<$N$h$&$JC10l %5!<%PBT$A
9TNs%7%9%F%$̀r9M$($k!%%7%9%F%F̀b$K5R$, $$$J$/ $J$k$H!$ %5!< %P$O5Y2K$r$H$k!%5Y2K$, =*$k$H!$ BT$A9TNs$rD4$Y!$ $b$75Y2KCf
$KE~Ce$7%5!<%S%9$rBT$C$F$$$k5R$, $"$l $P$=$l $i $N%5!< %S%9$r3+;O$7!$ :F$S%7%9%F%$̀, 6u$K$J$k$^$GO"B3$7$F%5!<%S%9$r9T$$!$
6u$K$J$k$H:F$S5Y2K$r$H$k!%0l J} !$ 5Y2K$, =*$C$?;~%7%9%F%$̀, 6u$G$"$l $P!$ %5!< %P$O:F$S5Y2K$r<h$j !$ >e5-$N<j B3$-$r7+$j JV
$9!%$3$N$h$&$J%7%9%F%$̀K$*$$$F!$5R$NE~Ce$, E~CeN( � $N%]%o%=%s2aDx$K=>$$!$0l $D$N%5!<%S%9;~4V$NL)EY4X?t $, h(x)!J J?6Q
E [H ]!$#2<! @QN( E [H 2 ]!$ %i%W%i%9JQ49$OH � (s) $H$9$k!K!$ 0l $D$N5Y2K;~4V$NL)EY4X?t $, v(x)!J J?6QE [V ]!$ #2<!@QN( E [V 2 ]!$
%i%W%i%9JQ49$OV � (s) $H$9$k!K$GM?$($i $l $k$H$9$k!%� = �E [H ] < 1 $N$H$- !$ 0J2<$NLd$$$KEz$($h!%

(1) 0l $D$N%5!< %S%9;~ 4V$N4V$K?7$?$KE~Ce$9$k5R?t $, k!J k = 0; 1; : : :!K$G$"$k3NN($r ak !$ 0l $D$N5Y2K;~ 4V$N4V$K?7$?$KE~
Ce$9$k5R?t $, k ?M!J k = 0; 1; : : :!K$G$"$k3NN($r bk $H$9$k!%ak , bk $r5a$a$h!%

(2) ak $N3NN(Jl 4X?t A(z) $Hbk $N3NN(Jl 4X?t B (z) $r$=$l $>$l !$ H � (s), V � (s) $rMQ$$$FI= $; !%
(3) %7%9%F%$̀, 6u$K$J$j 5Y2K$r3+;O$7$?8e!$ =i $a$F%5!< %S%9$, =*N;$7$?D>8e$N7OFb5R?t $, k ?M!J k = 0; 1; : : :!K$G$"$k3NN(

$r ck $H$9$k!%ck $r ai , bi $rMQ$$$FI= $; !%
(4) � i !J i = 0; 1; : : :!K$rDj>o>uBV$K$*$$$F!$ %7%9%F%$̀+$i 5R$, N%C&$9$kD>8e$K$*$1$k7OFb5R?t $, i ?M$G$"$k3NN($H$9$k!%� i

$, K~$?$9J} Dx<0$r=q$-2<$; !%
(5) � i $N3NN(Jl 4X?t �( z) $r !$ � , H � (s), V � (s), b0 , � 0 $rMQ$$$FI= $; !%
(6) � 0 $r7hDj$; $h!%
(7) Dj>o>uBV$K$*$1$k!J ;~4VJ?6Q$N!KJ?6Q7OFb5R?t E [L ] $r5a$a$h!%

5 BT$A;~4VJ, I[

$3$N@a$G$O3 3.2 @a$J$i $S$K4 4.2 @a$G9M;! $7$?BT$A9TNs%b%G%k$NBT$A;~ 4VJ, I[ $rF3=P$9$k!%

5.1 ;X?t %5!< %S%9$r$b$DFCFS BT$A9TNs$NBT$A;~ 4VJ, I[

;X?t %5!< %S%9$r$b$DDj>o$J FCFS C10l %5!<%PBT$A9TNs$K$*$1$kBT$A;~ 4VJ, I[ $r9M$($k!%0J2<$G$O!$ G$0U$KA*$P

$l $?5R$NE~CeD>A0$N7OFb5R?t J, I[ f qk ; k = 0; 1; : : :g $, 4{CN$G$"$k$H$9$k!%$"$k5R$NE~CeD>A0$Kk ?M$N5R$, %7%9%F

%$̀K$$$?>l 9g!$ $3$l $i k ?M$N5R$N%5!< %S%9$, =*N;$9$l $P!$ E~Ce$7$?5R$N%5!<%S%9$, 3+;O$5$l $k!%%5!< %S%9;~ 4V$,

%Q%i%a%?� $N;X?t J, I[ $K=>$C$F$$$k$J$i $P!$ ;X?t J, I[ $NL55-21@-$h$j !$ E~Ce;~ E@$G%5!< %S%9Cf$N5R$, %5!< %S%9$r

=*N;$9$k$^$G$N;~ 4V$b%Q%i%a%?� $N;X?t J, I[ $K=>$$!$ B>$N;v >] $H$OFHN)$G$"$k!%$h$C$F!$ G$0U$KA*$P$l $?5R$NBT

$A;~ 4VWq $O!$ E~Ce;~ E@$G7OFb$Kk ?M$N5R$, $$$l $P!$ %Q%i%a%?� $r$b$Dk 8D$NFHN)$J;X?t J, I[ $K=>$&3NN(JQ?t
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f k (x)

x

?^ 27: J?6Q#1$N%"!< %i%sJ, I[ $NL)EY4X?t

$NOB$GM?$($i $l $k!%

$=$3$G!$ %Q%i%a%?� $N;X?t J, I[ $K=>$&FHN)$J3NN(JQ?t NsH i !J i = 1; 2; : : :!K$KBP$7$F!$ Fk = H1 + � � � + H k $H

Dj5A$7!$ Fk $N=>$&3NN(J, I[ $r8+$$=P$9!%Fk $NJ, I[ 4X?t $r Fk (x) $H$9$l $P

F2(x) =
Z x

0
(1 � e� � (x � y ) )�e � �y dy = 1 � e� �x � e� �x �x

$H$J$k!%F1MM$K!$

F3(x) =
Z x

0
F2(x � y)�e � �y dy = 1 � e� �x � e� �x �x � e� �x (�x )2

2

$G$"$j !$ 5"G<K!$K$h$C$F

Fk (x) = 1 �
k � 1X

i =0

e� �x (�x ) i

i !
; k = 1; 2; : : : (51)

$H$J$k$3$H$r<($9$3$H$, $G$-$k!%$5$i $KFk (x) $rHyJ, $9$k$3$H$K$h$j !$ Fk $NL)EY4X?t f k (x) $O

f k (x) =
(�x )k � 1

(k � 1)!
e� �x � (52)

$GM?$($i $l $k$3$H$, J, $+$k!%

Dj5A 29 k 8D$NFHN)$J%Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&3NN(JQ?t $NOB$, =>$&3NN(J, I[ $r k <! $N%"!< %i%sJ, I[

!J Erlang distribution !K$H$$$$!$ $=$NJ, I[ 4X?t $J$i $S$KL)EY4X?t $O$=$l $>$l <0 (51) $J$i $S$K<0 (52) $GM?$($i $l $k!%

FC$KJ?6Q$Ok=� $GM?$($i $l !$ J, ;6 $O(k=� )2=k = k=� 2 $GM?$($i $l $k!%

?^ 27 $KJ?6Q$, #1$G$"$k%"!<%i%sJ, I[ $NL)EY4X?t $r<($9!%$3$N?^$+$i <!?t $, 9b$/ $J$k$K=>$C$FJ, ;6 $, 8: >/$9$kMM;R

$, $o$+$k!%$^$?!$ %"!< %i%sJ, I[ $NJ, ;6 $O>o$KF1$8J?6Q$r$b$D;X?t J, I[ $h$j $b>. $5$$$3$H$KCm0U$9$k!%

5.1.1 M =M =1 $NBT$A;~ 4VJ, I[

E~CeN( � !$ %5!<%S%9N( � $r$b$DDj>o$J FCFS M =M =1 $NBT$A;~ 4VJ, I[ $r9M$($k!%Dj>o$G$"$k$N$G� = �=� < 1

$KCm0U$9$k!%BT$A;~4VWq $rE~CeD>A0$N7OFb5R?t L A $G>r7oIU$1$k$3$H$K$h$j !$BT$A;~4VWq $NJ, I[ 4X?t Wq(x) =

Pr(Wq � x) $O

Wq(x) = Pr(Wq � x) =
1X

k=0

Pr(L A = k) Pr(Wq � x j L A = k); x � 0
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?^ 28: M =M =1 $NBT$A;~ 4VJ, I[ !J � = 1!K

$H=q$/ $3$H$, $G$-$k!%$3$3$GL A = 0 $J$i $PWq = 0 $J$N$G

Pr(Wq � x j L A = 0) = 1; x � 0

$G$"$j !$ k � 1 $J$k k $KBP$7$F$OPr(Wq � x j L A = k) = Fk (x) $, @.N)$9$k$3$H$KCm0U$9$k!%$h$C$F!$ E~CeD>A0

$N7OFb5R?t J, I[ $r qk = Pr(L A = k)!J k = 0; 1; : : :!K$H$9$k$H!$ BT$A;~ 4VWq $NJ, I[ 4X?t Wq(x) = Pr(Wq � x) $O

Wq(x) = q0 +
1X

k=1

qk Fk (x)

$GM?$($i $l $k!%%]%o%=%sE~Ce$N@-<A$h$j !$ E~CeD>A0$K$*$1$k7OFb5R?t $NDj>o>uBV3NN( qk $OG$0U$KA*$P$l $?;~ E@$K

$*$1$kDj>o>uBV3NN( pk = (1 � � )� k $KEy$7$$$3$H$KCm0U$9$k$H!$

Wq(x) = 1 � � +
1X

k=1

(1 � � )� k

 

1 �
k � 1X

n =0

e� �x (�x )n

n!

!

= 1 �
1X

k=1

(1 � � )� k
k � 1X

n =0

e� �x (�x )n

n!

= 1 � �e � �x
1X

n =0

�
(�x )n

n!

� 1X

k= n +1

(1 � � )� k � 1

= 1 � �e � �x
1X

n =0

(�x )n

n!
� n

$H$J$k!%$5$i $K:G8e$NEy9f $N1&JU$K8=$l $kL58BOB$Oexp(��x ) $H$J$j !$ <! $NDjM}$rF@$k!%

DjM} 30 (F CFS M =M =1 $NBT$A;~4VJ, I[ ) � < 1 $N$H$- !$ Dj>o$J FCFS M =M =1 $K$*$1$k5R$NBT$A;~ 4V$NJ, I[

4X?t Wq(x) $O

Wq(x) = 1 � �e � (1 � � ) �x ; x � 0 (53)

$GM?$($i $l $k!%

<0 (53) $h$j BT$A;~ 4V$NJ?6QE[Wq] $J$i $S$KJ, ;6 Var[Wq] $O!$ $=$l $>$l

E[Wq] =
�

(1 � � )�
; Var[Wq] =

� (2 � � )
((1 � � )� )2

$GM?$($i $l $k!%?^ 28 $KFCFS M =M =1 $NBT$A;~4V$NJ, I[ 4X?t Wq(x) $J$i $S$K?~LnJ, I[ W q(x) = Pr(Wq > x) =

1 � Wq(x) $r<($9!%MxMQN( � $NCM$K$h$C$F!$ BT$A;~ 4V$NFC@-$, Bg$-$/ 0[ $J$k$3$H$, J, $+$k!%

49



0

5

10

15

20

0 0.2 0.4 0.6 0.8 1

E[Wq]

�

D=M =1
E2=M =1
M =M =1
H2=M =1

?^ 29: GI =M =1 $K$*$1$kJ?6QBT$A;~ 4V!J � = 1!K

5.1.2 GI =M =1 $NBT$A;~4VJ, I[

E~Ce4V3V$, J?6Q� � 1 $r$b$DJ, I[ 4X?t G(x) $K=>$$!$ %5!< %S%9N( � $r$b$DDj>o$J FCFS GI =M =1 $NBT$A;~ 4VJ,

I[ $r9M$($k!%� = �=� < 1 $N$H$- !$ E~CeD>A0$N7OFb5R?t $, k ?M$G$"$k3NN($Oqk = � k = (1 � 
 )
 k $GM?$($i $l $k

$N$G!$ M =M =1 $HF1MM$N5DO@$K$h$j <! $NDjM}$rF@$k!%

DjM} 31 (F CFS GI =M =1 $NBT$A;~ 4VJ, I[ ) � < 1 $N$H$-!$Dj>o$J FCFS GI =M =1 $K$*$1$kBT$A;~4V$NJ, I[ 4X?t

Wq(x) $O

Wq(x) = 1 � 
 e� (1 � 
 ) �x ; x � 0 (54)

$GM?$($i $l $k!%

<0 (54) $h$j BT$A;~ 4V$NJ?6QE[Wq] $J$i $S$KJ, ;6 Var[Wq] $O!$ $=$l $>$l

E[Wq] =



(1 � 
 )�
; Var[Wq] =


 (2 � 
 )
((1 � 
 )� )2

$GM?$($i $l $k!%

E~Ce4V3VJ, I[ G(x) $, @-G=$KM?$($k1F6A$r8+$k$?$a$K!$ F1$8J?6QE~Ce4V3V � � 1 $J$i $S$K%5!<%S%9N( � = 1 $r$b

$DD=M =1!$ E2=M =1!$ M =M =1!$ H2=M =1 $K$*$1$kJ?6QBT$A;~ 4V$r9M$($k!%$3$3$GEk $Ok <! $N%"!< %i%sJ, I[ !$

H k $Ok <! $ND6;X?t J, I[ !J hyperexponential distribution !K$r I= $9%1%s%I!<%k$N5-9f $G$"$k!%k <! $ND6;X?t J, I[ $H

$O0[ $J$k%Q%i%a%?� i !J i = 1; : : : ; k!K$r$b$D;X?t J, I[ $rJ, 4t 3NN( pi !J i = 1; : : : ; k!K$rMQ$$$F:. 9g$7$?$b$N$G$"$j !$

$=$NJ, I[ 4X?t Gk (x) $O

Gk (x) =
kX

i =1

pi (1 � e� � i x )

$GM?$($i $l !$ J?6Q
P k

i =1 pi =� i !$ 2 <! @QN(
P k

i =1 2pi =� 2
i $r$b$D!%D6;X?t J, I[ $N2 <! @QN($OF1$8J?6Q$r$b$D;X?t J,

I[ $N 2 <! @QN($h$j >o$KBg$-$$$3$H$, CN$i $l $F$$$k!%$9$J$o$AD6;X?t J, I[ $NJ} $, ;X?t J, I[ $h$j $bJQF0$, Bg$-$/ $J

$k!%?^ 29 $K$3$l $i #4$D$NBT$A9TNs%b%G%k$NJ?6QBT$A;~ 4V$r<($9!%$?$@$7 2 <! $ND6;X?t J, I[ $OG(x) = 0:25(1 �

exp(� �x= 2)) + 0:75(1� exp(� 3�x= 2)) $G$"$k!%?^$h$j E~Ce;~4V4V3V$NJQF0$, Bg$-$/ $J$k$K=>$$!$@-G=$, 0-2=$9$k

$3$H$, J, $+$k!%
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5.1.3 M =M =c $NBT$A;~ 4VJ, I[

E~CeN( � !$ %5!< %S%9N( � $r$b$DDj>o$J FCFS M =M =c $NBT$A;~ 4VJ, I[ $r9M$($k!%E~Ce;~ E@$K$*$1$k7OFb5R?t

$, c ?M0J>e$N$H$-$N$_!$ E~Ce$7$?5R$OBT$?$J$1$l $P$J$i $J$$!%$5$i $K!$ 5R$NE~CeD>A0$N7OFb5R?t $, c � 1 + k

!J k = 1; 2; : : :!K?M$J$i $P!$ E~Ce0J9_ k ?M$N5R$N%5!< %S%9$, =*N;$7$?;~ E@$G!$ $3$N5R$N%5!< %S%9$, 3+;O$5$l $k!%;X

?t J, I[ $NL55-21@-$h$j !$ E~Ce;~ E@$G%5!< %S%9Cf$G$"$k8D!9 $N5R$, %5!< %S%9$r=*N;$9$k$^$G$N;~ 4V$O$=$l $>$l FHN)

$J%Q%i%a%?� $N;X?t J, I[ $K=>$&!%$h$C$F!$ c � 1 + k � c ?M$N5R$, 7OFb$K$$$k$H$- !$ 5R$NN%C&4V3V$O%Q%i%a%?c�

$N;X?t J, I[ $K=>$&!%$^$?!$ %]%o%=%sE~Ce$N@-<A$+$i !$ E~Ce;~ E@$K$*$1$k7OFb5R?t J, I[ f qk ; k = 0; 1; : : :g $ODj>o>u

BVJ, I[ f pk ; k = 0; 1; : : :g $KEy$7$$!%

0J>e$N9M;! $K$h$j !$%5!<%S%9;~4V$, ;X?tJ, I[ $K=>$&>l 9g!$J#?t$N%5!<%P$r$b$DBT$A9TNs%b%G%k$NBT$A;~4VJ, I[ $OC10l

%5!<%P$N>l 9g$HF1MM$K$7$F5a$a$k$3$H$,$G$-$k$3$H$,$o$+$k!%FC$KM =M =c$N>l 9g!$qc� 1+ k = pc� 1+ k = pc� 1(�=c )k

!J k = 1; 2; : : :!K$J$N$G!$ BT$A;~ 4VWq $NJ, I[ 4X?t Wq(x) = Pr(Wq � x) $O

Wq(x) =
c� 1X

k=0

pk +
1X

k=1

pc� 1

� �
c

� k
 

1 �
k � 1X

n =0

e� c�x (c�x )n

n!

!

=
c� 1X

k=0

pk + pc� 1
�

c � �
(1 � e� (c� � � )x )

$H$J$k!%$5$i $K
P c� 1

k=0 pk = 1 � pc� 1�= (c � � ) $J$N$G!$ <!$NDjM}$rF@$k!%

DjM} 32 (F CFS M =M =c $NBT$A;~ 4VJ, I[ ) � < c $N$H$- !$ Dj>o$J FCFS M =M =c $K$*$1$kBT$A;~ 4V$NJ, I[ 4X?t

Wq(x) $O

Wq(x) = 1 � pc� 1
�

c � �
e� (c� � � )x ; x � 0

$GM?$($i $l $k!%

5.1.4 M =M =1=K $NBT$A;~ 4VJ, I[

E~CeN( � !$%5!<%S%9N( � $r$b$DDj>o$J FCFS M =M =1=K $NBT$A;~4VJ, I[ $r9M$($k!%7OFb$K$O9b!9 K ?M$N5R$7

$+<}MF$G$-$J$$$?$a!$ 8FB;$, 5/ $3$k!%$3$N$h$&$J%7%9%F%$̀K$*$1$kBT$A;~ 4V$O!$ DL>o!$ 7OFb$K<}MF$5$l $?5R$KBP

$7$F$N$_Dj5A$5$l $k!%%]%o%=%sE~Ce$N@-<A$h$j !$E~CeD>A0$N7OFb5R?t J, I[ $ODj>o>uBVJ, I[ $HEy$7$$!%$h$C$F5R$, 7O

Fb$K<}MF$5$l $k$H$$$&>r7o$N2<$G!$ E~CeD>A0$N7OFb5R?t $, k ?M$G$"$k3NN( qk $O

qk =
pk

1 � pK
; k = 0; : : : ; K � 1

$GM?$($i $l $k!%$5$i $K!$ E~CeD>A0$K$*$1$k7OFb5R?t $, k ?M$G$"$l $P!$ $3$N5R$NBT$A;~4V$Ok <! $N%"!< %i%sJ, I[ $G

M?$($i $l $k!%$h$C$FBT$A;~ 4VWq $NJ, I[ 4X?t Wq(x) = Pr(Wq � x) $O

Wq(x) = q0 +
K � 1X

k=1

qk

 

1 �
k � 1X

i =0

e� �x (�x ) i

i !

!

= 1 �
K � 1X

k=1

pk

1 � pK

k� 1X

i =0

e� �x (�x ) i

i !

$H$J$j !$ OB$N=g=x$r8r49$9$k$H<! $NDjM}$rF@$k!%

DjM} 33 (F CFS M =M =1=K $NBT$A;~4VJ, I[ ) Dj>o$J FCFS M =M =1=K $K$*$1$kBT$A;~4V$NJ, I[ 4X?t Wq(x) $O

Wq(x) = 1 �
K � 2X

i =0

 
K � 1X

k= i +1

pk

1 � pK

!

e� �x (�x ) i

i !
; x � 0
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$GM?$($i $l $k!%

5.2 M =G=1 $NBT$A;~ 4VJ, I[

E~CeN( � !$ %5!<%S%9;~4V$, J?6Qb $r$b$DJ, I[ 4X?t H (x) $K=>$&Dj>o$J FCFS M =G=1 $NBT$A;~4VJ, I[ $r9M$($k!%

5R$NE~CeD>A0$Kk ?M$N5R$, $$$?$H$9$k$H!$ $3$N5R$NBT$A;~ 4V$O8=:_ %5!< %S%9Cf$N5R$N;DM>%5!< %S%9;~ 4V$H$=$l $K

B3$/ k � 1 ?M$N%5!<%S%9;~4V$NOB$GM?$($i $l $k!%0l HL$K!$E~CeD>A0$K7OFb$K$$$k5R$O!$8=:_ 9T$o$l $F$$$k%5!<%S%9

$N3+;O;~ E@$G4{$K$$$?5R$H8=:_ $N%5!< %S%9$N7P2a;~ 4V$N4V$KE~Ce$7$?5R$KJ, N`$9$k$3$H$, $G$-$k!%%5!< %S%9;~ 4V

$, 0l HLJ, I[ $K=>$&>l 9g!$7P2a%5!<%S%9;~4V$H;DM>%5!<%S%9;~4V$N4V$K$OAj4X$, $"$k$?$a!$7P2a;~4VFb$KE~Ce$9$k5R

?t $H;DM>%5!< %S%9;~ 4V$N4V$KAj4X$, @8$8$k!%11$h$C$F!$ ;X?t %5!< %S%9$N>l 9g$HF1MM$N5DO@$r9T$&$3$H$, $G$-$J$$!%

$=$3$G!$ 0J2<$G$OBT$A;~4VJ, I[ $H5R$NN%C&D>8e$N5R?t J, I[ $r4XO"$E$1$k$3$H$r9M$($k!%%5!<%S%9;~ 4VJ, I[ H (x)

$N%i%W%i%9!&%9%F%#%k%A%'%9JQ49$r H � (s) $H$7!$ G$0U$KA*$P$l $?5R$NBT$A;~ 4VJ, I[ $N%i%W%i%9!&%9%F%#%k%A%'%9

JQ49$r W �
q (s) $H$9$k!%5R$N7OFbBZ:_ ;~ 4VW $OBT$A;~ 4VWq $H%5!< %S%9;~ 4VH $NOB$GM?$($i $l !$ N><T$OFHN)$J

$N$G!$ 7OFbBZ:_ ;~ 4VJ, I[ $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49 W � (s) $O

W � (s) = W �
q (s)H � (s)

$GM?$($i $l $k!%

FCFS M =G=1 $G$O!$5R$NN%C&D>8e$K7OFb$K$$$kA4$F$N5R$ON%C&$7$?5R$N7OFbBZ:_ ;~4V$N4V$KE~Ce$7$F$$$k!%$^

$?!$G$0U$KA*$P$l $?5R$NN%C&;~ E@$K$*$1$k5R?t $N3NN(Jl 4X?t $O<0 (38) $GM?$($i $l $?Dj>o>uBV$K$*$1$k7OFb5R?t J,

I[ $N3NN(Jl 4X?t L � (z) $HEy$7$$$3$H$KCm0U$9$k!%

$=$3$G7OFbBZ:_ ;~ 4V$N4V$KE~Ce$9$k5R?t $r9M$($k!%G$0U$KA*$P$l $?5R$N7OFbBZ:_ ;~ 4V$, x $G$"$C$?$H$$$&>r7o

$N2<$G!$ $=$N4V$KN( � $G%]%o%=%sE~Ce$9$k5R?t $N3NN(Jl 4X?t $O

1X

n =0

e� �x (�x )n

n!
zn = e� ( � � �z )x

$GM?$($i $l $k!%$h$C$F W (x) $rG$0U$KA*$P$l $?5R$N7OFbBZ:_ ;~ 4V$NJ, I[ 4X?t $H$9$k$H!$ $3$N5R$NN%C&D>8e$N5R?t

$N3NN(Jl 4X?t L � (z) $O

L � (z) =
Z 1

0
e� ( � � �z )x dW(x)

$rK~$?$9!%$3$N<0$O!$ 7OFbBZ:_ ;~4VJ, I[ $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49$N0z?t s $K � � �z $rBeF~$7$?7A$K$J$C

$F$$$k!%$h$C$F

L � (z) = W � (� � �z ) = W �
q (� � �z )H � (� � �z ) (55)

$rF@$k!%$3$3$Gs = � � �z $H$*$- !$ <0 (55) $r W �
q (s) $K$D$$$F2r$/ $H

W �
q (s) = L �

�
� � s

�

�
=H � (s)

$rF@$k!%$5$i $K<0 (38) $rMQ$$$k$H<! $NDjM}$rF@$k!%

DjM} 34 (F CFS M =G=1 $NBT$A;~4VJ, I[ ) � < 1 $N$H$- !$ FCFS M =G=1 $K$*$1$kBT$A;~ 4VJ, I[ $N%i%W%i%9!&%9

%F%#%k%A%'%9JQ49 W �
q (s) $O

W �
q (s) =

(1 � � )s
s � � + �H � (s)

(56)

$GM?$($i $l $k!%
11 ;X?t J, I[ $N>l 9g$O!$L55-21@-$K$h$j !$7P2a%5!<%S%9;~4V$H;DM>%5!<%S%9;~4V$OFHN)$H$J$k$, !$;X?t J, I[ 0J30$G$ON><T$N4V$KAj4X$, $"$k!%Nc

$($P!$ %5!<%S%9;~ 4V$, 0l Dj$N>l 9g!$ 7P2a%5!< %S%9;~ 4V$, Hf3SE*D9$1$l $P;DM>%5!< %S%9;~ 4V$OC;$/ $J$k!%7k2L$H$7$F!$ ;DM>%5!<%S%9;~ 4V$, C;$1
$l $P7P2a%5!< %S%9;~ 4V$N4V$KE~Ce$9$k5R?t $OHf3SE*B?$/ $J$k$3$H$, 4| BT$5$l $k!%
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W �
q (s) $rHyJ, $9$k$3$H$K$h$j !$ BT$A;~ 4VJ, I[ $N@QN($r5a$a$k$3$H$, $G$-$k!%Dj>o>uBV$K$*$1$kBT$A;~ 4VJ, I[ $N

n <! @QN($r W (n )
q $H$7!$ b(n ) $r%5!< %S%9;~4VJ, I[ $Nn <! @QN($H$9$k!%<0(56) $NN>JU$rHyJ, $7!$s ! 0 $H$9$k$3$H

$G!$ 7OFbBZ:_ ;~ 4VJ, I[ $N@QN($O0l HL$K<! $N:F5"<0$rK~$?$9$3$H$r<($9$3$H$, $G$-$k!%

W (n )
q =

�
(n + 1)(1 � � )

n � 1X

k=0

(n + 1)!
k!(n + 1 � k)!

W (k )
q b(n +1 � k ) ; n = 1; 2; : : :

$?$@$7 W (0)
q = 1 $H$7$?!%FC$K!$ BT$A;~4V$NJ?6QE[Wq] = W (1)

q $J$i $S$KJ, ;6 Var[Wq] = W (2)
q � E [Wq]2 $O<!<0

$GM?$($i $l $k!%

E[Wq] =
�b (2)

2(1 � � )
; Var[Wq] =

�b (3)

3(1 � � )
+ E [Wq]2;

1i =, LdBj

#5>O$N<x6HFbMF3NG'

Ld 5.1 !! %"!< %i%sJ, I[ (1)
0J2<$NLd$$$KEz$($h!%

(1) J?6Qk=� $r$b$Dk <! $N%"!< %i%sJ, I[ $H%Q%i%a%?� $r$b$D;X?t J, I[ $O$I $N$h$&$J4X78$K$"$k$+!%
(2) J?6Qk=� $r$b$Dk <! $N%"!< %i%sJ, I[ $NJ, I[ 4X?t $r Fk (x) $H$9$k!%Fk (x)!J k = 2; 3; : : :!K$r Fk � 1(x) $rMQ$$$FI= $; !%
(3)

Fk (x) = 1 �
k � 1X

n =0

e� �x (�x )n

n!
; k = 1; 2; : : :

$, (2) $GM?$($?Ey<0$rK~$?$9$3$H$r<($; !%
Ld 5.2 !! %"!< %i%sJ, I[ (2)

J?6Q�x (x; � > 0) $r$b$D%]%o%=%sJ, I[ Pn (x) = exp(� �x )( �x )n =n! (n = 0; 1; : : :) $H!$ J?6Qk=� (k = 1; 2; : : :) $r$b$D
k %9%F!<%8%"!<%i%sJ, I[ $NJ, I[ 4X?t Fk (x) $N4V$K0J2<$N<0$, @.N)$9$k$3$H$r !$ %]%o%=%s2aDx$H%"!<%i%sJ, I[ $N4X78$r9M$($k$3
$H$K$h$j <($; !%

Fk (x) = 1 �
k � 1X

n =0

Pn (x); k = 1; 2; : : :

Ld 5.3 !! %"!< %i%sJ, I[ (3)
J?6Qk=� (k = 1; 2; : : :) $r$b$Dk <!$N%"!< %i%sJ, I[ $NL)EY4X?t f k (x) $,

f k (x) = e� �x (�x )k � 1

(k � 1)!
� �; k = 1; 2; : : :

$GM?$($i $l $k$3$H$r%]%o%=%s2aDx$H%"!< %i%sJ, I[ $N4X78$r9M$($k$3$H$K$h$j <($; !%
Ld 5.4 !! %"!< %i%sJ, I[ $HBT$A;~ 4V

%5!< %S%9;~ 4V$, %Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&Dj>o$J@hCe=g%5!< %S%9C10l %5!< %PBT$A9TNs$NBT$A;~ 4VWq $r9M$($k!%Dj
>o>uBV$K$*$$$F!$ G$0U$KA*$P$l $?5R$, E~Ce$9$kD>A0$N7OFb5R?t L A $N3NN(4X?t $r qk = Pr( L A = k) $H$9$k!%$^$?!$ J?6Qk=�
(k = 1; 2; : : :) $r$b$Dk <! $N%"!< %i%sJ, I[ $NJ, I[ 4X?t $r Fk (x) $H$9$k!%

(1) Pr(Wq � x j L A = 0) $r5a$a$h!%
(2) Pr(Wq � x j L A = k) !J k = 1; 2; : : :!K$r Fk (x) $rMQ$$$FI= $; !%
(3) Wq(x) = Pr( Wq � x) $r qk $HFk (x) $rMQ$$$FI= $; !%
(4) 5R$NE~Ce$, %]%o%=%s2aDx$K=>$&$H$- !$ G$0U$KA*$P$l $?5R$NE~CeD>A0$N%7%9%F%$̀N>uBV$HG$0U$KA*$P$l $?;~ E@$K$*$1$k%7

%9%F%$̀N>uBV$K$O$I $N$h$&$J4X78$, $"$k$+=R$Y$h!%
Ld 5.5 !! M/M/1 $NBT$A;~ 4V

E~CeN( � !$ %5!< %S%9;~ 4V$, %Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&Dj>o$J@hCe=g%5!< %S%9M =M =1 $r9M$($k!%
(1) BT$A;~ 4VJ, I[ $r5a$a$h!%
(2) J?6QBT$A;~ 4V$r5a$a$h!%

Ld 5.6 !! GI/M/1 $NBT$A;~ 4V
E~Ce4V3V$, FHN)F10l $JJ, I[ 4X?t G(x) $K=>$$!$ %5!< %S%9;~ 4V$, %Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&Dj>o$J@hCe=g%5!< %S%9

GI =M =1 $NBT$A;~ 4VJ, I[ $r5a$a$h!%
Ld 5.7 !! M/M/c $NBT$A;~ 4V

E~CeN( � !$ %5!< %S%9;~ 4V$, %Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&Dj>o$J@hCe=g%5!< %S%9M =M =c $NBT$A;~ 4VJ, I[ $r5a$a$h!%
Ld 5.8 !! M/M/1/K $NBT$A;~ 4V

E~CeN( � !$ %5!< %S%9;~ 4V$, %Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&Dj>o$J@hCe=g%5!< %S%9M =M =1=K $NBT$A;~ 4VJ, I[ $r5a$a$h!%
Ld 5.9 !! M/G/1 $NBT$A;~4V

E~CeN( � !$ %5!< %S%9;~ 4V$, FHN)F10l $JJ, I[ 4X?t H (x) $K=>$&Dj>o$J@hCe=g%5!< %S%9M =G=1 $r9M$($k!%%5!< %S%9;~ 4V!$ 7O
FbBZ:_ ;~4V!$ $J$i $S$KBT$A;~ 4V$N%i%W%i%9!&%9%F%#%k%A%'%9JQ497A$r$=$l $>$l H � (s), W � (s), W �

q (s) $H$9$k!%
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-X X X X Xe
� -;DM><wL?

e
X

!' %i%s%@%$̀KA*$s$@;~E@

!' E~Ce;~ E@

;~ 4V

?^ 30: ;DM><wL?

(1) H � (s), W � (s), $J$i $S$KW �
q (s) $N4V$K@.N)$9$k<0$r<($; !%

(2) 5R$NN%C&D>8e$K7OFb$K;D$C$F$$$k5R$O!$N%C&$7$?5R$N7OFbBZ:_ ;~4V$N4V$KE~Ce$7$?$H$$$&4Q;! $K4p$E$-!$W � (s) $HN%C&
D>8e$N7OFb5R?t J, I[ $NJl 4X?t L � (z) $r4XO"$E$1$h!%

(3) A0Ld$N7k2L$rMxMQ$7$F!$ W �
q (s) $r L � (z) $HH � (s) $rMQ$$$FI= $; !%

(4) W �
q (s) $r5a$a$h!%$?$@$7!$

L � (z) =
(1 � � )( z � 1)H � (� � �z )

z � H � (� � �z )

$rMQ$$$FNI$$!%
(5) J?6QBT$A;~ 4V$r5a$a$h!%

6 $=$NB>$NOCBj

$3$N@a$G$O!$ $3$3$^$G$K?($l $k$3$H$O$G$-$J$+$C$?$, DL?. %M%C%H%o!< %/$N@-G=I> 2A$KM-MQ$J4v$D$+$NOCBj$r1~

MQ$r8r$($F>R2p$9$k!%

6.1 ;DM><wL?J, I[

$3$N@a$G$O!$ 0l HLJ, I[ $rMWAG$K;} $DBT$A9TNs%b%G%k$r9M;! $9$k>e$GHs>o$K=EMW$J;DM><wL?J, I[ $K$D$$$F2r@b$9

$k!%;DM><wL?!J residual life) $H$O!$ ;~ 4V<4>e$KE~Ce;~ E@$, M?$($i $l $F$$$k$H$- !$ %i%s%@%$̀KA*$s$@;~ E@$+$i <! $N

E~Ce$, 5/ $3$k;~ E@$^$G$ND9$5$GDj5A$5$l $k!%$3$l $r<! $NNc$rMQ$$$F9M$($k!%

Nc 35 J?6QEAAw;~ 4V$, 10ms$G$"$k%Q%1%C%H!J 0J2<!$ DL>o%Q%1%C%H$H8F$V!K$, O"B3E*$KEAAw$5$l $F$$$k2s@~$rMQ

$$$FFCJL$J%Q%1%C%H$rM%@hE*$KEAAw$9$k$3$H$r9M$($k!%$3$NFCJL$J%Q%1%C%H$O!$H/@8;~$KEAAwCf$NDL>o%Q%1%C%H$,

EAAw$r40N;$7$?8e!$ D>$A$KEAAw$5$l $k$b$N$H$9$k!%$3$N$H$- !$ FCJL$J%Q%1%C%H$NEAAw$, 3+;O$5$l $k$^$G$NJ?6QBT

$A;~ 4V$r9M$($k!%FCJL$J%Q%1%C%H$NBT$A;~ 4V$ODL>o%Q%1%C%H$NEAAw;~ 4V$N;DM><wL?$KEy$7$$$3$H$KCm0U$9$k!%0J

2<$G$ODL>o%Q%1%C%H$NEAAw;~4VX (ms) $N;DM><wL?$r eX (ms) $GI= $9!%

1. Pr(X = 10) = 1 $G$"$k$H$9$k!%$3$N>l 9g!$ FCJL$J%Q%1%C%H$NH/@8$, DL>o%Q%1%C%H$NEAAw3+;OD>8e$K5/ $3$k

>l 9g$+$i EAAw=*N;D>A0$K5/ $3$k>l 9g$^$G!$ $9$Y$FF1MM$K3N$+$i $7$$$N$GE[ eX ] = 10=2 = 5ms $H$J$k!%

2. Pr(X = 5) = 1=2!$ Pr(X = 15) = 1=2 $G$"$k$H$9$k!%$3$N>l 9g!$ FCJL$J%Q%1%C%H$NH/@8;~ $KEAAwCf$NDL>o

%Q%1%C%H$NEAAw;~ 4V$O5ms $H15ms$N2 DL$j $, $"$k$, !$ EAAw;~ 4V$, 15ms$NDL>o%Q%1%C%H$, EAAwCf$G$"$k

;~4VBS$O;~4V<4A4BN$N3/4 $r@j$a$k!%$9$J$o$A!$FCJL$J%Q%1%C%H$NH/@8;~$KEAAwCf$NDL>o%Q%1%C%H$NEAAw;~

4V$O3NN( 3/4 $G15ms$G$"$k!%$h$C$F E[ eX ] = 5=2 � 1=4 + 15=2 � 3=4 = 6:25ms$H$J$k!%

3. Pr(X = 5) = 3=4!$ Pr(X = 25) = 1=4 $G$"$k$H$9$k!%$3$N>l 9g!$ FCJL$J%Q%1%C%H$, H/@8;~ $KEAAwCf$NDL>o

%Q%1%C%H$NEAAw;~ 4V$O5ms $H25ms$N2 DL$j $, $"$j !$ EAAw;~ 4V$K$O5 G\$N:9 $, $"$k$, !$ 5ms $NDL>o%Q%1%C

%H$NH/@8IQEY$O25ms$NDL>o%Q%1%C%H$KHf$Y$F 3 G\$G$"$k!%$h$C$F!$EAAw;~4V$, 25ms$NDL>o%Q%1%C%H$, EA

AwCf$G$"$k;~ 4VBS$O;~ 4V<4A4BN$N
5 � 1

1 � 3 + 5 � 1
=

5
8
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$r@j$a$k!%$9$J$o$A!$FCJL$J%Q%1%C%H$NH/@8;~$KEAAwCf$NDL>o%Q%1%C%H$NEAAw;~4V$O3NN( 5/8 $G25ms$G$"

$k!%$h$C$F E[ eX ] = 5=2 � 3=8 + 25=2 � 5=8 = 8:75ms $H$J$k!%

$3$NNc$+$i $o$+$k$h$&$K!$ FCJL$J%Q%1%C%H$, H/@8$7$?;~ E@$G$I $N$h$&$JEAAw;~ 4V$r$b$DDL>o%Q%1%C%H$, EAAwCf

$G$"$k$+$H$$$&3NN($O!$EAAw;~ 4V$H$=$NH/@8IQEY$NN>J} $KHfNc$9$k!%:# !$DL>o%Q%1%C%H$NEAAw;~4VX $N3NN(J, I[

4X?t $r F (x) = Pr(X � x) $H$7!$ X $NL)EY4X?t f (x) = dF(x)=dx $, B8:_ $9$k$H$9$k!%$3$N$H$- !$ %i%s%@%$̀KA*

$P$l $?;~ E@$K$*$$$FEAAwCf$N%Q%1%C%H$NEAAw;~ 4V$NL)EY4X?t $OEAAw;~ 4V$NBg$-$5 x $HH/@8IQEYf (x) $NAPJ} $KHf

Nc$9$k!%$9$J$o$AA*$P$l $k4V3V$NL)EY4X?t $O!$ $"$kDj?t � $rMQ$$$F

xf (x)
�

$GM?$($i $l $k!%$3$3$G!$@55, 2=Dj?t � $OA46h4V$KEO$k@QJ, $, 1 $H$J$k$h$&$KDj$a$i $l !J <0 (2) ;2 >H!K!$ � = E [X ]

$G$"$k$3$H$, $o$+$k!%$5$i $K!$ D9$5 x $N4V3V$, A*$P$l $?;~ !$ ;DM><wL?$O$=$NCf$G0l MM$KJ, I[ $7$F$$$k$N$G

Pr(y < eX � y + � y) =
Z 1

y

xf (x)
E [X ]

�
� y
x

dx =
1 � F (y)

E [X ]
� y

$rF@$k!%

DjM} 36 3NN(JQ?t X $, M-8B$NJ?6QE[X ] $J$i $S$KJ, I[ 4X?t F (x) $r$b$D$H$- !$ X $N;DM><wL? eX $NL)EY4X?t $O

1 � F (x)
E [X ]

(57)

$GM?$($i $l $k!%$^$?!$ ;DM><wL? eX $Nn <! @QN($O

E[ eX n ] =
E [X n +1 ]

(n + 1)E [X ]
(58)

$GM?$($i $l $k!%

FC$K!$ J?6Q;DM><wL? E[ eX ] = E[X 2]=(2E [X ]) $, E~Ce4V3V$NJ?6Q$N$_$J$i $: #2<!$N@QN($K0MB8$7$F$$$k$3$H$KCm

0U$9$k!%$3$l $r X $NJ, ;6 Var[X ] $rMQ$$$F=q$-49$($k$H

E[ eX ] =
E[X ]

2
+

Var[X ]
2E[X ]

$H$J$k!%$3$l $h$j !$J, ;6 Var[X ] $, 0!$$9$J$o$AX $, 3NN(#1$G0l Dj$NCM$r<h$k$J$i $P!$ ;DM><wL?$NJ?6Q$OE[X ]=2

$GM?$($i $l !$ :G>. $H$J$k!%$^$?!$ J?6Q$, F1$8$G$"$C$F$bJ, ;6 $K>e8B$O$J$$$?$a!$ J?6Q;DM><wL?$O$$$/ $i $G$bBg$-

$/ $J$k2DG=@-$, $"$k!%

Nc 37 X $, %Q%i%a%?� $N;X?t J, I[ $K=>$&>l 9g!$ J?6Q1=� !$ J, I[ 4X?t 1 � exp(� �x ) $r$b$D$N$G!$ ;DM><wL?$NL)EY

4X?t $O
1 � (1 � e� �x )

� � 1 = �e � �x

$H$J$k!%$9$J$o$A!$ ;X?t J, I[ $N;DM><wL?J, I[ $O85$N;X?t J, I[ $HEy$7$$!%12

6.2 M =G=1 $NJ?6QCM8x<0

%j%H%k$N8x<0!$ %]%o%=%sE~Ce$N@-<A$J$i $S$K;DM><wL?$NJ?6Q$rMQ$$$k$HDj>o$J FCFS M =G=1 $NJ?6QBT$A;~ 4V

$r5a$a$k$3$H$, $G$-$k!%0J2<$G$OE~CeN($r � !$J?6Q%5!<%S%9;~4V$r b $H$7!$MxMQN( � = �b < 1 $G$"$k$H2>Dj$9$k!%

E[L q] $rJ?6QBT$A5R?t !$ E[Wq] $rJ?6QBT$A;~ 4V!$ b(2) $r%5!<%S%9;~ 4V$N#2<! %b!<%a%s%H$H$9$k!%

12 L55-21@-$h$j $3$N7k2L$OL@$i $+$G$"$k!%
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G$0U$KA*$P$l $?5R$NBT$A;~4V$OE~Ce;~E@$G%5!<%S%9Cf$J$i $P$=$N%5!<%S%9$N=*N;$9$k$^$G$N;~4V$HE~Ce;~$K%5!<

%S%9$rBT$C$F$$$?5R$N%5!<%S%9;~4V$NOB$GM?$($i $l $k!%5R$NE~Ce$O%]%o%=%sJ, I[ $K=>$&$N$G!$G$0U$KA*$P$l $?5R$N

E~Ce;~ $KB>$N5R$, %5!< %S%9Cf$G$"$k3NN($O!$ Dj>o>uBV$K$*$1$k%5!< %S%9Cf$G$"$k;~ 4V3d9g$KEy$7$/ !$ MxMQN( � $G

M?$($i $l $k!%$^$?!$ E~Ce;~ E@$GB>$N5R$, %5!< %S%9Cf$J$i $P!$ $=$N%5!< %S%9$, =*N;$9$k$^$G$K%5!< %S%9;~ 4V$NJ?6Q

;DM><wL? b(2) =2b $@$1BT$?$J$1$l $P$J$i $J$$!%$5$i $K!$5R$NE~Ce$O%]%o%=%sJ, I[ $K=>$&$N$G!$ E~Ce;~$KBT$C$F$$$k

5R$NJ?6Q?t $ODj>o>uBV$K$*$1$kJ?6QBT$A5R?t E[L q] $KEy$7$/ !$ E~Ce$7$?5R$O$3$l $i $NBT$C$F$$$k5R0l ?MEv$?$j J?

6Qb $N%5!<%S%9;~ 4VJ, $@$1BT$?$J$1$l $P$J$i $J$$!%0J>e$N9M;! $h$j

E[Wq] = �
b(2)

2b
+ (1 � � ) � 0 + bE[L q] (59)

$rF@$k!%0l J} !$ %5!< %P$r=| $$$?It J, $rC1FH$N%7%9%F%$̀H$7$FB*$( !$ %j%H%k$N8x<0$rMQ$$$k$H

E[L q] = �E [Wq] (60)

$rF@$k!%$h$C$F!$ <0 (59) $J$i $S$K<0 (60) $h$j J?6QBT$A5R?t E[L q] $J$i $S$KJ?6QBT$A;~ 4V E[Wq] $O$=$l $>$l <!

<0$GM?$($i $l $k!%

E[L q] =
� 2b(2)

2(1 � � )
; E [Wq] =

�b (2)

2(1 � � )

6.3 J#?t $N%]%o%=%sN.$r<}MF$9$k M =G=1 $HHs3d9~$_M%@h5, N'

N 8D$NFHN)$J%]%o%=%sE~CeN.$r$b$DM =G=1 $r9M$($k!%j HVL\ $NE~CeN.$NE~CeN($r � j !$ J?6Q%5!< %S%9;~ 4V$r

bj !$ #2<! @QN( b(2)
j !$ %5!< %S%9;~ 4V$NJ, I[ 4X?t $r H j (x) $H$9$k!%$3$N$H$-!$ DjM} 7 $h$j !$ FHN)$J%]%o%=%sN.$N=E>v

$O%]%o%=%sN.$H$J$j !$ E~Ce$7$?5R$, j HVL\ $NE~CeN.$+$i Mh$?5R$G$"$k3NN($OE~Ce4V3V$H$OFHN)$K � j =
P N

i =1 � i $G

M?$($i $l $k$N$G!$ FHN)$JJ#?t $N%]%o%=%sE~CeN.$r$b$DBT$A9TNs$O0J2<$N$h$&$J%Q%i%a%?$r$b$DM =G=1 BT$A9TNs

$H$J$k!%

� =
NX

i =1

� i ; b =
NX

i =1

� i

�
bi ; b(2) =

NX

i =1

� i

�
b(2)

i ; H (x) =
NX

i =1

� i

�
H i (x)

$h$C$F%5!<%S%9$, FCFS $G9T$o$l $F$$$k$J$i $P!$ >e5-$N%Q%i%a%?$rMQ$$$k$3$H$GC10l $NE~CeN.$r$b$DM =G=1 $N

7k2L$, FHN)$JJ#?t $NE~CeN.$r$b$DM =G=1 $K$=$N$^$^E,MQ$G$-$k!%

0J2<$G$OFCFS $G$O$J$/ !$ 0[ $J$kE~CeN.$+$i Mh$?5R$K0[ $J$kM%@h8"$rM?$($k$3$H$r9M$($k!%:# 8e!$ j HVL\ $N

E~CeN.$+$i Mh$?5R$r%/%i%9j $N5R$H8F$V!%%/%i%9j $N5R$O%/%i%9j + 1; : : : ; N $N5R$KBP$7$FHs3d9~$_M%@h8"

!J nonpreemptive priorit y!K$r;} $D$H2>Dj$9$k!%$9$J$o$A!$%5!<%S%9=*N;;~$KJ#?t $N%/%i%9$N5R$, %5!<%S%9$rBT$C$F

$$$k>l 9g$O!$ :G$b>. $5$J%/%i%9$N5R$, <! $N%5!< %S%9$r<u$1$k$3$H$, $G$-$k!%0l C6%5!< %S%9$, 3+;O$5$l $k$H!$ $=$N

=*N;$^$GB>$N5R$, %5!< %S%9$5$l $k$3$H$O$J$$!%$3$N$h$&$J%5!< %S%95, N'$OHs3d9~$_7?$H8F$P$l $k!%$J$*!$ %7%9%F

%$̀, 6u$N$H$-$KE~Ce$7$?5R$N%5!< %S%9$OD>$A$K9T$o$l $k!%0J2<$G$O%/%i%9j $N5R$NMxMQN($r � j = � j bj $H$7!$ %7

%9%F%À4BN$G$NAmMxMQN( � =
P N

i =1 � i $O� < 1 $G$"$k$H2>Dj$7!$ Dj>o>uBV$K$*$1$k3F%/%i%9$N5R$NJ?6QBT$A;~ 4V

$rF3=P$9$k!%

3F%/%i%9$N5R$NE~Ce$O%]%o%=%s2aDx$K=>$&$?$a!$ G$0U$KA*$P$l $?5R$NE~Ce;~ E@$K$*$$$F%/%i%9j $N5R$, %5!< %S

%9Cf$G$"$k3NN($O!$G$0U$KA*$P$l $?;~E@$K$*$$$F%5!<%P$, %/%i%9j $N5R$r%5!<%S%9$7$F$$$k3NN( � j $KEy$7$$!%$^

$?!$ Dj>o>uBV$K$*$1$k%/%i%9j $NJ?6QBT$A5R?t $r E[L q;j ] $H$7$?$H$- !$ 5R$NE~Ce;~ E@$K$*$$$F%5!< %S%9$r<u$1$:

$KBT$C$F$$$k%/%i%9j $NJ?6Q5R?t $ODj>o>uBV$K$*$1$kJ?6QBT$A5R?t E[L q;j ] $GM?$($i $l $k!%$5$i $K!$ 5R$NE~Ce;~

$K%/%i%9j $N5R$, %5!< %S%9Cf$G$"$C$?$H$-!$ 5R$NE~Ce;~E@$+$i %5!<%S%9=*N;;~ E@$^$G$NJ?6QD9$O%/%i%9j $N%5!<

%S%9;~ 4V$NJ?6Q;DM><wL? b(2)
j =(2bj ) $GM?$($i $l $k!%

$^$: !$ %/%i%91 $N5R$NJ?6QBT$A;~ 4VE[Wq;1] $r9M$($k!%E[Wq;1] $OE~Ce;~ $K%5!< %S%9$rBT$C$F$$$k%/%i%91 $N

5R$N%5!<%S%9;~4V$NAmOB$NJ?6QE[L q;1]b1 $H!$E~Ce;~$K%5!<%S%9Cf$J$i $P!$%5!<%S%9;~4V$NJ?6Q;DM><wL?$NOB$GM?
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$($i $l $k!%$h$C$F

E[Wq;1] = E [L q;1]b1 +
NX

i =1

� i
b(2)

i

2bi

$, @.N)$9$k!%0l J} !$ %j%H%k$N8x<0$h$j E[L q;1] = � 1E[Wq;1] $J$N$G!$ E[L q;1] $r>C5n$9$k$3$H$K$h$j

E[Wq;1] =

NX

i =1

� i
b(2)

i

2bi

1 � � 1

$rF@$k!%

<! $K%/%i%92 $NJ?6QBT$A;~ 4VE[Wq;2] $r9M$($k!%$b$7!$ CmL\ $9$k%/%i%92 $N5R$N%5!< %S%9$, 3+;O$5$l $k$^$G!$

8eB3$N5R$, C/$bE~Ce$7$J$+$C$?$H$9$l $P!$ $3$N5R$NJ?6QBT$A;~ 4VE[T2] $OE~Ce;~ $KBT$C$F$$$k%/%i%91 $*$h$S2

$N5R$N%5!< %S%9;~ 4V$H!$ $b$7E~Ce;~ $K%5!< %S%9Cf$J$i $P!$ %5!< %S%9;~ 4V$NJ?6Q;DM><wL?$NOB$GM?$($i $l $k!%

E[T2] = E [L q;1]b1 + E[L q;2]b2 +
NX

i =1

� i
b(2)

i

2bi

$7$+$7!$ CmL\ $9$k%/%i%92 $N5R$NBT$A;~ 4V$N4V$K%/%i%91 $N5R$, E~Ce$9$l $P!$ %/%i%92 $N5R$h$j @h$K%5!< %S%9

$5$l $k$?$a!$ CmL\ $9$k%/%i%92 $N5R$NBT$A;~ 4V$O$3$l $i $N5R$N%5!< %S%9;~ 4VJ, $@$1D9$/ $J$k!%$=$3$G!$ CmL\ $9$k

%/%i%92 $N5R$NJ?6QBT$A;~4V$, !$ $b$78eB3$NE~Ce$, $J$1$l $PE[T2] $G$"$k$H$$$&>r7o$N2<$G!$ <B:] $K$O$I $l $@$1

BT$?$J$1$l $P$J$i $J$$$+$r9M$($k!%

CmL\ $9$k5R$NE~Ce8e!$ C10L;~ 4VEv$?$j J?6Q� 1 ?M$N%/%i%91 $N5R$, E~Ce$7!$ $=$l $>$l J?6Qb1 $N%5!< %S%9$r<u

$1$k$N$G!$ $3$l $i $NE~Ce$K$h$C$FJ?6Q�E [T2] � b1 = � 1E[T2] $@$1BT$A;~ 4V$, D9$/ $J$k!%$5$i $K!$ $3$NA}2C$7$?

BT$A;~4V � 1E[T2] $N4V$KE~Ce$9$k%/%i%91 $N5R$K$h$C$F!$ $5$i $KBT$A;~4V$, D9$/ $J$k!%$3$NA}J, $NJ?6Q$O!$ F1MM

$N5DO@$K$h$j �� 1E[T2]b1 = � 2E[T2] $G$"$k!%$3$N5DO@$r7+$j JV$9$H!$7k6I !$CmL\ $9$k%/%i%9#2$NJ?6QBT$A;~ 4V$O

E[T2](1 + � 1 + � 2
1 + � � �) = E [T2]=(1 � � 1) $H$J$k!%$h$C$F E[L q;j ] = � j E[Wq;j ]!J j = 1; 2!K$h$j

E[Wq;2] =
E [T2]
1 � � 1

=

NX

i =1

� i
b(2)

i

2bi

(1 � � 1)(1 � � 1 � � 2)
(61)

$rF@$k!%

:G8e$K%/%i%9j (j = 3; : : : ; N !K$NJ?6QBT$A;~ 4VE[Wq;j ] $r9M$($k!%%/%i%9j $N5R$N;k E@$KN)$D$H!$%/%i%9#1$+

$i %/%i%9j � 1 $^$G$N5R$O9b$$M%@h8"$r ;} $C$F$*$j !$ $3$l $i $N5R$N%5!< %S%9=g=x$, $I $N$h$&$J$b$N$G$"$m$&$H$b!$

A4$F$N%5!< %S%9$, =*N;$9$k$^$GBT$?$5$l $k$3$H$K$J$j !$ $=$N;~ 4V$O9b$$M%@h8"$r$b$D5R$N%5!< %S%9=g=x$K0M$i $J

$$!%$h$C$F!$ %/%i%91 $+$i %/%i%9j � 1 $N5R$r$R$H$D$N%/%i%9H $H$_$J$7!$ %/%i%9H , %/%i%9j , j + 1; : : : ; N

$+$i $J$k%7%9%F%$̀r9M$($k!%$3$N$H$-:G$b9b$$M%@h8"$r$b$D%/%i%9H $NE~CeN( � H , J?6Q%5!<%S%9;~ 4VbH !$ %5!<

%S%9;~ 4V$N#2<! @QN( b(2)
H $O$=$l $>$l

� H =
j � 1X

i =1

� i ; bH =
j � 1X

i =1

� i

� H
bi ; b(2)

H =
j � 1X

i =1

� i

� H
b(2)

i ;

$H$J$j !$ MxMQN( � H $O� H = � 1 + � � � + � j � 1 $GM?$($i $l $k!%$3$l $r<0 (61) $KE,MQ$9$k$H

E[Wq;j ] =

NX

i =1

� i
b(2)

i

2bi

(1 � � H )(1 � � H � � j )
=

NX

i =1

� i
b(2)

i

2bi
 

1 �
j � 1X

i =1

� i

!  

1 �
jX

i =1

� i

!
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FCFS

?^ 31: Hs3d9~$_M%@h5, N'$K$*$1$kJ?6QBT$A;~ 4V!J � = 3� � !K

$rF@$k!%Hs3d9~$_M%@h5, N'$rMQ$$$l $P!$ 0[ $J$k<oN`$N5R$K0[ $J$kM%@h8"$rM?$($k$3$H$G%/%i%94V$N@-G=$r :9 JL2=

$9$k$3$H$, $G$-$k!%

<!$K!$%/%i%9j (j = 1; : : : ; N ) $N5R$NJ?6QBT$A;~4V$KBP$7$F!$C10L;~4VEv$?$j @5$N%3%9%HCj $, $+$+$k$H$7!$E,

Ev$JHs3d9~$_7?%5!< %S%95, N'$rMQ$$$F!$ %7%9%F%À4BN$G$N%3%9%HCtotal $r :G>. $K$9$k$H$$$&LdBj$r9M$($k!%

minimize Ctotal =
RX

j =1

Cj E[Wq;j ]

$3$N$H$-
Cr 1

� r 1

�
Cr 2

� r 2

� � � � �
Cr N

� r N

(62)

$r$_$?$9$h$&$J%/%i%9$N=g=x r1; r2; : : : ; rN $rDj$a!$ %/%i%9r j $, %/%i%9r j +1 ; : : : ; rN $KBP$7$FM%@h8"$r$b$DHs3d

9~$_M%@h5, N'$rMQ$$$k$HAm%3%9%HCtotal $, :G>. 2=$5$l $k$3$H$, CN$i $l $F$$$k (Gelenbe and Mitrani 1980)!%

Nc 38 FC$K Cj = � j =
P N

i =1 � i $H$9$k$H!$ Am%3%9%HCtotal $OG$0U$KA*$P$l $?5R$NJ?6QBT$A;~ 4V!$ $9$J$o$AAmJ?6Q

BT$A;~4V$H$J$k!%$3$N$H$- Cj =� j = 1=bj � 1=
P N

i =1 � i $G$"$k$N$G!$ <0 (62) $h$j J?6Q%5!< %S%9;~ 4V$, C;$$%/%i%9

$KBP$7$F$h$j 9b$$M%@h8"$rM?$($k$3$H$GAmJ?6QBT$A;~ 4V$r :G>. 2=$G$-$k$3$H$, J, $+$k!%

?^ 31 $O%/%i%9j !J j = 1; 2; 3!K$N5R$, $=$l $>$l FHN)$KF1$8N( � � $r$b$D%]%o%=%s2aDx$K=>$$E~Ce$7!$ %5!< %S%9

;~ 4V$, %Q%i%a%?� j = 2=j $N;X?t J, I[ $K=>$&>l 9g$K!$ %/%i%91, 2, 3 $N=g$K9b$$M%@h8"$rM?$($?$H$-$NJ?6QBT$A;~

4V$r<($7$?$b$N$G$"$k!%;2 9M$N$?$a!$ AmJ?6QBT$A;~ 4V$HFCFS $N>l 9g$NJ?6QBT$A;~ 4V$b<($5$l $F$$$k!%$3$NNc$G

$O!$ bj = j =2!$ b(2)
j = j 2=2!$ � j = j � � =2 $G$"$k!%$^$?!$ FCFS $N>l 9g$O� = 3� � !$ b = 1!$ b(2) = 14=6!$ � = 3� � !$

%5!<%S%9;~4V$NJ, I[ 4X?t H (x) $O3 <! $ND6;X?t J, I[ H (x) = 1
3 (1 � e� 2x ) + 1

3 (1 � e� x ) + 1
3 (1 � e� 2x= 3) $GM?$($i

$l $k M =G=1 $H$J$k$3$H$KCm0U$9$k!%?^$h$j %/%i%94V$G@-G=$KBg$-$J0c$$$, $"$k$3$H$, J, $+$k!%FC$K%7%9%F%$̀N

Ii 2Y$, 1 $K6aIU$/ $K=>$C$F%/%i%93 $NJ?6QBT$A;~ 4V$OH/;6 $7$F$$$/ $, !$ %/%i%91 $H2 $NJ?6QBT$A;~ 4V$OM-8B$N

CM$KN1$^$C$F$$$k!%$^$?!$ AmJ?6QBT$A;~ 4V$OFCFS $N>l 9g$h$j $b>.$5$/ $J$C$F$$$k$, !$ $3$l $O:G$bDc$$M%@h8"$r

$b$D%/%i%93 $N5R$N@-G=$r5>@7$K$9$k$3$H$K$h$C$FF@$i $l $F$$$k$3$H$KCm0U$9$k!%

6.4 %W%m%;%C%5%7%'%"%j%s%0BT$A9TNs$H8xJ?@-

0J2<$N$h$&$JC10l %5!<%PBT$A9TNs$r9M$($k!%7OFb$Kn ?M$N5R$, $$$k$H$-!$ %5!<%P$O%5!< %S%9G=NO$r6QEy$Kn J,

3d$7!$ $3$l $i $N5R$r$=$l $>$l 1=n $NG=NO$GJB9T$7$F%5!< %S%9$r9T$&!%$3$N$h$&$J%5!< %S%95, N'$r%W%m%;%C%5%7%'

%"%j%s%0!J Processor-Sharing:PS!K$H$$$& (Kelly 1979)!%
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Nc 39 %\%H%k%M%C%/$H$J$C$F$$$k2s@~$rB?$/ $N%U%m!< $, 6&M-$7$F$$$k>u67$r9M$($k!%2s@~B.EY$r C bps $H$7$?$H

$- !$ $3$N2s@~$rN.$l $k%U%m!< $, n K\$G$"$l $P!$ 8D!9 $N%U%m!< $O$"$?$+$b C=n $N2s@~B.EY$G%5!< %S%9$5$l $F$$$k

$h$&$K8+$J$; $k!%$=$3$G!$ DL?. %M%C%H%o!< %/Fb$KN.$l $k8D!9 $N%U%m!< $r5R$H$_$J$7!$ %\%H%k%M%C%/$H$J$k2s@~$r

%5!< %P$H$_$J$9$H!$ %W%m%;%C%5%7%'%"%j%s%05, N'$K=>$&C10l %5!< %PBT$A9TNs%b%G%k$, F@$i $l $k!%

FC$K!$ 5R$NE~Ce$, N( � $N%]%o%=%s2aDx$K=>$$!$ 5R$N%5!< %S%9$, FHN)$J%Q%i%a%?� $N;X?t J, I[ $K=>$&>l 9g!$ PS

M =M =1 $K$*$1$k7OFb5R?t $O!$ =P@8N( � !$ ;` LGN( � $r$b$D=P@8;` LG2aDx$GI= 8=$5$l $k!%$9$J$o$A!$ Dj>o>uBV$K$*

$1$k7OFb5R?t J, I[ $OFCFS M =M =1 $HF1$8$K$J$j !$ <0 (21) $GM?$($i $l $k!%

%W%m%;%C%5%7%'%"%j%s%05, N'$O4v$D$+$N6=L#?<$$@-<A$r$b$D$3$H$, CN$i $l $F$$$k!%$^$: !$ 5R$NE~Ce$, N( � $N%]

%o%=%s2aDx$K=>$$!$ 5R$N%5!< %S%9$, FHN)$GJ?6Q� � 1 $r$b$DPS M =G=1 $K$*$$$F!$ � = �=� < 1 $J$i $P!$ Dj>o>u

BV$K$*$1$k7OFb5R?t J, I[ $O!$ %5!< %S%9;~4VJ, I[ $NJ?6Q$N$_$GDj$^$j !$ %5!<%S%9;~ 4VJ, I[ $=$N$b$N$K$O0MB8$7$J$$!%

$9$J$o$A!$ M =G=1 $d M =G=c=c$HF1MM$K%5!< %S%9;~4VJ, I[ $K4X$7$FIT46@-$r$b$C$F$*$j !$ J?6Q%5!< %S%9;~ 4V$,

� � 1 $GM?$($i $l $k$J$i $P!$Dj>o>uBV$K$*$1$k7OFb5R?t J, I[ $O<0 (21) $GM?$($i $l $k!%$5$i $K!$%5!<%S%9;~4VH = x

$r$b$D5R$NJ?6Q7OFbBZ:_ ;~ 4VE[W j H = x] $O%5!< %S%9;~ 4VJ, I[ $K$O0MB8$; $: !$

E[W j H = x] =
x

1 � �
(63)

$GM?$($i $l $k!%

Nc 40 !J Nc39 $NB3$- !K0J2<$G$O0l $D$N%U%m!<$, EAAw$9$k%G!< %?NL$NJ?6Q$r h byte $H$9$k!%FC$K!$ %U%m!< $NH/@8

$, N( � $N%]%o%=%s2aDx$K=>$&$J$i $P!$ $3$N2s@~$G$NCY1d!J A4$F$N%G!< %?$rAw?. $7=*$k$^$G$KI, MW$J;~ 4V!K$O!$ Mx

MQN( � = 8�h=C < 1 $r$b$DPS M =G=1 $G%b%G%k2=$G$- !$ FC$Kx byte $N%G!< %?$rEAAw$9$k$N$KI, MW$JJ?6Q;~ 4V

T[x] $O<0 (63) $h$j

T[x] =
8x=C
1 � �

(64)

$GM?$($i $l $k!%

<0(64) $h$j !$<!$N$h$&$J$3$H$,$o$+$k!%J?6QEAAw;~4V$OEAAw$9$k%G!<%?NL$K@~7A$G$"$k!%Nc$($P!$2 G\$N%G!<%?$rAw

$k$?$a$K$OJ?6Q2 G\$N;~4V$,$+$+$k!%$3$l $r8@$$BX$($k$H!$1 byte $NEAAw$r9T$&$?$a$KI, MW$H$J$kM>J, $J;~4V$O0l Dj

$H$$$&$3$H$G$"$k!%$9$J$o$A!$%G!<%?NL$, x $N%U%m!<$,Ho$kM>J, $J;~4V$O(8x=C)=(1� � ) � 8x=C = 8x=C� �= (1� � )

$H$J$k$N$G!$ 1 byte $NEAAw$r9T$&$?$a$KI, MW$H$J$kM>J, $J;~4V$O8�= f C(1 � � )g $GM?$($i $l $k!%$3$NM>J, $J;~ 4V

$O1 C10L$N%G!< %?$NEAAw$KI, MW$J%Z%J%k%F%#!< $H8+$J$9$3$H$, $G$- !$ $=$N%Z%J%k%F%#!< $, EAAw$9$k%G!< %?$NAmNL

$HFHN)$G$"$k$H$$$&0UL#$G8xJ?$G$"$k!%$3$l 0J30$K!$ Nc38 $N$h$&$K!$ C;$$%G!<%?$NEAAw$K9b$$M%@h8"$rM?$($k$H

$$$&9M$(J} $b$"$k!%0l J} !$ D9$$%G!< %?$NEAAw$rM%@hE*$K07$&>l 9g!$ C;$$%G!< %?$NEAAw$KBP$9$kJ?6QCY1d$h$j $bD9

$$%G!< %?$NEAAw$KBP$9$kJ?6QCY1d$NJ} $, >. $5$/ $J$k2DG=@-$, @8$8$k!%$b$7$3$N$h$&$J$3$H$, 5/ $-$l $P!$ MxMQ<T$O

IT I, MW$KD9$$%G!< %?$rDL?. %M%C%H%o!< %/$KN.$=$&$H$9$k$+$bCN$l $J$$!%%W%m%;%C%5%7%'%"%j%s%0$GC#@.$5$l $k8x

J?@-$OMxMQ<T$N$3$N$h$&$J?6Iq $$$rKI$0F/$-$, $"$k!%

6.5 B?8F<o M =G=c=c

M =M =c=c$"$k$$$OM =G=c=c$G$O$=$l $>$l $N5R$, 0l $D$N%5!< %P$r@jM-$9$k$H2>Dj$5$l $F$$$k$, !$ $3$N%b%G%k

$r3HD%$7!$ %/%i%9#1$+$i %/%i%9N $^$GN <oN`$N5R$, $"$j !$ %/%i%9j $N5R$Ocj 8D$N%5!< %P$rF1;~ $K;HMQ$9$k>l

9g$r9M$($k!%%/%i%9j $N5R$ON( � j $N%]%o%=%s2aDx$K=>$$E~Ce$7!$E~Ce;~ $Kc 8D$N%5!< %P$N$&$Acj 8D0J>e$N%5!<

%P$, 6u$G$"$l $P!$ $=$NCf$+$i cj 8D$N%5!< %P$rF1;~ $K@jM-$7!$ %5!< %S%9$r<u$1$k!%6u$N%5!< %P$, cj 8DL$K~$N>l 9g

$O8FB;$H$J$k!%%/%i%9j $N5R$N%5!< %S%9;~ 4V$O0l HLJ, I[ $K=>$$!$ $=$NJ?6Q$Obj $G$"$k$H$9$k!%%5!<%S%9$, =*N;$9

$k$H@jM-$7$F$$$? cj 8D$N%5!< %P$rF1;~ $K3+J| $9$k!%
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?^ 32: BT$A9TNsLV

Nc 41 BS0h$, C bps $N2s@~$, $"$j !$ %/%i%9j !J j = 1; : : : ; N !K$NMxMQ<T$O0l Dj$NBS0h cj bps $rMW5a$9$k!%$b$7E~

Ce;~$K6u$-BS0h$, cj bps L$K~$G$"$k$J$i $P!$$3$NMxMQMW5a$O5qH]$5$l !$8FB;$H$J$k!%%/%i%9j $NMxMQ<T$N2s@~Mx

MQMW5a$, N( � j $N%]%o%=%s2aDx$K=>$$H/@8$7!$ 2s@~@\B3;~ 4V$, J?6Qbj $J$i $P!$ $3$N2s@~$NMxMQ>u67$O>e5-$NB?8F

<o M =G=c=c$G%b%G%k2=$G$-$k!%$?$@$7 c = C $G$"$k!%

$3$N%b%G%k$G:G$b6=L#$N$"$kNL$O%/%i%9j $N5R$, 8FB;$H$J$k3NN( B j $G$"$j !$ $3$l $O<! <0$GM?$($i $l $k (Kelly

1979)!%

B j = 1 � G(c � cj )=G(c); j = 1; : : : ; R

$?$@$7 ~n = (n1; : : : ; nN ) (n j � 0) $H~c = (c1; : : : ; cN )T $KBP$7$F 
( x) = f ~n; 0 � ~n~c � xg $H$7!$ � j = � j bj $H$7

$?$H$- G(x) $O

G(x) =
X

~n 2 
( x )

NY

j =1

� n j

j

nj !
; 0 � x � c

$GM?$($i $l $k!%N = 1 $N$H$- !$ <0 (26) $N%"!< %i%s8FB;<0$HEy2A$G$"$k!%

6.6 BT$A9TNsLV$H@Q7A<02r

$3$l $^$G5DO@$7$F$-$?BT$A9TNs%b%G%k$OA4$F0l $D$NCOE@$G%5!< %S%9$rMW5a$9$k$b$N$G$"$C$?!%$3$3$G$O!$ $"$k

COE@$G%5!< %S%9$r<u$1$?5R$, B>$NCOE@$K0\ F0$7!$ $=$3$G?7$?$J%5!< %S%9$r<u$1$kBT$A9TNs%b%G%k!$ $9$J$o$A!$ BT

$A9TNsLV!J queueingnetwork!K$K$D$$$FNI$/ CN$i $l $F$$$k7k2L$r>R2p$9$k!%?^ 32 $OFs$D$N%N!< %I$+$i $J$kBT$A9T

NsLV$NNc$G$"$k!%30It $+$i LV$X$NE~Ce$ON>J} $N%N!< %I$K$"$k!%#1CJL\ $N%N!< %I$G%5!< %S%9$r=*N;$7$?5R$N0l It $O

LV$rN%C&$9$k$, !$ ;D$j $O#2CJL\ $N%N!< %I$X8~$+$&!%#2CJL\ $N%N!< %I$G$O#1CJL\ $N%N!< %I$+$i Mh$?5R$H30It $+$i Mh

$?5R$, 0l $D$NBT$A9TNs$r :n $j !$ =g<! !$ %5!< %S%9$r<u$1$?8e!$ LV$rN%C&$9$k!%

$5$F!$ J 8D$N%N!< %I$+$i $J$kBT$A9TNsLV$r9M$($k!%j HVL\ $N%N!< %I$K$ON( � j $N%]%o%=%s2aDx$K=>$$30It $+$i 5R

$, E~Ce$9$k$H2>Dj$9$k!%j HVL\ $N%N!< %I$G$N%5!< %S%9$O0J2<$K<($9#3$D$N%?%$%W$N$$$: $l $+0l $D$G$"$k$H$9$k!%

M =M =c 7? cj 8D$N%5!< %P$, $"$j !$ %5!< %S%9;~ 4V$O%Q%i%a%?� j $N;X?t J, I[ $K=>$&!%

M =G=1 7? L58B8D$N%5!< %P$, $"$j !$ J?6Q%5!< %S%9;~ 4V$O1=� j $G$"$k!%JX59>e cj = 1 $H$9$k!%

PS 7? #18D$N%5!<%P$, $"$j !$ 5R$O%W%m%;%C%5%7%'%"%j%s%0%5!< %S%95, N'$K=>$$%5!< %S%9$r<u$1$k!%J?6Q%5!< %S%9

;~ 4V$O1=� j $G$"$k!%JX59>e cj = 1 $H$9$k!%

$5$i $K j HVL\ $N%N!<%I$G$N%5!<%S%9$r=*N;$7$?5R$O!$3NN( r j;k $Gk HVL\ $N%N!<%I$X8~$+$&$H2>Dj$9$k!%$h$C$F!$

j HVL\ $N%N!< %I$G$N%5!< %S%9$r=*N;8e!$ LV$N30It $XN%C&$9$k3NN( r j; 0 $O

r j; 0 = 1 �
JX

k=1

r j;k � 0
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$GM?$($i $l $k!%

$3$3$G!$ C10L;~ 4VEv$?$j $K j HVL\ $N%N!< %I$KE~Ce$9$k5R?t $NJ?6Q$r � j $H$9$k$H!$ � j $O<! <0$rK~$?$9!%

� j = � j +
NX

i =1

� i r i;j (65)

$5$i $KLV$KE~Ce$7$?5R$O$$$: $l I, $: LV$rN%C&$9$k$H2>Dj$9$k!%8@$$BX$($k$H!$<0 (65) $rK~$?$9@5CM� j < 1 $, B8

:_ $7!$ � j = � j =� j $H$7$?$H$- !$ A4$F$Nj $KBP$7$F � j < cj $, @.N)$9$k$H2>Dj$9$k!%$3$N$H$- !$ $3$NBT$A9TNsLV$O

0BDj$G$"$j !$ 7OFb5R?t $N7k9g3NN($K4X$7$FDj>o>uBV2r$, B8:_ $9$k$3$H$, CN$i $l $F$$$k!%

L j $rDj>o>uBV$K$*$1$k j HVL\ $N%N!< %I$N7OFb5R?t $H$9$k!%7OFb5R?t $N7k9g3NN( p(k1; : : : ; kJ ) $r

p(k1; : : : ; kJ ) = Pr(L 1 = k1; : : : ; L J = kJ )

$GDj5A$9$k!%

DjM} 42 7k9g3NN( p(k1; : : : ; kJ ) $O!$ 0J2<$N$h$&$K3F%N!< %I$K$*$1$k7OFb5R?t J, I[ pj (kj ) = Pr(L j = kj ) $N@Q$G

M?$($i $l $k (Baskett et al. 1975)!%

p(k1; : : : ; kJ ) = p1(k1) � � � pJ (kJ ) (66)

$?$@$7 pj (kj ) $OM =M =c 7?$J$i $P<0 (23) $GM?$($i $l !$ M =G=1 7?$J$i $P<0 (24) $GM?$($i $l !$ PS 7?$J$i $P<0

(21) $GM?$($i $l $k!%

$3$N$h$&$K!$ 7OFb5R?t $K4X$9$k7k9g3NN($, 8D!9 $N%N!<%I$K4X$9$k3NN($N@Q$GM?$($i $l $k$?$a!$ <0 (66) $O@Q7A<0

2r !J product-form solution!K$H8F$P$l $F$$$k!%

A %]%o%=%s2aDx$NFHN)A}J, @-$K$D$$$F

5R$NE~Ce4V3V$, FHN)F10l $J;X?t J, I[ $K=>$&>l 9g!$ FHN)A}J, @-$r$b$D$3$H$r<($9!%$J$*!$ $3$N>O$NFbMF$K4X$7$F

$O!$ 6e=#9)6HBg3X$NFbED???M=Z65<x$+$i B??t $N5. =E$J%3%a%s%H$rD:$$$?!%$3$3$K<U0U$rI= $7$^$9!%

JdBj 43 FHN)F10l $J%Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&E~Ce4V3V$G5R$, E~Ce$9$k$H2>Dj$9$k!%$3$3$G!$A(x; y] $r;~

4V6h4V (x; y] $KE~Ce$9$k5R?t $r I= $93NN(JQ?t $H$9$k!%$b$7!$ #2$D$N;~ 4V6h4V (y1; y1 + x1] $H(y2; y2 + x2] $, =E$J

$j 9g$o$J$$!J y1 + x1 � y2!K $J$i $P!$

Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1) = Pr(A(y2; y2 + x2] = k2)

$, @.N)$9$k!%

>ZL@!! :G=i $K!$ 5R$NE~Ce4V3V$, FHN)F10l $JG$0U$NJ, I[ $K=>$&>l 9g$K$D$$$F

$"$k5R$NE~Ce;~ 9o$r;~ 9o 0 $H$7!$ y1 � 0 $G$"$k

$H$$$&2>Dj$N2<$G0l HLE*$K@.N)$9$k@-<A$K$D$$$F=R$Y$k!%

0J2<$G$O!$ � 0 = 0 $H$7!$ � k $r k HVL\ $N5R$NE~Ce;~ 9o$H$9$k!%$3$N$H$- !$ E~Ce4V3V$r Yk = � k � � k � 1 $GI= $9$J

$i $P!$ � k = Y1 + Y2 + � � � + Yk $G$"$k!%E~Ce4V3V$, FHN)F10l $JJ, I[ $K=>$&>l 9g!$

� k � t , A(0; t] � k

$, @.N)$7!$ 0l HL$K$O!$ A4$F$Nn (n = 0; 1; : : :) $KBP$7$F

� n + k � � n � t , A(� n ; � n + t] � k

61



$, @.N)$9$k!%$3$N$h$&$K!$ E~Ce4V3V$, FHN)F10l $JJ, I[ $K=>$&>l 9g!$ n HVL\ $N5R$NE~Ce;~9o � n $, M?$($i $l $k$H$=$l

0J9_$N5R$NE~Ce;~ 9o$O!$ n � 1 HVL\ $^$G$N5R$NE~Ce;~ 9o$H$OFHN)$H$J$k$3$H$KCm0U$9$k!%

$5$F!$ � last $r ;~ 9o y2 0JA0$N:G8e$N5R$NE~Ce;~ 9o$H$7!$ � next $r ;~ 9o y2 0J9_$N:G=i $N5R$NE~Ce;~ 9o$H$9$k!%Dj

5A$h$j !$ � last � y2 < � next $G$"$k!%$^$?!$ ;~ 9o � next $KE~Ce$9$k5R$NE~Ce4V3V$r X 1 = � next � � last $H$9$k!%$5$i

$K!$ � next 0J9_$NE~Ce4V3V$r=g$KX n (n = 2; 3; : : :) $H=q$/ !%

:# !$ ;~ 4V6h4V [0; y] $N4V$K$*$1$k:G8e$NE~Ce;~ 9o$+$i y $^$G$N;~ 4V4V3V$r T0(y) $H$9$k!%Dj5A$h$j T0(y2) =

y2 � � last $H$J$j !$ X 1 > T0(y2) $G$"$k!%T0(y) $NJ, I[ 4X?t $r Fy (z) $H=q$-!$ ;v >] � $H$$$&>r7o$N2<$G$NT0(y) $N

J, I[ 4X?t $r Fy (z j � ) $H=q$/ !%

(i) A(y1 + x1; y2] > 0 $N>l 9g!' !! $3$N$H$-!$y1+ x1 < � last = y2� T0(y2) � y2 $G$"$k$N$G!$$3$N$h$&$J T0(y2) $,M?$(

$i $l $k$H!$E~Ce4V3V$,FHN)F10l $JJ, I[ $K=>$&$3$H$h$j !$;~9o � last 0J9_$NE~Ce;~9o$N$_$GDj$^$k;v >] A(y2; y2+ x2] = k2

$O;~9o � last 0JA0$NE~Ce;~ 9o$GDj$^$k;v >] A(y1; y1 + x1] $H$OFHN)$H$J$k!J $3$N$h$&$J>l 9g$r>r7oIU$-FHN)$G$"$k

!J conditionally independent !K$H$$$&!K!%$h$C$F

Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

=
Z y2 � y1 � x 1

0
Pr(A(y2; y2 + x2] = k2 j T0(y2) = z; A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

� dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

=
Z y2 � y1 � x 1

0
Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

(ii) A(y1; y1 + x1] > 0; A(y1 + x1; y2] = 0 $N>l 9g!' !! $3$N$H$-!$ y1 < � last = y2 � T0(y2) � y1 + x1 $G$"$j !$$3$N

$h$&$J T0(y2) $, M?$($i $l $?$H$-

A(y1; y1 + x1] = k1 > 0 , A(y1; y2 � T0(y2)) = k1 � 1 � 0

$G$"$k!%$h$C$F

Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1 > 0; A(y1 + x1; y2] = 0)

=
Z y2 � y1

y2 � y1 � x 1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z; A(y1; y1 + x1] = k1 > 0; A(y1 + x1; y2] = 0)

� dFy2 (z j A(y1; y1 + x1] = k1 > 0; A(y1 + x1; y2] = 0)

=
Z y2 � y1

y2 � y1 � x 1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z; A(y1; y2 � z) = k1 � 1 � 0)

� dFy2 (z j A(y1; y1 + x1] = k1 > 0; A(y1 + x1; y2] = 0)

=
Z y2 � y1

y2 � y1 � x 1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = k1 > 0; A(y1 + x1; y2] = 0)

(iii) A(y1; y1 + x1) = 0; A(y1 + x1; y2] = 0 $N>l 9g!' !! $3$N$H$- !$ 0 � � last = y2 � T0(y2) � y1 $G$"$j !$

0 � y2 � T0(y2) � y1 ) A(y1; y1 + x1] = 0 $+$DA(y1 + x1; y2] = 0

$G$"$k!%$h$C$F!$

Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = 0; A(y1 + x1; y2] = 0)

=
Z y2

y2 � y1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z; A(y1; y1 + x1] = 0; A(y1 + x1; y2] = 0)

� dFy2 (z j A(y1; y1 + x1] = 0; A(y1 + x1; y2] = 0)

=
Z y2

y2 � y1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = 0; A(y1 + x1; y2] = 0)
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$h$C$F!$ (ii), (iii) $N>l 9g$r$^$H$a$F5-=R$9$k$H<! <0$rF@$k!%

Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1)

= Pr(A(y1 + x1; y2] > 0 j A(y1; y1 + x1] = k1)

� Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

+ Pr(A(y1 + x1; y2] = 0 j A(y1; y1 + x1] = k1)

� Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1; A(y1 + x1; y2] = 0)

= Pr(A(y1 + x1; y2] > 0 j A(y1; y1 + x1] = k1)

�
Z y2 � y1 � x 1

0
Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

+ Pr(A(y1 + x1; y2] = 0 j A(y1; y1 + x1] = k1)

�
Z y2

y2 � y1 � x 1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] = 0)

>e5-$G8=$l $?Ho@QJ, 4X?t $OA4$FF1$87APr(A(y2; y2 + x2] = k2 j T0(y2) = z) $r$7$F$*$j !$

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)

= Pr(A(y2 � z; y2 + x2] = k2 j T0(y2 � z) = 0; A(y2 � z; y2] = 0)

= Pr(X 1 + X 2 + � � � + X k2 � z + x2; X 1 + X 2 + � � � + X k2 + X k2 +1 > z + x2 j X 1 > z)

$H=q$/ $3$H$, $G$-$k!%

FC$K!$X n (n = 1; 2; : : :) $, FHN)F10l $J%Q%i%a%?� $r$b$D;X?t J, I[ $K=>$&>l 9g!$;X?t J, I[ $NL55-21@-$h$j X 1 > z

$H$$$&>r7o2<$K$*$$$FX 0
1 = X 1 � z $OX 1 $HF1$8J, I[ $K=>$&!%

Pr(X 1 � z � x j X 1 > z) =
Pr(X 1 � x + z; X 1 > z)

Pr(X 1 > z)

=
Pr(z < X 1 � x + z)

Pr(X 1 > z)

=
exp[� � (z)] � exp[� � (x + z)]

exp[� �z ]
= 1 � exp(� �x )

= Pr(X 1 � x)

$h$C$F

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)

= Pr(X 1 + X 2 + � � � + X k2 � z + x2; X 1 + X 2 + � � � + X k2 + X k2 +1 > z + x2 j X 1 > z)

= Pr(X 0
1 + X 2 + � � � + X k2 � x2; X 0

1 + X 2 + � � � + X k2 + X k2 +1 > x2)

= Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)

$3$N$h$&$K!$ >e5-$G8=$l $?6&DL$NHo@QJ, 4X?t Pr(A(y2; y2 + x2] = k2 j T0(y2) = z) $Oz $HFHN)$JNL$H$J$k!%

0J>e$N5DO@$h$j !$

Pr(A(y2; y2 + x2] = k2 j A(y1; y1 + x1] = k1)

= Pr(A(y1 + x1; y2] > 0 j A(y1; y1 + x1] = k1)

�
Z y2 � y1 � x 1

0
Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

+ Pr(A(y1 + x1; y2] = 0 j A(y1; y1 + x1] = k1)
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�
Z y2

y2 � y1 � x 1

Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] = 0)

= Pr(A(y1 + x1; y2] > 0 j A(y1; y1 + x1] = k1)

� Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)
Z y2 � y1 � x 1

0
dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] > 0)

+ Pr(A(y1 + x1; y2] = 0 j A(y1; y1 + x1] = k1)

� Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)
Z y2

y2 � y1 � x 1

dFy2 (z j A(y1; y1 + x1] = k1; A(y1 + x1; y2] = 0)

= Pr(A(y1 + x1; y2] > 0 j A(y1; y1 + x1] = k1) Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)

+ Pr(A(y1 + x1; y2] = 0 j A(y1; y1 + x1] = k1) Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)

= Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)

$rF@$k!%0l J} !$ Pr(A(y2; y2 + x2] = k2) $K4X$7$F$b

Pr(A(y2; y2 + x2] = k2) =
Z 1

0
Pr(A(y2; y2 + x2] = k2 j T0(y2) = z)dFy2 (z)

=
Z 1

0
Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)dFy2 (z)

= Pr(A(y2; y2 + x2] = k2 j T0(y2) = 0)

$H$J$k!%$h$C$FBj0U$, <($5$l $?!%
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B :G>.8B0E5-$9$Y$-$3$H

9V5AFbMF$rM}2r$9$kA0Ds$H$7$F0E5-$9$Y$- ;v $rNs5s$7$F$*$/ !%

� J?6Qa $N%]%o%=%sJ, I[

Pr(N = k) = e� a ak

k!
; k = 0; 1; : : :

� %Q%i%a%?� $r$b$D;X?t J, I[ !J J?6Q1=� !K

Pr(X � x) = 1 � e� �x ; x � 0

L)EY4X?t $OJ, I[ 4X?t $rHyJ, $7$?$b$N!$ %Q%i%a%?� $r$b$D;X?t J, I[ $N>l 9g �e � �x

� exp(a) $N%%̂/%m!< %j%sE83+!J 0 <~$j $N%F!< %i!< E83+!K

ea =
1X

k=0

ak

k!

� EyHf5i ?t $NOB
nX

k= m

ak =

8
<

:
am � 1 � an � m +1

1 � a ; a 6= 1

n � m + 1; a = 1

� HsIi N%;6 3NN(JQ?t L $N3NN(Jl 4X?t !J 3NN(4X?t $NZ JQ49!K L � (z)

L � (z) = E
�
zL �

=
1X

k=0

Pr(L = k)zk

� HsIi 3NN(JQ?t X $N%i%W%i%9!&%9%F%#%k%A%'%9JQ49!J L)EY4X?t $N%i%W%i%9JQ49!KX � (s)

X � (s) = E
�
e� sX �

=
Z 1

0
e� sx dF(x) =

Z 1

0
e� sx f (x)dx

$?$@$7 F (x)!$ f (x) $O$=$l $>$l X $NJ, I[ 4X?t !$ L)EY4X?t

C 1i =,LdBj$NN,2r

2.1. N,!' (1) 7 %Z!< %8$NDjM}1 $r ;2 >H!! (2) 2.2@a$N:G8e$N#2CJMn!J 9 %Z!< %8!K$r ;2 >H

2.2. N,!' (1) 10%Z!< %8$NDj5A3 $r ;2 >H!! (2) 11%Z!< %8$N>. $5$J%U%)%s%H$G=q$+$l $?It J, $N2<@~It ;2 >H!! (3)

11%Z!< %8$N0l DjE~CeN($N2>Dj$r;2 >H

2.3. N,!' 11%Z!< %8$N<0 (13) $r4^$`CJMn;2 >H

2.4. N,!' (1) 10%Z!< %8$N2.3.2@a;2 >H!! (2) 11%Z!< %8$N2.3.3@a;2 >H!! (3) 12%Z!< %8$N2.3.4@a;2 >H!!

2.5. N,!' 13%Z!< %8$N2.3.5@a;2 >H

2.6.
1X

k=0

Pr(X > k) =
1X

k=0

1X

n = k+1

Pr(X = n) =
1X

n =1

n � 1X

k=0

Pr(X = n) =
1X

n =1

n Pr(X = n)

$h$j
P 1

k=0 Pr(X > k) = E[X ]!%
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2.7. J, I[ 4X?t $r F (x) = Pr(X � x)!$ L)EY4X?t $r f (x) = dF(x)=dx $H$9$k!%$3$N$H$-
Z 1

0
Pr(X > x)dx =

Z 1

0
(1 � F (x))dx = [x(1 � F (x)]1

0 +
Z 1

0
xf (x)dx = [x(1 � F (x)]1

0 + E[X ]

$b$7 E[X ] = 1 $J$i $P

[x(1 � F (x)]1
0 = lim

x !1
x(1 � F (x)) � 0

$h$j Bj0U$O@.N)!%0l J} !$ E[X ] $, M-8B$J$i $P1&JUBh#19`$O

[x(1 � F (x)]1
0 = lim

x !1
x(1 � F (x)) � 0

$+$D

lim
x !1

x(1 � F (x)) = lim
x !1

x
Z 1

x
f (y)dy = lim

x !1

Z 1

x
xf (y)dy � lim

x !1

Z 1

x
yf (y)dy

$G$"$k!%$3$3$G Z 1

0
yf (y)dy =

Z x

0
yf (y)dy +

Z 1

x
yf (y)dy = E[X ] < 1

$+$D!$ Z 1

0
yf (y)dy = lim

x !1

Z x

0
yf (y)dy = E[X ] < 1

$h$j !$

lim
x !1

Z 1

x
yf (y)dy = 0

$rF@$k!%$h$C$F[x(1 � F (x)]1
0 = lim x !1 x(1 � F (x)) = 0 $H$J$j Bj0U$, @.N)!%

2.8. (1) !VX max � x!W$O!VA4$F$Nn $KBP$7$FX n � x!W$HEy2A!%X n $O8_$$$KFHN)$J$N$GPr(X 1 � x; : : : X N �

x) = Pr(X 1 � x) � � � � � Pr(X N � x) $h$j F N (x) !! (2) !VX min > x!W$O!VA4$F$Nn $KBP$7$F X n > x!W$HEy2A!$

(1) $HF1MM$K9M$($F Pr(X min > x) = (1 � F (x))N $h$j 1 � (1 � F (x))N

2.9. 2>$KX min = X j = x $H$9$k$H!$3F i !J i = 1; 2; : : : ; N , i 6= j !K$KBP$7$F X i = X 0
i + x $H=q$-D>$9$3$H$,

$G$-$k!%;X?t J, I[ $NL55-21@-$+$i X 0
i $O%Q%i%a%?� $N;X?t J, I[ $K=>$&!%0l J} !$ $3$N$H$-

Y = X max � X min = max(X 1; X 2; : : : ; X N ) � x = max(X 1 � x; : : : ; X j � 1 � x; 0; X j +1 � x; : : : ; X N � x)

= max(X 0
1; : : : ; X 0

j � 1; X 0
j +1 ; : : : ; X 0

N )

$, x $NCM$K4X$o$i $: @.N)$9$k!%$h$C$F Y $OFHN)$GF10l $J%Q%i%a%?� $N;X?t J, I[ $K=>$&N � 1 8D$N3NN(JQ?t $N:G

BgCM$HEy$7$$!%0J>e$h$j (1 � exp(� �x ))N � 1!%

2.10. X j = x $J$i $P!VX j = min(X 1; : : : ; X n )) !W, !VX i > x (i 6= j )!W$rMxMQ$9$k!%

Pr(X j = min(X 1; : : : ; X n )) =
Z 1

0
� j e� � j x e� � 1 x � � � e� � j � 1 x e� � j +1 x � � � e� � n x dx

= � j

Z 1

0
e� ( � 1 + ��� + � n )x dx =

� j

� 1 + � 2 + � � � + � n

2.11. N = n $G>r7oIU$1$r9T$C$F7W;; $9$l $PF@$i $l $k!%

Pr(SN = k) =
1X

n = k

Pr(N = n)
�

n
k

�
pk (1 � p)n � k = e� � (p� )k

k!
�

1X

n = k

[(1 � p)� ]n � k

(n � k)!
= e� � (p� )k

k!
� e(1 � p) �

= e� p� (p� )k

k!

3.1. N,!' (1) 17%Z!<%8$N<0 (16) ;2 >H!! (2) 17%Z!<%8$N<0 (17) ;2 >H!! (3) 17%Z!< %8$N<0 (18) ;2 >H!! (4) 17

%Z!< %8$N<0 (19) ;2 >H!! (5) 17%Z!<%8$N<0 (20) ;2 >H!!
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3.2. N,!' 18%Z!< %8$N3.2.1@a;2 >H

3.3. (1) N,!' 19%Z!<%8$N3.2.2@a;2 >H!! (2) E~Ce;~$K7OFb5R?t $, K ?M$G$"$C$?5R$O8FB;$H$J$k!%%]%o%=%s2a

Dx$N@-<A$h$j !$ E~Ce5R$, 8+$k%7%9%F%$̀N>uBV3NN($ODj>o>uBV3NN($KEy$7$$!%$h$C$F8FB;N($OpK $GM?$($i $l $k!%

3.4. N,!' 21%Z!< %8$N3.2.3@a;2 >H

3.5. N,!' 23%Z!< %8$N3.2.4@a;2 >H

3.6. (1) N,!! (2) E~Ce;~ $K7OFb5R?t $, c ?M$G$"$C$?5R$O8FB;$H$J$k!%%]%o%=%s2aDx$N@-<A$h$j !$ E~Ce5R$, 8+

$k%7%9%F%$̀N>uBV3NN($ODj>o>uBV3NN($KEy$7$$!%$h$C$F8FB;N( B (c; � ) $Opc $KEy$7$$!%!! (3) :F5"<0$O(2) $N7k

2L$r1&JU$KBeF~$9$l $P3N$+$a$i $l $k

3.7. (1)

P0(t + � t) = (1 � �� t + o(� t))P0(t) + (�� t + o(� t))P1(t)

Pn (t + � t) = (�� t + o(� t))Pn � 1(t) + (1 � (� + � )� t + o(� t))Pn (t) + (�� t + o(� t))Pn +1 (t); n = 1; : : : ; N � 1

PN (t + � t) = (�� t + o(� t))PN � 1(t) + (1 � �� t + o(� t))PN (t)

$h$C$F

d
dt

P0(t) = � �P 0(t) + �P 1(t)

d
dt

Pn (t) = �P n � 1(t) � (� + � )Pn (t) + �P n +1 (t); n = 1; : : : ; N � 1

d
dt

PN (t) = �P N � 1(t) � �P N (t)

(2) N = 1 $N$H$- P0(t) + P1(t) = 1 $G$"$k!%$h$C$F

d
dt

P0(t) = � �P 0(t) + �P 1(t) = � (� + � )P0(t) + �

d
dt

P1(t) = �P 0(t) � �P 1(t) = � (� + � )P1(t) + �

$=$l $>$l #13, @~7AHyJ, J} Dx<0$J$N$GE,Ev$JJ} K!$G2r$/ $H

P0(t) =
�

� + �
+

�
P0(0) �

�
� + �

�
exp(� (� + � )t)

P1(t) =
�

� + �
+

�
P1(0) �

�
� + �

�
exp(� (� + � )t)

(3)

P0(0) =
�

� + �
; P1(0) =

�
� + �

(4)

P0(t) =
�

� + �
+

�
P0(0) �

�
� + �

�
exp(� (� + � )t)

P1(t) =
�

� + �
+

�
P1(0) �

�
� + �

�
exp(� (� + � )t)

$K$*$$$F!$ lim t !1 exp(� (� + � )t) = 0 $J$N$GPi (t) $NBh#29`$O#0$H$J$k!%$h$C$F

P0 = P0(1 ) =
�

� + �
; P1 = P1(1 ) =

�
� + �

$G$"$j

R0 =
�

� + �
; R1 =

�
� + �
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$J$N$G!$ $3$l $i $OF1$83NN(J, I[ $G$"$k!%

3.8. BT$A9TNs#2$KFs?M0J>e$N5R$, $$$k>l 9g!J !a BT$A9TNs#1$K$$$k5R$, N � 2 0J2<$N>l 9g!K!$ %5!<%S%9Cf$NFs

?M$N5R$, $=$l $>$l $KN( � 2 $G%5!<%S%9$r<u$1$k$3$H$K$J$k!%$3$N$H$-!$%5!<%S%9$, =*N;$9$kN($O2� 2 $G$"$j !$%5!<

%S%9$, =*N;$9$k$HBT$A9TNs#1$N5R?t $, 0l $DA}$($k!%F1MM$K!$ BT$A9TNs#2$K0l ?M$N5R$, $$$k>l 9g!J BT$A9TNs#1$N5R

?t $, N � 1 $N>l 9g!K!$ %5!< %S%9$, =*N;$9$kN($O� 2 $G$"$j !$ %5!< %S%9$, =*N;$9$k$HBT$A9TNs#1$N5R?t $, 0l $DA}$(

$k!%$^$?!$ BT$A9TNs#2$K5R$, $$$J$$>l 9g!$ BT$A9TNs#1$N5R?t $, A}$($k$3$H$O$J$$!%0l J} !$ BT$A9TNs#1$K0l ?M0J>e

$N5R$, $$$k>l 9g!$ N( � 1 $G%5!<%S%9$, =*N;$7!$$3$N$H$-BT$A9TNs#1$N5R?t $O0l $D8: $k!%$h$C$F!$ BT$A9TNs#1$K$$$k

5R$N?t $r>uBVJQ?t $K<h$k$H!$ $3$l $O2<5-$N$h$&$J N + 1 >uBV$r$b$D=P@8;` LG2aDx$H$J$k!%

��

��

��

��

��

��

��

��

��

��
0 1 � � � N -2 N -1 N

- - - - -

� � � � �

2� 2 2� 2 2� 2 2� 2 � 2

� 1 � 1 � 1 � 1 � 1

(1) � = 2� 2=� 1 $H$7$?$H$-!$ � 6= 1 $J$i $P� 0 = 2(1� � )=[2(1� � N ) + � N (1 � � )]!$ � = 1 $J$i $P� 0 = 1=(N + 0:5)

!! (2) � 6= 1 $J$i $P

E[L 1] =
2� � N � N � 2� N +1 + N � N +2

(1 � � )(2 � � N � � N +1 )

� = 1 $J$i $PE[L 1] = N 2=(2N + 1)!%!! (3) � < 1 $J$i $PE[L 2]=E[L 1] ! 1 !$ $9$J$o$ABT$A9TNs#2$K$[ $H$s$I A4

$F$N5R$, =8$^$k!%5U$K � > 1 $J$i E[L 2]=E[L 1] ! 0, $9$J$o$ABT$A9TNs#1$K$[ $H$s$I A4$F$N5R$, =8$^$k!%� = 1 $N

>l 9g!$ E[L 2]=E[L 1] ! 1, $9$J$o$A!$ 5R$O$^$s$Y$s$J$/ Fs$D$NBT$A9TNs$K;6 $i $P$k!J $I $A$i $+0l J} $KBgB??t $N5R$,

=8$^$k;v $O$J$$!K!%

4.1. N,!' (1) 27%Z!<%8$NDj5A14 ;2 >H!! (2) 27%Z!<%8$NDj5A14$N<!$NJ8$r;2 >H!! (3) 30%Z!<%8;2 >H!! (4) 30

%Z!< %8;2 >H!! (5) 31%Z!< %8;2 >H!!

4.2. (1)

P =

 
1 � p p

q 1 � q

!

(2)

� 0 + � 1 = 1; (� 0; � 1)P = (� 0; � 1)

$h$j !$

� 0 =
q

p + q
; � 1 =

p
p + q

(3) P [n ] = P n $G$"$k!%P $rBP3Q2=$9$k$3$H$K$h$j

P =

0

B
@

1
p + q

p
p + q

1
p + q

� q
p + q

1

C
A

 
1 0

0 1 � p � q

!  
q p

1 � 1

!

$h$C$F

P [n ] =

0

B
@

1
p + q

p
p + q

1
p + q

� q
p + q

1

C
A

 
1 0

0 (1 � p � q)n

!  
q p

1 � 1

!

=

0

B
@

q
p + q

p
p + q

q
p + q

p
p + q

1

C
A + (1 � p � q)n

0

B
@

p
p + q

� p
p + q

� q
p + q

q
p + q

1

C
A
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(4) 3NN($NOB$, #1$J$N$GPr(X 0 = 1) = 1 � � !%$^$?!$ � [n ] = (Pr( X n = 0); Pr(X n = 1)) $H$9$k$H� [n ] = � [0] P n

$, @.N)!%$h$C$F

Pr(X n = 0) =
q

p + q
+

p� � q(1 � � )
p + q

(1 � p � q)n ; Pr(X n = 1) =
p

p + q
�

p� � q(1 � � )
p + q

(1 � p � q)n

(5)

Pr(X 1 = 0) = lim
n !1

Pr(X n = 0) =
q

p + q

F1MM$KPr(X n = 1) = p=(p + q) $J$N$G!$ Dj>o>uBV3NN($H0l CW$9$k!%

4.3. (1) 0l HL$Kak $O33%Z!<%8$N<0 (31) $GM?$($i $l $k!%%5!<%S%9;~4V$, %Q%i%a%?� $N;X?t J, I[ $K=>$&>l 9g!$

ak =
Z 1

0
e� �x (�x )k

k!
�e � �x dx =

Z 1

0
�e � ( � + � )x (�x )k

k!
dx

$H$J$k$N$G!$

a0 =
Z 1

0
�e � ( � + � )x dx =

�
� + �

ak =
�

� �
� + �

e� ( � + � )x (�x )k

k!

� 1

0
+

Z 1

0

��
� + �

e� ( � + � )x (�x )k � 1

(k � 1)!
dx =

�
� + �

ak � 1 (k � 1)

$h$j

ak =
�

� + �

�
�

� + �

� k

(k = 0; 1; 2 : : :)

(2){(7) N,!' 33%Z!< %8$N<0 (31) 0J9_$N5DO@$r;2 >H

4.4. Dj5A$K=>$C$F7W;; $9$k!%(1)

G� (s) =
Z 1

0
e� sx �e � �x dx =

s
s + �

(2)

P � (z) =
1X

j =0

e� � � j

j !
zj = e� �

1X

j =0

(�z ) j

j !
= e� � e�z = e� � (1 � z)

4.5. (1)

L � (z) =
1X

k=0

(1 � � )� k zk =
1 � �
1 � �z

(2) E [L ] = lim z! 1 dP � (z)=dz = �= (1 � � ) !! (3) %j%H%k$N8x<0$h$j J?6QBZ:_ ;~4V$OE[L ]=� = 1=f � (1 � � )g!%0l J} !$

J?6QBZ:_ ;~ 4V$OJ?6QBT$A;~ 4V E[Wq] $HJ?6Q%5!< %S%9;~ 4V 1=� $NOB$GM?$($i $l $k$N$GE[Wq] = E [L ]=� � 1=� =

�= f � (1 � � )g!%

4.6. (1){(3) N,!' (1) 37%Z!< %8$N<0 (36) $KB3$/ 5DO@$r;2 >H!! (2) 37%Z!< %8$N<0 (36) $r ;2 >H!! (3) 38%Z!< %8

$N<0 (37) $X;j $k5DO@$r;2 >H!! (4) Jl 4X?t $J$i $S$K%i%W%i%9!&%9%F%#%k%A%'%9JQ49$N@-<A$r3hMQ$9$k!%$^$: !$

lim
z! 1

H � (� � �z ) = lim
s! 0

H � (s) = 1

lim
z! 1

d
dz

H � (� � �z ) = � � lim
s! 0

d
ds

H � (s) = � � (� b) = �

lim
z! 1

d2

dz2 H � (� � �z ) = � 2 lim
s! 0

d2

ds2 H � (s) = � 2b(2)

$KCm0U!%J, Jl $rJ' $C$?<0

L � (z)[z � H � (� � �z )] = (1 � � )(z � 1)H � (� � �z )
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$NN>JU$r#23, HyJ, $7!$

lim
z! 1

L(z) = 1; lim
z! 1

d
dz

L � (z) = E[L ]

$KCm0U$9$k$H

2E[L ](1 � � ) � � 2b(2) = 2(1 � � )�

$rF@$k!%$h$C$F

E[L ] =
� 2b(2)

2(1 � � )
+ �

(5) J?6Q7OFbBZ:_ ;~ 4VE[W ] $O%j%H%k$N8x<0$+$i

E[W ] = E[L ]=� =
�b (2)

2(1 � � )
+ b

$H$J$k!%E[W ] = E[Wq] + b $G$"$k$N$GEz$($O>e<0$N1&JUBh#19`!%

4.7. (1){(11) N,!' 38%Z!<%8$N4.2.2@a;2 >H!! (12) %]%o%=%sE~Ce$J$N$GE~Ce$7$?5R$, 8+$k%7%9%F%$̀N>uBV$ODj

>oJ, I[ p(K )
j $K=>$&!%%7%9%F%$̀KF~$l $J$$$H$$$&$3$H$O!$E~Ce;~ $K7OFb5R?t $, K $G$"$k$H$$$&$3$H$HEy2A$G$"$j !$

$=$N3NN($Op(K )
K $GM?$($i $l $k!%

4.8. N,!' 40%Z!< %8$NDjM}26$N8e$KB3$/ 5DO@$r;2 >H!!

4.9. N,!' 41%Z!< %8$N4.2.3@a$r;2 >H!!

4.10. N,!' 44%Z!< %8$NDjM}28$ND>A0$NCJMn$r;2 >H!!

4.11. L)EY4X?t $O� exp(� �x ) $J$N$G!$ Dj5A$h$j

a0 =
Z 1

0
e� �x �e � �x dx =

�
� + �

$G$"$j !$ k � 1 $KBP$7$F$O

ak =
Z 1

0
e� �x (�x )k

k!
�e � �x dx =

�
� �

� + �
e� ( � + � )x (�x )k

k!

� 1

0
+

�
� + �

Z 1

0
e� �x (�x )k � 1

(k � 1)!
�e � �x dx =

�
� + �

ak � 1

$h$j

ak =
�

�
� + �

� k

a0 =
�

�
� + �

� �
�

� + �

� k

; k = 1; 2; : : :

4.12. (1) X = k $G>r7oIU$1$r9T$&!%

E[zY ] =
1X

k=0

Pr(X = k)E [zY j X = k] =
1X

k=0

Pr(X = k)E [zZ 1 + ��� + Z k ] =
1X

k=0

Pr(X = k)E [zZ 1 ] � � � E [zZ k ]

=
1X

k=0

Pr(X = k)(1 � p + pz)k = F (1 � p + pz)

(2)

E [zX j Y = X ] =
1X

k=0

Pr(Y = X = k j X = Y )E [zX j Y = X = k] =
1X

k=0

Pr(Y = X = k j X = Y)zk

$^$?!$

Pr(Y = X = k) = Pr(X = k) Pr(Y = k j X = k) = Pr(X = k)pk

Pr(X = Y) =
1X

k=0

Pr(X = k) Pr(X = Y j X = k) =
1X

k=0

Pr(X = k)pk = F (p)
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$J$N$GPr(Y = X = k j X = Y ) = Pr(Y = X = k)=Pr(Y = X ) = Pr(X = k)pk =F(p)!%$h$C$F

E[zX j Y = X ] =
1X

k=0

Pr(X = k)pk zk =F(p) = F (pz)=F(p)

(3) $^$: J, I[ $HJl 4X?t $O#1BP#1$KBP1~$7$F$*$j !$ Jl 4X?t $N0z?t $Ojzj � 1 $GDj5A$5$l $F$*$j !$ 8=:_ $N@_Dj$G$O!$ z

$Op $H$OFHN)$JJQ?t $G$"$k$3$H$KCm0U!%F (1 � p + pz)F (p) = F (pz) $Kz = 0 $rBeF~$7$F F (1 � p)F (p) = F (0)!%

$3$l $rMQ$$$F F (p) $r>C5n$9$k$HF (1 � p + pz)F (0) = F (1 � p)F (p) $rF@$k!%$3$3$GG(z) = F (z)=F(0) $H$*$/

$HG(1 � p)G(pz) = G(1 � p + pz) $, @.N)!%$9$o$o$AG(x)G(y) = G(x + y) $, @.N)!%H (x) = logG(x) $H$*$/

$HH (x) + H (y) = H (x + y), $9$J$o$A!$ $"$kDj?t a $rMQ$$$F H (x) = ax $H$+$1$k!%$h$C$F G(z) = eaz $G$"$j !$

F (z) = F (0)eaz $rF@$k!%Jl 4X?t $NDj5A$h$j F (1) = 1 $J$N$GF (0) = e� a !%$h$C$F

1X

n =0

Pr(X = n)zn = F (z) = e� aeaz = e� a
1X

n =0

an

n!
� zn

$H$J$j Pr(X = n)!J � 0!K$O$"$k@5Dj?t a $rMQ$$$F Pr(X = n) = e� aan =n!!%Ez$($O%]%o%=%sJ, I[ !%

4.13. N = k $, M?$($i $l $l $P!$ Y = X 1 + � � � + X k $G$"$j !$ X i FHN)F10l $JJ, I[ $K=>$&$N$G

Y �
k (s) = E[e� sY j N = k] = (G� (s)) k

$G$"$k!%$h$C$F

Y � (s) =
1X

k=0

e� � � k

k!
Y �

k (s) = exp[� (� � �G � (s))]

4.14. (1) Dj5A$h$j

a( i )
k =

Z 1

0
e� �x (�x )k

k!
bi (x)dx

$G$"$k$N$G

A i (z) =
1X

k=0

zk a( i )
k =

Z 1

0
e� �x e�z x bi (x)dx =

Z 1

0
e� ( � � �z )x bi (x)dx = B �

i (� � �z )

(2) N%C&D>8e$N7OFb5R?t $KCmL\ $9$k!%L)EY4X?t b1(x) $K=>$&%5!<%S%9$r<u$1$k5R$O6u$N%7%9%F%$̀KE~Ce$7$?5R$G$"

$k!%$9$J$o$A!$ $3$N$h$&$J5R$N%5!< %S%9$O!$ N%C&D>8e$N7OFb5R?t $, 0 $G$"$k;~ E@$K0z$-B3$$$F5/ $3$k!J ;C$/ %7%9

%F%$̀O6u$N>uBV$H$J$j !$ $=$N8e$KE~Ce$7$?:G=i $N5R$, 3: Ev$9$k!K!%0l J} !$ N%C&D>8e$K5R$, 7OFb$K;D$C$F$$$?>l 9g!$

D>$A$K<! $N%5!< %S%9$, 9T$o$l !$ $3$N4V$KE~Ce$7$?5R$OA4$FL)EY4X?t b2(x) $K=>$&%5!< %S%9$r<u$1$k!%$3$N$h$&$K

L)EY4X?t b1(x) $K=>$&%5!< %S%9$ON%C&D>8e$N7OFb5R?t $, 0 $N;~ E@8e!$ :G=i $N%5!< %S%9$N$_$KE,MQ$5$l $k!%$3$N4Q

;! $+$i !$

� n = � 0a(1)
n +

n +1X

k=1

� k a(2)
n +1 � k

$rF@$k!%:8 JU$Om + 1 HVL\ $NN%C&D>8e$K7OFb5R?t $, n $G$"$k3NN($KAjEv$7!$ 1&JUBh#19`$Om HVL\ $NN%C&D>8e$K

7OFb5R?t $, 0 $G$"$j !$ $=$N8e$N%5!< %S%9!J L)EY4X?t b1(x)!K$N4V$K n ?M$NE~Ce$, $"$k3NN($H$J$C$F$$$k!%$^$?!$

1&JUBh#29`$Om HVL\ $NN%C&D>8e$K7OFb5R?t $, k $G$"$j !$ 0z$-B3$$$F9T$o$l $k%5!< %S%9!J L)EY4X?t b2(x)!K$N4V$K

n + 1 � k ?M$NE~Ce$, $"$k3NN($H$J$C$F$$$k$3$H$KCm0U$9$k!%N>JU$Kzn $r$+$1$FA4$F$N>l 9g$K$D$$$FOB$r$H$k$H

�( z) = � 0A1(z) +
1
z

1X

k=1

zk � k � A2(z) = � 0A1(z) +
1
z

(�( z) � � 0) � A2(z)

$H$J$j !$ �( z) $K$D$$$F2r$/ $H

�( z) = � 0 �
zA1(z) � A2(z)

z � A2(z)
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$rF@$k!%lim z! 1 �( z) = 1 $h$j

1 = � 0 � lim
z! 1

zA1(z) � A2(z)
z � A2(z)

= � 0 � lim
z! 1

A1(z) + zA0
1(z) � A0

2(z)
1 � A0

2(z)
= � 0 �

1 + �b 1 � �b 2

1 � �b 2

$H$J$k$N$G!$ <! <0$rF@$k!%

�( z) =
1 � �b 2

1 + �b 1 � �b 2
�

zA1(z) � A2(z)
z � A2(z)

(3) �( z) $ODj>o>uBV$K$*$1$k%5!< %S%9=*N;D>8e$N5R?t J, I[ $N3NN(Jl 4X?t $G$"$k!%5R?t 2aDx$NI8 K\O)$O%9%F%C%W%5

%$%:#1$N3, CJ4X?t $H$J$k$N$G!$ Dj>o>uBV$K$*$1$k%5!< %S%9=*N;D>8e$N5R?t J, I[ $O5R$NE~CeD>A0$N5R?t J, I[ $KEy$7

$$!%$5$i $K5R$NE~Ce$O%]%o%=%s2aDx$K=>$&$?$a!$ 5R$NE~CeD>A0$N5R?t J, I[ !$ $9$J$o$A!$ E~Ce$7$?5R$, 8+$k5R?t J,

I[ $ODj>o>uBV$K$*$1$kG$0U;~E@$G$N5R?t J, I[ $KEy$7$$!%

4.15. (1)

A(z) =
1X

k=0

zk
Z 1

0
e� �x (�x )k

k!
dB(x) =

Z 1

0
e� �x

1X

k=0

(�z x)k

k!
dB(x) =

Z 1

0
e� ( � � �z )x dB(x) = B � (� � �z )

(2) i = 0 $N$H$- !'

p0;j =

(
0; j = 0; 1; : : : ; N � 2

aj � N +1 ; j = N � 1; N ; : : :

i � 1 $N$H$- !'

pi;j =

(
0; j = 0; 1; : : : ; i � 2

aj � i +1 ; j = i � 1; i; : : :

(3) 0 � j � N � 2 $N$H$- !'

� j =
j +1X

i =1

� i aj � i +1

j � N � 1 $N$H$- !'

� j = � 0aj � N +1 +
j +1X

i =1

� i aj � i +1

$H$J$k!%$h$C$F

�( z) =
N � 2X

j =0

zj
j +1X

i =1

� i aj � i +1 +
1X

j = N � 1

zj � 0aj � N +1 +
1X

j = N � 1

zj
j +1X

i =1

� i aj � i +1

=
1X

j =0

zj
j +1X

i =1

� i aj � i +1 + � 0

1X

j = N � 1

zj aj � N +1

=
1
z

1X

i =1

� i zi
1X

j = i � 1

zj � i +1 aj � i +1 + � 0zN � 1
1X

j = N � 1

aj � N +1

=
1
z

(�( z) � � 0)A(z) + � 0zN � 1A(z)

�( z) $K$D$$$F2r$- !$ Ld (i) $N7k2L A(z) = B � (� � �z ) $rMQ$$$k$H

�( z) =
� 0(zN � 1)B � (� � �z )

z � B � (� � �z )

(4) Dj>o>uBV3NN($, B8:_ $9$k$J$i $P

lim
z! 1

�( z) = 1

$h$j !$ %m%T%?%k$NDjM}$rMQ$$$F
� 0N

1 � �b
= 1
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$rF@$k!%$h$C$F � 0 = (1 � �b )=N !%(5) �( z) $ODj>o>uBV$K$*$1$k%5!< %S%9=*N;D>8e$N5R?t J, I[ $N3NN(Jl 4X?t $G$"

$k!%5R?t 2aDx$NI8 K\O)$O%9%F%C%W%5%$%:#1$N3, CJ4X?t $H$J$k$N$G!$Dj>o>uBV$K$*$a$k%5!<%S%9=*N;D>8e$N5R?t J, I[

$O5R$NE~CeD>A0$N5R?t J, I[ $KEy$7$$!%$5$i $K5R$NE~Ce$O%]%o%=%s2aDx$K=>$&$?$a!$ 5R$NE~CeD>A0$N5R?t J, I[ !$ $9

$J$o$A!$ E~Ce$7$?5R$, 8+$k5R?t J, I[ $ODj>o>uBV$K$*$1$kG$0U;~ E@$G$N5R?t J, I[ $KEy$7$$!%

4.16. (1)

ak =
Z 1

0
e� �x (�x )k

k!
h(x)dx; bk =

Z 1

0
e� �x (�x )k

k!
v(x)dx

(2)

A(z) = H � (� � �z ); B (z) = V � (� � �z )

(3) 5Y2K3+;O8e!$ O"B3$7$F5Y2K$, n 2s<h$i $l $?$H$9$k$H!$ :G=i $Nn � 1 2s$N4V$O5R$, E~Ce$; $: !$ n 2sL\ $N5Y2K$G

0l ?M0J>e!J i ?M$H$9$k!K$N5R$, E~Ce$7$?$3$H$K$J$k!%$5$i $K5Y2K=*N;8e$K9T$o$l $k%5!< %S%9Cf$Kk + 1 � i ?ME~Ce

$9$l $P!$%5!<%S%9=*N;8e$Kk ?M$N5R$, 7OFb$K;D$k!%$3$N$h$&$J;v >]$, 5/ $3$k3NN($Obn � 1
0 bi ak+1 � i $G$"$k!%$h$C$F

5a$a$kEz$($O

ck =
1X

n =1

k+1X

i =1

bn � 1
0 bi ak+1 � i =

k+1X

i =1

bi

1 � b0
ak+1 � i

(4) 5Y2K$ON%C&D>8e$N7OFb5R?t $, 0 $N>l 9g$K$N$_<h$i $l $k$3$H$KCm0U$9$k!%

� k = � 0ck +
k+1X

i =1

� i ak+1 � i

(5) A0Ld$NN>JU$Kzk $r$+$1$FOB$r$H$k!%CzG+$K7W;; $9$k$H<! <0$rF@$k!%

�( z) = � 0
(B (z) � 1)A(z)

(1 � b0)(z � A(z))

(6) �(1) = 1 $rMxMQ$; $h!%

� 0 =
(1 � b0)(1 � � )

�E [V ]

(7) �( z) $ODj>o>uBV$K$*$1$k%5!< %S%9=*N;D>8e$N5R?t J, I[ $N3NN(Jl 4X?t $G$"$k!%5R?t 2aDx$NI8 K\O)$O%9%F%C%W%5

%$%:#1$N3, CJ4X?t $H$J$k$N$G!$ Dj>o>uBV$K$*$a$k%5!< %S%9=*N;D>8e$N5R?t J, I[ $O5R$NE~CeD>A0$N5R?t J, I[ $KEy$7

$$!%$5$i $K5R$NE~Ce$O%]%o%=%s2aDx$K=>$&$?$a!$ 5R$NE~CeD>A0$N5R?t J, I[ !$ $9$J$o$A!$ E~Ce$7$?5R$, 8+$k5R?t J,

I[ $ODj>o>uBV$K$*$1$kG$0U;~E@$G$N5R?t J, I[ $KEy$7$$!%$h$C$F�( z) $O;~4VJ?6Q%7%9%F%F̀b5R?t J, I[ $N3NN(Jl 4X?t

$HEy$7$$!%$h$C$F

E[L ] = lim
z! 1

d
dz

�( z) = � +
� 2E[H 2]
2(1 � � )

+ �
E [V 2]
2E [V ]

5.1. N,!' 47%Z!< %8$N5.1 @a$N:G=i $r ;2 >H!!

5.2. J?6Qk=� $r$b$Dk <! $N%"!< %i%sJ, I[ !J 3NN(JQ?t $r X $H$9$k!K$OJ?6Q1=� $N;X?t J, I[ $K=>$&FHN)F10l

$J k 8D$N3NN(JQ?t $NOB$NJ, I[ $KEy$7$$!%$3$3$G;~ 9o 0 $+$i ;O$^$kN( � $N%]%o%=%s2aDx$r9M$($k$H!$ ;v >] X � x

$Ok HVL\ $KE~Ce$9$k;~ 9o$, x 0J2<$G$"$k$H$$$&;v >] $HEy2A$G$"$k!%$5$i $K8e<T$O!$ ;~ 9o x $K$*$$$Fk ?M0J>e$N

E~Ce$, $"$k$H$$$&;v >] $HEy2A$G$"$k$3$H$+$i M?<0$, F3$+$l $k!%

5.3. f k (x)� x $O;~ 9o 0 $+$i ;O$^$kN( � $N%]%o%=%s2aDx$K$*$$$F!$ $A$g$&$I (x; x + � x] $K k HVL\ $N5R$,

E~Ce$9$k3NN($H2r<a$G$-$k!%$3$l $, 5/ $3$k$?$a$K$O(0; x] $N4V$K k � 1 ?M$NE~Ce$, 5/ $3$j !$ $+$D!$ (x; x + � x]

$K k HVL\ $N5R$, E~Ce$9$l $P$h$$!%A0<T$, 5/ $3$k3NN($Oexp(� �x )( �x )k � 1=(k � 1)! $G$"$j !$ 8e<T$, 5/ $3$k3NN($O

� � x + o(� x) $G$"$k!%%]%o%=%s2aDx$OFHN)A}J, $N@-<A$, $"$k$?$a

f k (x)� x = exp(� �x )
(�x )k � 1

(k � 1)!
(� � x + o(� x))
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$rF@$k!%N>JU$r � x $G3d$j !$ � x ! 0 $N6K8B$r9M$($k$3$H$K$h$j M?<0$rF@$k!%

5.4. N,!' 48%Z!< %8$N5.1.1@aA0H>$r ;2 >H!!

5.5. (1) N,!' 48%Z!< %8$N5.1.1@a8eH>$r;2 >H!! (2) J?6QBT$A;~ 4VE[Wq] $O

E[Wq] =
Z 1

0
(1 � Wq(x))dx

$GM?$($i $l $k!%@QJ, $r7W;; $7$F<0 (53) $N<! $K<($5$l $F$$$k7k2L$H0l CW$9$k$3$H$r3NG'$; $h!%

5.6. N,!' 50%Z!< %8$N5.1.2@a$r;2 >H!!

5.7. N,!' 51%Z!< %8$N5.1.3@a$r;2 >H!!

5.8. N,!' 51%Z!< %8$N5.1.4@a$r;2 >H!!

5.9. (1){(4) N,!' 52%Z!<%8$N5.2@a$r;2 >H!! (5) W �
q (s) $rHyJ, $7 s ! 0 $H$9$l $P$h$$!%J, ?t $N7A$N$^$^HyJ,

$7$F$bNI$$$, !$ J, Jl $rJ' $C$?

W �
q (s)(s � � + �H � (s)) = (1 � � )s

$NN>JU$r#22sHyJ, $7!$ s = 0 $H$7$?J} $, t# $+$K7W;; $O3Z!%<B:] $KN><T$r9T$C$F$_$h!%
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